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>HE present work on the Differential and Integral Calculns is 
designed as a text-book for coUeges and scientific schools. The 
aim has been to exhibit the subject in as concise and simple a manner 
as was consistent with rigor of demonstration, to make it as attractive 
to the beginner as the nature of the Calculus would permit, and to 
arrange the successive portions of the subject in the order best suited 
for the student. 

I have adopted the method of inflnUesimdls, having learned from 

experience that the fundamental principles of the subject are made 

more intelligible to beginners by the method of infinitesimals than by 

that of limitSj while in the practical applications of the Calculus the 

investigations are carried on entirely by the method of infinitesimals. 

At the same time, a thorough knowledge of the subject requires that 

the student should become acquainted with both methods ; and for 

this reason, Chapter III is devoted exclusively to the method of 

limits. In this chapter, all the fundamental rules for differentiating 

algebraic and transcendental functions are obtained by the method of 

limits, so that the student may compare the two methods. This chap- 

»Q ter may be omitted without interfering with the continuity of the 

►^ work, but the omission of at least the first part of the chapter is not 

"^ recommended. 

^ To familiarize the student with the principles of the subject, and 
7J to fix the principles in his mind, a large number of examples is given 
" at the ends of the chapters. These examples have been carefully 
selected with the view of illustrating the most important points of 
the subject. The greater part of them will present no serious diffi- 
culty to the student, while a few may require aooie wia\7\AC»\ ^^, 



IV PREFACE. 

In preparing this book, I have ayailed myself pretty freely of the 
writings of the best American and English and French authors. 
Many volumes have been consulted whose titles are not mentioned, 
as credit could not be given in every case, and probably I am indebted 
to these volumes for more than I am aware of. The chief sources 
upon which I have drawn are indicated by the references in the body 
of the work, and need not be here repeated. For examples, I have 
drawn upon the treatises of Gregory, Price. Todhunter, Williamson, 
Young, Hall, Rice and Johnson, Bay, and Olney, while quite a num- 
ber has been taken from the works of De Morgan, Lacroix, Serret, 
Gourtenay, Loomis, Church, Byerly, Docharty. Strong, Smyth, and 
the Mathematical Visitor; and I would hereby acknowledge my 
indebtedness to all the above-named works, both American and 
foreign, for many valuable hints, as well as for examples. A few 
examples have been prepared specially for this work. 

I have again to express my thanks to Mr. R. W. Prentiss, Fellow 
in Mathematics at the Johns Hopkins University, for reading the MS. 
and for valuable suggestions. 

E. A. B. 
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CHAPTER I. 

FIRST PRINCIPLES, 



1. Constants and Variables. — In the Calcnlus, as in 
Analytic Geometry, there are two kinds of quantities used, 
constants and variables. 

A constant quantity, or simply a constant, is one whose 
yalue does not change in the same discussion, and is repre- 
sented by one of the leading letters of the alphabet. 

A variable quantity, or simply a variable, is one which 
admits of an infinite number of values within certain limits 
that are determined by the nature of the problem, and is 
represented by one of the final letters of the alphabet. 

For example, in the equation of the parabola, 

X and y are variables, as they represent the co-ordinates of 
any point of the parabola, and so may have an indefinite 
number of different values. 2p is a constant, as it represents 
the latus rectum of the parabola, and so has but one fixed 
value. Any given number^is constant. 

2. Independent and Dependent Variables. — An 

independefii variable is one to which, any avbittax^ \iiwfc\aa»^ 



2 FUNCTION OF ONE OR MORE VARIABLES. 

be assigned at pleasure. A dependent variable is one whose 
value varies in consequence of the variation of the inde- 
pendent variable or variables with which it is connected. 
Thus, in the equation of the circle 

a? + y^ =z r^y 

if we assign to x any arbitrary value, and find the correspond- 
ing value of yy we make x the independent variable, and y 
the dependent variable. If we were to assign to y any arbi- 
trary value, and find the corresponding value of x, we would 
make y the independent variable and x the dependent 
variable. 

Frequently, when we are considering two or more varia- 
bles, it is in our power to make whichever we please the 
independent variable. But, having once chosen the inde- 
pendent variable, we are not at liberty to change it through- 
out our operations, unless we make the corresponding trans- 
formations which such a change would require. 

3. Functions. — One quantity is called a function of 
another, when it is so connected with it that no change can 
take place in the latter without producing a corresponding 
change in the former. 

For example, the sine, cosine, tangent, etc., of an angle 
are said to be functions of the angle, as they depend upon 
the angle for their value. Also, the area of a square is a 
function of its side; the volume of a sphere is a function of 
its radius. In like manner, any algebraic expression in a;, as 

a^ — 2 Ja^ + hx + c, 

is a function of x. Also, we may have a function of two or 
more variables : a rectangle is a function of its two sides ; 
a parallelopiped is a function of its three edges ; the expres- 
sion tan {ax -f hj) is a function of two variables, x and y; 
Q^ -\- y'^ -{- z^ is a function of three variables, x, y, and z ; etc. 
When we wish to write that one quantity \^ ^ tvxTLe.\\Q\i ol 



NOTATION— (3 SOMSTRIC RBPRBSBNTATION. 3 

one or more others^ and wish, at tlie same time, to indicate 
several forms of functions in the same discussion, we use 
such symbols as the following: 

which are read: "y equals the /function ofx;y equals the 
large F function ofx;y equals the ^ function of x ; y equals 
the /prime function ofx;y equals the /function of x and 
z; the function of a; and y equals zero; the / function of 
X, y, and z equals zero;" or sometimes "y =/ of Xy 
y = Fof Xy'^ etc. If we do not care to state precisely the 
forin of the function, we may read the above, " y = a func- 
tion of a; ; y = a functio.n of x and z ; a function of x and y 
= ; a function of x, y, and 2; = 0." 
For example, in the equation 

y = aa^ + bx + c, 

y is a function of x, and may be expressed, y =f(x). 
Also, the equation 

ax^ + bxy + cy^ = 

may be expressed, f{x, y) = 0. 
In like manner, the equations 

y = (13^ + bxh -f- cs^y 

and y = ax^ + bxz + dz^, 

may be expressed, y =f{x, z) and y = <t)(x, z). 

Every function of a single variable may be represented geometri- 
cally by the ordinate of a curve of which the variable is the cor- 
responding abscissa. For if y be any function of a?, and we assign 
any value to x and find the corresponding value of y, these two values 
may be regarded as the co-ordinates of a point which may be con- 
structed. In the same way, any number of vaVvieia TCkK^Xs^ «&^\^^\ft 
a", and the corresponding values of y found, and Oi eenAsa ol^Vi^ <iss^- 



4 ALGEBRAIC AND TRANSCENDENTAL FUNCTIONS. 

structed. These points make up a curve of which the variable ordi- 
nate is y and the corresponding abscissa is x. 

In like manner it may be shown that a function of two variables 
may be represented geometrically by the ordinate of a surface of which 
the variables are the corresponding abscissas. 

4. Algebraic and Transcendental Functions. — An 

algebraic function is one in which the only operations indi- 
cated are addition, subtraction, multiplication, division, 
involution, and evolution ; as, 

V {x^ + a*) « 

Transcendental functions are those which involve other 
operations, and are subdivided into trigonometric, circular^ 
logarithmic, and exponential. 

A trigonometric function is one which involves sines, tan- 
gents, cosines, etc., as variables. For example, 

^ = sin :?;; y = tan^ x\ y = cos x sec x ; etc. 

A circular function is one in which the concept is a 
variable arc, as sin~^a:,* cosr^ x, sec~^y, cot~^.r, etc., read, 
" the arc whose sine is x, the arc lohose cosine is a:," etc. It 
is the inverse of the trigonometric function ; thus, from the 
trigonometric function, y = sin x, we obtain the circular 
function, x = sin~^ y. In the first function we think of the 
right lifie, the sine, the arc being given to tell us which sine ; 
in the second we thi7ik of the arc, the sine being given to 
tell us which arc. The circular functions are often called 
inverse trigojiometric functions. 

* This Dotation was snggested by the use of the negative cxiwnents in algchra. 
If we have y = ax, we also have x = a- 'y, where y is a fimctiou of x, and x is the 
corrcspondiDg inverBO fanction of y. It may bo worth while to caution the begin- 
ner against the error of Bnpposing that siu' ^ y is equivalent to -. — ; while it is 

true that a~^ is equivalent to ~ • 



INCREASING AND DECREASING FUNCTIONS. 6 

A logariihmic fanction is one which iuYolves logarithms 
of the yariables ; as. 



if =z log z; yrrlogVa — a?; 



»' = ^*^^\/iTl^ '^- 



An exponential fanction is one in which the yariablo 
enters as an exponent ; na, 

y =1 c^; yz=a^; u = a^ ; etc. 

& Increasing and Decreasing Functions. — An in- 
creasing function is one that increases when its yariablo 
increases^ and decreases when its variable decreases. 

For example, in the equations 

y z= a^^y' y =zlogx, y = V^T^, y = a^, 
y is an increasing function of x. 

A decreasing function is one that decreases when its 
yariable increases, and increases when its variable decreases. 
Thus, in the equations 

y = -, y = (a — a;)8, y = log -, x^ ^ y^ = r\ 

JO Jj 

y is a decreasing function of x. In the expression, 

y =i{a — xf, 

y is a decreasing function for all values of a: < a, but in- 
creasing for all values > a. In the expression 

y = sin ar, 

y is an increasing function for all values of x between 0° 
and 90°, decreasing for all values of x between 90° and 2t0°^ 
and increasing for all values of x bct^JO^ii 'ilQP \iKi5i.^^^'' . 



C CONTTNUOUS FTTNCTI0N8. 

6. Explicit and Implicit Functions. — An explicit 
functiou is one whose value is directly expressed in terms of 
the variable and constants. 

For example, in the equations 

y is an explicit function of x. 

An implicit function is one whose value is not directly 
expressed in terms of the variables and constants. 

For example, in the equations 

^ — ^axy -f- a:^ — 4^ . ^^ _ ^xy + 2y = 16, 

^ is an implicit function of Xy or x is an implicit function 
of y. If we solve either equation with respect to y, we shall 
have y as an explicit function of x ; also, if we solve for a;, 
we shall have a; as an explicit function of y. 

7. Continuous Fimctions. — A function of x is said to 
be a continuous function of a;, between the limits a and d, 
when, for every value of x between these limits, the cor- 
responding value of the function is finite, and when an 
infinitely small change in the value of x produces only an 
infinitely small change in the value of the function. If 
these conditions are not fulfilled, the function is discoU' 
timious. 

For example, both conditions are fulfilled in the equations 

y = ax + by y = sin a;, 

in which, as x changes, the value of the function also 
changes, but changes gradually as x changes gradually, and 
there is no abrupt passage from one value to another; if x 
receives a very small change, the corresponding change in 
the function of x is also very small. 

The expression Vr^ — a^ is a continuous function of x 
for all values of x between + r and — r, "wYiWfe V«? — r* 
is discontlnuona between the same limits. 



INFINITES AND INFINITESIMALS. 7 

8. Infinites and Infinitesimals. — ^An infinite quantity^ 
or an infinite, is a quantity which is greater than any assign- 
able quantity. 

An infinitesimal is a quantity which is less than any 
assignable quantity. 

An infinite is not the largest possible quantity, nor is an infinitesi- 
mal the smallest ; there woold, in this case, be but one infinite or 
infinitesimal. Infiuites may differ from each other and from a quan- 
tity which trauscends every assignable quantity, that is, from absolute 
infinity. So may infinitesimals differ from each other and from abso- 
lute zero. 

The terms infinite and infinitesimal are not applicable to quantities 
ifi themsdves considered^ but only in their relation to each other, or to 
a common standard. A magnitude which is infinitely great in com- 
parison with a finite magnitude is said to be infinitely great. Also, a 
magnitude which is infinitely small in comparison with a finite mag- 
nitude is said to be infinitely small. Thus, the diameter of the earth 
is very great in comparison with the length of one inch, but very small 
in comparison with the distance of the earth from the pole star ; and 
it would accordingly be represented by a very large or a very small 
number, according to which of these distances is assumed as the unit 
of comparison. 

The symbols oo and are used to represent an infinite 
and an infinitesimal respectively, the relation of which is 

00 = - and = — • 
00 

The dpher is an abbreviation to denote an indefinitely small 
quantity, or an infinitesimal — that is, a quantity which is less than 
any assignable quantity — and does not mean absolute zero ; neither 
does oo express absolute infinity. 

ff a represents a finite quantity, and x an infinite, then 

- is an infinitesimal. If a: is an infinitesimal and a is finite, 

X ^ 

- is infinite ; that is, the reciprocal of an infinite is infiui- 

tesimal, and the reciprocal of an infinitesircvA *\^ \w^\vv\i5i, 
A namber is infinitely great in compansoiv ^\\\v ^wq^^^x 
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when no number can be found sufficiently large to express the 
ratio between them. Thus, x is infinitely great in relation 
to a, when no number can be found large enough to express 

X 

the quotient -• Also, a is infinitely small in relation to x 
when no number can be found small enough to express the 
quotient -; x and - represent an infinite and an infini- 

X X 

tesimal. 

One mUlion in comparison with one mUUonth is a very large nnm- 
ber, but not infinitely large, since the ratio of the first to the second 
can be expressed in figures : it is one trillion ; though a ve^ large 
number, it is finite. So, also, one millionth in comparison with one 
million is a very small number^ but not infinitely small, since a num- 
ber can be found small enough to express the ratio of the first to the 
second : it is one triUiqnth, and therefore finite. 

9. Orders of Infinites and Infinitesimals. — But even 

X 

though - is greater than any quantity to which we can 
a 

assign a value^ w6 may suppose another quantity as large in 
relation to a: as a; is in relation to a ; for, whatever the mag* 
nitude of Xy we may have the proportion 

a » X •• X m • 

a 

m which — is as large in relation to a; as a; is in relation to 
a ® 

a?* 
fl, for — will contain x as many times as x will contain a ; 
a 

a^ 
hence, - may be regarded as an infinite of the second order j 

X 

- being an infinite of the first order. 
Also, even though - is less than any quantity to which 

X 

we can assign a value, we may suppose another quantity as 
small in relation to a as a is in relation to a; ; for we may 
have the proportion. 
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X 

in which — is as small in relation to a as a is in relation to 

X 

X, for — is contained as many times in a as a is contained 
in X ; hence, — may be regarded as an infinitesimal of the 
second order ^ - being an infinitesimal of the^rs^ 07'der. 

X 

We may, again, suppose quantities infinitely greater and 
infinitely less than these just named ; and so on indefinitely. 
Thus, in the series 

ax>, aA ax, a, ?, ^, ^, etc, 

if we suppose a finite and x infinitey it is clear that any 
term is infinitely small with respect to the one that imme- 
diately precedes it, and infinitely large with respect to the 
one that immediately follows it; that is, aoi?, ax^, ax are 
infinites of the thirdy second, and first orders, respectively ; 

-, -g, 73 are infinitesimals of the^rs^, second, and tJdrd 

orders, respectively, while a is finite. 

If two quantities, as x and y, are infinitesimals of the first 
order, their product is an infinitesimal of the second order ; 
for we have the proportion, 

\ \ X : : y \ xy. 

Hence, if x is infinitely small in relation to 1, xy is infinitely 
small in relation to y\ that is, it is an infinitesimal of the 
second order when x and y are infinitesimals of the first 
order. 

Likewise, the product of two infinites of the first order is 
an infinite of the second order. 

The product of an infinite and an infinitesimal of the 
same or^er is a^nite quantity. The produet ol ^\i \\\^\i\^^ 
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and an infinitesimal of different orders is an infinite or an 
infinitesimal, according as the order of the infinite is higher 
or lower than that of the infinitesimal, and the order of the 
product is the sum of the orders of the factors. 
For example, in the expressions 

aa^ X -1. = a% aay^ x - = a% aa; x — « = -5, 
a^ X a^ x' 

the first product is finite ; the second is an infinite of the 
first order j the third is an infinitesimal of the second order. 

Though two quantities are each infinitely small, they may have any 
ratio whatever. 

Thus, if a and 6 are finite and x is infinite, the two quantities 

- and - are infinitesimals; but their ra^tc? is r-, which is finite. In- 
XX " 

deed, two very small quantities may have a much larger ratio than 
two very large quantities, for the value of a ratio depends on the relor 
live, and not on the absolute magnitude of tlie terms of the ratio. The 
ratio of the fraction one-millionth to one-ten-millionth is ten, while the 
ratio of one million to ten million is one-tenth. The latter numbers are 
respectively a million times a million, and ten million times ten mil- 
lion, times as great as the first, and yet the ratio of the last two ia 
only one-hundredth as great as the ratio of the first two. 
Assume the series 

W vio"v ' \io«) ' \w) ' Vio"7 ' Vio"7 ' ^^ 

in which the first fraction is one-millionth, the second one-millionth 
of the first, and so on. Now suppose the first fraction is one-millionth 
of an inch in length, which may be regarded as a very small quantity 
of the first order ; the second, being one-millionth of the first, must 
be regarded as a small quantity of the second orders and so on. Now, 
if we continue this series indefinitely, it is dear that we can make the 
terms become a^ smaU as we please without ever reaching absolute zero. 
It is also clear that, however small the terms of this series become, the 
ratio of any term to the one that immediately follows it is one million. 

10. Geometric niustration of Infinitesimals. — The 

following geometric results will help to illustrate the theory 
of inlimtesimais. 
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Let A and B be two points on the 
circumference of a circle ; draw the 
diameter AE, and draw EB produced 
to meet the tangent AD at D. Then, 
as the triangles EAB and ADB are 
similar, we have. 



BE AB 



AE ~" AD' 



and 



AB 
AE 



BD 
AD 



(1) 



(2) 




Now suppose the point B to approach the point A till it 
becomes infinitely near to it, then BE becomes ultimately 
equal to AE; but, from (1), when 

BE = AE, 
we have AB = AD. 

AB 
Also, -j-^ becomes infinitely small, that is, AB becomes 

an infinitely small qtiantity in comparison with AE. Hence, 
from (2), BD becomes infinitely small in comparison with 
AD or AB ; that is, when AB is an infinitesimal of the first 
order. BD is an ififlnitesimal of the second order. 

Since DE — AE < BD, it follows that, when one side of 
a right-angled triaiigle is regarded as an infinitely sjnall 
quantity of the first order, the difference hetween the hypoth- 
entise and the remaining side is an infinitely small quantity 
of the second order. 

Draw BN" perpendicular to AD ; then, since AB > AN", 

we have, 

AD - AB < AD - AN < DN ; 



therefore. 



AD~AB DN AD 



BD 



"^ BD ^ i)E 



But AD js infinitely small in comparisoxi ^iWa T^R, ^Jcv^\^- 
fore AD — AB is infinitely small iu comipan^oxi m>iX\^^ 
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but BD is an infinitesimal of the second order (see above), 
hence AD — AB is a7i infinitesimal of the third order. 

lu like manner it may be shown that BD —. BN is an 
infinitesimal of i\iQ fourth order, and so on. [The student 
who wishes further illustration is referred to Williamson's 
Dif. CaL, p. 35, from which this was taken.] 

11. Axioms. — ^Erom the nature of an infinite quantity, 
a finite quantity can have no value when added to it, and 
must therefore be dropped. 

An infinitesimal can have no value when added to a finite 
quantity, and must therefore be dropped. 

If an infinite or an infinitesimal be multiplied or divided 
by a finite quantity, its order is not changed. 

If an expression involves the sum or difference of infinites 
of different orders, its value is equal to the infinite of the 
higliest order, and all the others can have no value when 
added to it, and must be dropped. 

If an expression involves the sum or difference of infini- 
tesimals of different orders, its value is equal to the 
infinitesimal of the lowest order, and all the others can have 
no value w^hen added to it, and must be dropped. 

These axioms are self-evident, and, therefore, axioms in the strict 
sense. For example, suppose we were to compare the mass of the sun 
with that of the earth : the latter weighs about six sextillion tons, the 
former weighs about 355000 times as much. If a weight of one grain 
were added to or subtracted from either, it would not affect the ratio 
appreciably ; and yet the grain, compared with either, is finite — it can 
be expressed in figures, though on the verge of an infinitesimal. If 
we divide this grain into a great many equal parts — a sextillion, for 
instance — and add one of these parts to the sun or the earth, the error 
of the ratio will be still less ; hence, when the subdivision is continued 
indefinitely, it is evident that we may obtain a fraction lens than any 
assignable quantity, Tiowever small, which, when added to the sun or 
the earth, will affect the above ratio by a quantity loss than any to 
which we can assign a value. 

By reason of the terms that may be omitted, in virtue of the prin- 
cfplejsf contained in these axioms, the equationa lotme^d m t\ie «.o\\xx\o\i 
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of a problem will be greatly simplified. It may be remarked that in 
the method of limUs,* when exclusively adopted, it is usual to retain 
infinitely smaU quantities of higher orders until the end of the calcu- 
lation, and then to neglect them on proceeding to the limit ; while, in 
the infinitesimal method, such quantities are neglected from the be- 
ginning^ from the knowledge that they cannot afiect the flntU reeiUt, 
as they necessarily disappear in the limit. The advantage derived 
from neglecting these quantities will be evident when it is remem- 
bered how much the difficulty in the solution of a problem is increased 
when it is necessary to introduce into its equations the second, third, 
and in general the higher powers of the quantities to be considered. 

EXAMPLES. 

1. Find the value of the fraction ^ if a; is infinite, 
and a and b finite. 

Since a and b are finite, they have no value in comparison 

3x 
with Xy and must therefore be dropped, giving us — = |^ 

as the required value of the fraction. 

2. Find the value of the fraction ^ r , if a; is infini- 
tesimal, and a and b finite. 

Since x is an infinitesimal, it has no value in comparison 
with a and b, and must therefore be dropped, giving us — t 
for the required value of the fraction. 

g^?^ _!_ 2x 

3. Find the value of ^ — , when x is infinite; also 

1 * • jj 'J. • 1 AX^ -f- X 

when X is mfinitesimaL 

Ans, When x is infinite, 4; when infinitesimal, 2. 

4. Find the value of — r-- -^ %—•> when x is 

m7? 4- wa?* -^-yx + q 

infinite; and when infinitesimal. 

Ans. When x is infinite, — ; when infinitesimal, -• 



* For & discussion of limits, see Chaplei IXL 
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5. Find the value of \,^_a , ^ > when x is infinite ; 

and when infinitesimal. 

Ans. When x is infinite, oo ; when infinitesimal, 2. 

6. Fmd the value of 2:r« + 4a^ + 2a; ^ ''^''' "^ "^ 
infinite ; and when infinitesimal. 

Ans. When x is infinite, 0; when infinitesimal, oo. 

7. Find the value of -j-^ , when x is infinite ; and 

-I •/»•!• 1 43/ "^ //lie 

when infinitesimal. 

Ans. When x is infinite, ; when infinitesimal, 7m. 

8. Find the value of -g, when x is infinite; and 

when infinitesimal. 

A718. When x is infinite, oo ; when infinitesimal, 0. 

73/ -"• 2?/ 

9. Find the value of j ^-, when a; and y are infini- 
tesimals. ^ 

Ans. We do not know, since the relation between x andy 
is unknown. 



CHAPTER II 

DIFFERENTIATION OF ALGEBRAIC AND TRANSCEN- 
DENTAL FUNCTIONS. 

12. Increments and Differentials. — If any variable, 
as X, be supposed to receive any change, such change is 
called an increment ; this increment of x is usually denoted 
by the notation Air, read "difference a:/' or "delta a;," where 
A is taken as an abbreviation of the word difference. If the 
variable is increasing, the increment is + ; but if it is 
decreasing, the increment is — . 

When the incr&tnent, or difference, is supposed infinitely 
small, or an i?ifinitesimal, it is called a differential, and is 
represented by dx, read " differential a;," where d is taken as 
an abbreviation of the word differential, or infinitely small 
difference. The symbols A and d, when prefixed to a varia- 
ble or function, have not the effect of multiplication ; that 
is, dx is not d times x, and Aa; is not A times x, but their 
power is that of an operation performed on the quantity to 
which they are prefixed. 

If w be a function of x, and x becomes x-\-^x, the cor- 
responding value oiu is represented by i^-f Aw. ; that is, the 
increment of u corresponding to a finite increment of x is 
denoted by Aw, read " difference uP 

If 2: becomes x+dx, the corresponding value of u is rep- 
resented hy u + du] that is, the infinitely small increment 
of u caused by an infinitely small increment in x, on which 
u depends, is denoted by dn, read " differential w." Hence, 
dx is the infinitesimal increment of x, or the infinitesimal 
quantity by which x is increased ; and du is the correspond- 
\vg inSnitesimal increment of w. 
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The differential du or dx is + or — according as the 
variable is increasing or decreasing, Le,, the first value is 
always to be taken from the second. 

13. Consecutive Values. — Consecutive values of a 
function or variable are values which differ from each other 
by less than any assignable quantity. 

Consecutive points are points nearer to each other than 
any assignable distance. 

Thus, if two points were one-millionth of an inch apart, they might 
bs3 considered practicatly as consecutive points ; and yet we might have 
a million points between them, the distance between any two of which 
would be a millionth of a milUonth of an inch ; and so we might have 
a million points between any two of these last points, and so on ; that 
is, however close two points might be to each other, we could still 
suppose any number of points between them. 

A differential has been defined as an infiyiitely small in- 
crement y or an infinitesimal ; it may also be defined as the 
difference hetiveen two consecutive values of a variable or 
function. The difference is always found by taking the first 
value from the second. 

In the Differential Calculus, we investigate the relations 
between the infinitesimal increments of variables from given 
relations between finite values of those variables. 

The operation of finding the differential of a function or 
a variable is called differentiation, 

14. Differentiation of the Algebraic Sum of a 
Number of Fwictions. 

Let u =• V -\- y — Zy (1) 

in which w, v, y, Zy are functions of a;.* 

* We might also, in a Bimilar manner, find the differential of a function of sev- 
eral variabUa ; but we prefer to reserve the inquiry into thedifferentials of functions 
of several variables for a later chapter, and confine ourselves at present to functions 
of a Hng^le variabie. 
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Give to X the infinitesimal increment dxy and let du, dVy 

dy, dz, be the corresponding infinitesimal increments of w, 

i;, y, Zy due to the increment which x takes. Then (1) 

becomes 

u + du =z V + dv +y + dy — {z + dz). (2) 

Subtracting (1) from (2), we have 

du = dv -\' dy — dZy ' (3) 

which is tJie differential required. 

Therefore, the differential of the algebraic sum of 
any number of functions is found' by taking the alge^ 
iraic sum of their differentials. 



15. To 

y = ax±b. (1) 

Give to X the infinitesimal increment dx, and let dy be 
the corresponding infinitesimal increment of y due to the 
increment which x takes. Then (1) becomes 

y -{' dy =z a{x + dx) ± b. (2) 

Subtracting (1) from (2), we get 

dy = adXy (3) 

which is the required differential. 

Hence, the differential of the product of a constant 
by a variable is equal to the constant multiplied by 
the differential of the variable ; also, if a constant be 
connected with a variable by the sign + or — , it dis- 
appears in differentiation. 

This may also be proved geometrically as follows: 

Let AB (Fig. 2) be the line whose eq\iatvoTi\a aj -=. ax-V^, 
and let (a^, t/) be any point P on this line. Gvie Q^ V= ^ 
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the infinitesimal increment MM' (=di), then the cor- 
responding increment of MP {=y) 
will be CP' (= dy). Now in the tri- 
angle CPP' we have 

CP' = CP tan CPF ; * 

or letting a = tan CPP', and substi- 
tuting for CF and CP their values dy 
and dx, we have, 

dy = adx. 




FiK.2 



It is evident that the constant h will disappear in differentiation, 
from the very nature of constants, which do not admit of increase, and 
therefore can take no increment. 

16. Differentiation of the Product of two Func- 
tions. 

Let u = yZf (1) 

where y and z are both functions of x. Give x the infini- 
tesimal increment dx^ and let du, dy, dz be the correspond- 
ing increments of u, y, and z, due to the increment which 
X takes. Tiien (1) becomes 



u + du =: (y + dy) {z -\- dz) 

= yz + zdy + ydz + dz dy. 



m 



Subtracting (1) from (2), and omitting dz dy, since it is 
an infinitesimal of the second order, and added to others of 
the first order (Art. 11), we have 

du =z zdy + ydzy (3) 

which is the required differeiitiat 

Hence, the differential of the product of two func- 
tions is equal' to the first into the differential of the 
second, plus the second into the differential of the 
first. 



* In the Calcolas as in the Analytic Geometry, the radios is always regarded as 
/, anJesB otherwise mentioned. 



V>r OEOMETRIC ILLUSTRATION, 

/ This may also be proved geometrically as follows : 
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Fig. 3. 


B« 



Let z and y represent the lines AB 
and BC respectively ; then will u rep- 
resent the area of the rectangle ABCD. 
Give AB and BC the infinitesimal in- 
crements Ba {=idz) and Cc {=dy) 
respectively. Then the rectangle ABCD 
will be increased by the rectangles BaCh, 
BCbc, and Ghcd, the values of which 
are ydz, zdy, and dzdy respectively ; therefore 

du = ydz + zdy + dz dy. 

But dzdy being an infinitesimal of the second order and 
connected with others of the first order, must be dropped 
(Art. 11) ; if this were not done, infinitesimals would not 
be what they are (Art. 8) ; the very fact of dropping the 
term dz dy implies that its value, as compared with that of 
ydz + zdy is infinitely small. 

The statement that ydz ■\- zdy + dzdy is rigarondy eqnal to ydz-\-zdy 
is not true, and yet by taking dz and dy sufficiently small, the error 
may be made as small as we please. 

Or, we may introduce the idea of motion, and consider 
that dz and dy represent the rate at which AB and BC are 
increasing at the instant they are equal to z and y respec- 
tively. The rate at which the rectangle ABCD is enlarging 
at this instant depends upon the length of BC and the rate 
at which it is moving to the right -f the length of DC and 
the rate at which it is moving upward. If we let dz repre- 
sent the rate at which BC is moving to the right, and dy the 
rate at which DC is moving upward at the instant that 
AB = z and BC = y, we shall have du = zdy -{-ydz as the 
rate at which the rectangle ABCD is enlarging at this m- 
%tant. (See Price's Calculus, vol. i, p. 41.) 



20 DIFFERENTIATION OF A FRACTION. 

17. Differentiation of the Product of any Num- 
ber of Functions. 

Let u = vyz. (1) 

Then giving to x the iDfinitesimal increment dXy and letting 
du, dv, dy, dz be the corresponding increments of u, v, y, z, 
(1) becomes 

u + du = (v -h dv) {y + dy) {z + dz). (2) 

Subtracting (1) from (2), and omitting infinitesimals of 
higher orders than the first, we have 

du z=z yzdv -{- vz dy -f vy dz, (3) 

and so on for any number of functions. 

Hence, the differential of the product of any num- 
ber of functions is equal to the sum of the products of 
the differential of each into the product of all the 
others. 

Cor. — Dividing (3) by (1), we have 

du dv dy dz 

— = — + — +— (4) 

u V y z ^ ' 

That is, if the differential of each function he di- 
vided by the function itself, the sum of the quotients 
will be equal to the differential of the product of the 
functions divided by the product, 

18. Differentiation of a Fraction. 

Let w = -, 

y 

then uy = x; (1) 

therefore, by Art. 16, we have 

udy -h ydu = dx. 

Substituting for u its value, we have 
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X 

-dy + ydu = dx. 

if 

Solving for du, we get 

, __ ydx — xdy 

which is the required differential. 

Hence, the differential of a fraction is equal to the 
denominator into the differential of the numerator, 
minus the numerator into the differential of the de- 
nominator, divided hy the square of the denominator. 

Cor. 1. — If the numerator be constant, the first term in 
the differential vanishes, and we have 

__ xdy 



du ■=. — 



y^ 



Hence, the differential of a fraction laith a constant 
numerator is equal to minus the numerator into the 
differential of the denominator divided hy the square 
of the denominator. 

Cor. 2. — If the denominator be constant, the second term 

vanishes, and we have 

, dx 
du =z — , 

y 

which is the same result we would get by applying the rule 
of Art. 15. 

.. ■ 19. Differentiation of any Power of a Single Va- 
riable. 

Let y = af. 

1st. When n is a positive integer. 

Eegarding a^ as the product x, a;, x, etc., of n equal fac- 
tors, each equal to x, and applying the rule for differentiating 
B, product (Art. 17), we get 
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dy = x'^-^dx 4- uf-^dx + T^-^dx + etc., to n terms. 

/. dy = nof'^^dx. (1) 

2d. WTien^ n is a positive fraction. 

Let y z=z of'; 

then y" = x^. 

Differentiating this as just shown, we have, 

ny''~'^dy •=. 77ix"^~^dx. 



m x"^~^ 



Therefore, dy = dx 



i~i 



7)1 of^^y y 

^ n y"^ 



m 

m a:"*"' x^ 



M />.ni 



dx (since ^ = a?"). 



M/ 



m "^-i 



,\ dy =: — iC'* dx. 

3d. WJien n is a negative exponent, integral or 
froyctional. 

Let y = ar" ; 

then V = —• 

Differentiating by Art. 18, Cor. 1, we have 

, nx^~^ dx , ^ ,^. 

% = ^aT- = - nx—Ulx. (3) 

Combining the results in (1), (2), and (3), we have the 
following rule: ITie differential of any constant power 
of a variable is equal to the product of the exponent, 
the variable with its exponent diminished hij ujiity, 
and the differential of the variable. 
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Coil — ^If « = J, we have from (1), 

doc 
dy = ix*~^dx = \x~^dx = 



^\/x 

Henoe, the differential of the square root of a variar 
hte is equal to the differential of the variable divided 
by tivtee the square root of the vaHable. 

EXAMPLES. 

1. Differentiate ifz=9 + 2x + 3^ + xy — a:'' + 2axy. 

By Art 14, we differentiate each term separately, and 
take the algebraic snm. By Art. 15, the constant 9 disap- 
pears in the differentiation ; and the differential of 2x is the 
constant 2, multiplied by the differential of the variable .r, 
giving 2dx. By Art. 19, the differential of a^ is 2x dx. The 
term oi^y^ is the product of two functions ; thtTcfore, Art. IG, 
its differential is x^d{ifi) +y^d(x^), which, Art. 19, gives 
Sx^y^dy -f 2yh:dx. In hke manner proceed with the 
other terms, giving the proper rule in each case. The 
apswer is 

dy = 2dx + dx^dx + Sx^y^dy + 2xy^dx — ^xfidx 

+ 2ax dy + 2ay dx. 

2. u =i aofiy^. du := dax^jfdx -f 2a3^ydy. 

3. w = 2ax - 3a;2 _ ^5^4 _ 7. 

du = (2a — 62; -— 4£tha^) dx. 

4. u = a^K du = ^x^y^ dy + 2xy^ dx. 
6. u = 2hz-^ + SaxhK 

du = oax^z^ dx + -^r—p.- ^ • 

^11 - xdy + ydx 

6. « = ^*yi rf„ = ^^. 
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du = liaxi — _ I dx. 

8. y* = 2pxy to find the value of dy. 



dy :=i-dx. 

• y 



9. ay + ^>2ar« = a2J2, to find the value of dy. 



10. a^ -\- y^ = i^y to find the value of dy, 

dy = dx. 



11. u = 



b'-2y^ {b — 2y)^ 

12. u = (a ■{- bx -{- cx^y. 

Eegarding the quantity within the parenthesis as a varia- 
ble, we have, by Art. 19, 

du = b(a -{-bx -\- cx^Yd{a -^ bx + cxP) 
=^ b {a + bx + CQC^Y {b + 2cx) dx. 

By Art. 18, 

_ (4a; -I- x^)d{2a^ - 3) — (2ar^ -3)d{4x + x^) 

__ (4a; 4- a?^) ^^dx — (2^;^ — 3) (4 + 2a:) dx 
"" (4a; +^)2 

_ (S^J- 6a; + 1 2) & 
"" (4a; + x^f 

^, ' 2x* , 8a2a:3_4^ 
J4. f^ = -= :«• aw = -r-^^ ::^T^ ax. 
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17. y =z {ax^^ a^y. 

dy = 4: {aa^ — 3fiy {2ax — Sx^) dx 

18. y = {a-{- bx^)^. dy = ^{a + bx^)i hxdx 
19- 2/ = (^T^8- ^2^=-(^-^4^" 



20. y = ^/W^-a^ (Art. 19, Cor.). 



, __ d^pt^-^c^) _ _3ic2^^ 



{a — x) dx 

21. y = V 2aa: — x^. dy = /^— =^ 

^^ 1 , or^or 

22. y = - — dy = 



Vl—x^ (1 — x^)i 

23. «^ = V^ + V^. dy = ^'tl-dx 

2V 

y — 9 . T — ; — 7 (2air + b) dx 

24. y = Va^ + bx -{- c. dy = — ^ ^ — 



25. ^ = (^2:3^^) (3a;2 + J) (Art. 16). 

fZy = (2:3 + a)d{^x^ -\-b) -{- {^x^ +b)d{x^ + a) 
= (ISrt-* + 3^ar» + Qax) dx. 

26. y = (1 + 2a:2) (1 + 4a;3). 

e?2^ = 4a: (1 + 3a; + lOa^-s) e?a:. 

{a + 3a:) rZa: 



27. y = (a — a:) Va + 2?. dy = — 



2Va + a: 



(jDi— ^x^ dx 

28. y = (a + a;) Va — ar. dj/ = y — ^^^-^ 



//^-^t^PlA/C . V^ .-? "^ 



-/ 



> . • 
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ILLUSTRATIVE EXAMPLES. 

• 

1. In the parabola t^ = 4x, which is increasing the most 
rapidly at a; = 3, the abscissa or the ordinate ? How does 
the relative rate of change vary as we recede from the ver- 
tex ? 

2 
Differentiating ^ = 4ic, we get rfy = - dx, which shows 

that if we give to x the infinitely small increment dx, the 

2 

corresponding increment of y is - times as great ; that is, 

2 

the ordinate changes - times as fast as the abscissa. At 

y_ 

a; = 3, we have y = Vl2. Hence, at this point, 

dy = —-^dx =z --—dx; 
^ Vl2 \/3 

that is, the ordinate is increasing a little over one-half as 
fast as the abscissa at x = 3, 

At a:r=l, y = 2, and dy = dx; that is, x and y are 
increasing equally ; in general, at the focus the abscissa and 
ordinate of a parabola are increasing equally. At a; = 4, 
y = 4, and dy = ^dx ; that is, y is increasing ^ as fast aa 
X, At X =: 9, y = 6, and dy = ^x ; that is, y is increas- 
ing j as fast as x. At a; = 36, y = 12, and dy==^dx] 

that is, y is increasing ^ as fast as x, and so on. We see 

2 
from the equation dy = -dx, as well as from the figure of 

y 

the parabola, that the larger x becomes, and therefore y, the 
les3 rapidly y increases, while x continues to increase uni- 
formly. 

2. ^ If the side of an equilateral triangle is increasing uni- 
formly at th6 rate of ^ an inch per second, at what rate is 
its altitude increasing ? Is the relative rate of increase ot 
the side and altitude constant or variable? 
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Let iT = a side of the triangle and y = its altitude. Then 

y2 = ^x\ and (/y = -^ dx, which shows that when x takes 
the infinitely. small increment dx^ the corresjwnding inere- 

ment of y is -^ times as great; that is, the altitude y 

always changes —^ times as fast as the side x. Wlien x is 
increasing at the rate of \ an inch per second, y is increas- 
ing -^ times I, or -j- inches per second. 

3. A boy is running on a horizontal plane directly towards 
the foot of a tower 60 feet in height. How much faster is 
he nearing the foot than the top of the tower ? How far is 
he from the foot of the tower when he is approaching it 
twice as fast as he is approaching the top ? When he is 
100 feet from the foot of the tower, how much faster is he 
approaching it than the top ? 

Let x = the boy's distance from the foot of the tower, 
and y = his distance from the top. Then we have 



y^ = 0^ + 60*. 
/. dx =--dy 'y 

that is, the boy is nearing the foot ^ times as fast as he is 
the top. 

2d. When he is approaching the foot of the tower twice 
as fast as he is the top, we have dx = 2dy, which in 

dx =z-dy 

X 

gives us y = 2a;, and this in «/2 = a;^ + 60 gives us 

Zx^ = 60^ OT a; = -— = 34.^4. 

V3 
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3d. When he is 100 feet from the foot. 



y = |/l60^ + 60^ = 116.62, 

- y 116.62 1 . u • ^ y J 
and - = -^rTiT- , which in ax=.- ay gives 
.i; 100 X *' "=* 

dx = 1.1662 dy ; 

that is, he is approaching the foot of the tower 1.1662 times 
as fast as he is the top. 

4. In the parabola y^ = 12ic, find the point at which the 
ordinate and abscissa are increasing equally ; also the point 
at which the ordinate is increasing half as fast as the 
abscissa. Ans. The point (3, 6); and the point (12, 12). 

5. If the side of an equilateral triangle is increasing uni- 
formly at the rate of 2 inches per second, at what rate is the 
altitude increasing. ^,^^.. y'g inches per second. 

6. If the side of an equilateral triangle is increasing uni- 
formly at the rate of 5 inches per second, at what rate is the 
area increasing when the side is 10 feet ? 

Ans. |-|V3 sq. ft. per second. 

7. A vessel is sailing northwest at the uniform rate of 
10 miles per hour ; at what rate is she making north lati- 
tude? Ans, 7.07 -f miles per hour. 

8. A boy is running on a horizontal plane directly toward 
the foot of a tower, at the rate of 5 miles per hour ; at what 
rate is he approaching the top of the tower when he is 00 
feet from the foot, the tower being 80 feet high ? 

Ans, 3 miles per hour. 
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LOGARITHMIC AN/) EXPONENTIAL FUNC- 
TIONS. 

« 

,. 2b. To Diflferentiate y = log x. — We have 
y -\-dy = log {x + dx) = log \x\\ -h -^jj 

= loga: + log(l + -^). 
Subtracting, we have, 

d2, = log(l+f) = m(f-g^ + etc.) 

(from Algebra, where m is the modulus of the system). 

dx 
.'. dy = d (log x) =z m — (Art. 11). 

This result may also be obtained as follows: 

Let y ^ ax. (1) 

.•. log y = log a + log X. (2) 

By Art. 15, dy = a dXy (3) 

and d (log y) = d (log x). (4) 

Dividing (4) by (3), we get, 

d (log y) _ d (log x) 
dy adx 

y-dx 

X 

dy 

^ d (log y ) __ j_^ 

' d (log x) dx 

X 
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Multiply both terms of the second fraction by the arbi- 
trary factor m, and we have 

mdy 

d (log y) ^ _"T1. rgx 

d (log x) m dx* ^ ' 

X 

We may suppose m to have such a value as to make 

dOogy)=m^j; (6) 

(7) 



therefore, 


d (log x) = 


dx 
m — 

X 


Similarly, let 


y = 


bz. 




.'. log y — 


log 5 + log «• 


Differeutiating, dy 


bdzy 


and 


d (log y) - 


d (log 2;). 


Dividing and 


substituting, 




• 


d Gog y) __ 

d (log z) 


dy 

y.. 

dz 
z 


But 


d (log y) - 


dif 

y 



(8) 



.-. d (log 2J) =m-' (9) 



J? 



In the same way we may show that the differential of the 
logarithm of any other quantity is equal to 7n times the 
differential of the quantity divided by the quantity, and 
hence the factor in is a constant, 2^'^ovided that the loga- 
rithms be taken in each case in the same system ; of course, 
jf t/jo logarithms in (8) be taken in a diffeteut system from 
^Aosfe III (2), the iizimerical values of logy m \:\\^ t^o ^tt^%i- 
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tions are different, and therefore tlie m in (7) is different 
from the m in (9). Since m is a constant in the same sys- 
tem and different for different systems^ it varies with the 
hose of the system, as the only other quantities involved in 
logarithms are the number and its logarithm. That is, m is 
a function of the base ; its value will be computed hereafter. 
(See Eice and Johnson's Calculus, p. 39 ; also, Olney's Cal- 
culus, p. 25.) ^ ,^-v- J -^ 

Hence, the differential of the logarithm of a quan- 
tity is equal to the modidus of the system into the 
differential of the quantity divided by the quantity. 

CoR. — If the logarithm be taken in the Naperian ♦ system, 
the modulus is unity, and we have 

, dx 
^ X 

Hence, the differential of the logarithm^ of a quan- 
tity in the Kaperian system is equal to the different 
tial of the quantity divided by the quantity. 

/>Cj''^- '^^ Differentiate y = a^. 

Passing to logarithms, we have, 

log y = X log a. 

Differentiating, we have 

m^ = dxloga; 

J ydx loff a 

or dy = ^— 

^ m 

/. dy -=. d (c^) = — logadx. 

* So called from the name of the inventor of logarithme ; also sometimes called 
natural logarithms, ttom being those which occar fiiftt Vn l\ke \xiN^«\!ugd&^Tv ^\ ^ 
method of cakmJsMnglogantbmB. They are sometimeB ca\i«^ K'yperl)OttjcVaeM^^^o='^^*> 
from barbig been origtuOly derived ftom the byperboU. 
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Hence, the differential of an exponential functum 
mith a constant base is equal to the function into the 
logarithm of the base into the differential of the ex- 
ponent, divided by the modulus. 

Cob. 1. — If we take Naperian logarithms, we have 
dy =z d (a*) = a* }ogadx (since m = 1). 

Cob. 2. — K a = e, the Naperian base, then 

log a = log e = 1, 

and therefore dy =z d{^) =: eP^dx. 

ScH. — In analytical investigations, the logarithms used 
are almost exclusively Naperian, the base of which system 
is represented by the letter e. Since the form of the differ- 
ential is the simplest in the Naperian system, we shall in 
all cases understand our logarithms to be Naperian, unless 
otherwise stated. 

22. To Differentiate u = y^. 

Passing to logarithms, we have, 

log u = X log y. 

Differentiating, we have, 

— = logy dx + X — ; 
u ^^ y 

or, du zn ulogy dx + ux^\ 

/. du :=. tf^ logy dx + xy^^dy. 

Hence, to differentiate an exponential funetiam 

with a variable base, differentiate first as though the 

base were constant and the exponent variable, and 

second as though the base were variable and the expo* 

nent constant, aind take the sum of the results. 

7 
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EXAMPLES. 



1. y z= X log X. dy = (log x + l) dx. 

2. y = log 2)8. dy = ~' 

, a***' log a (/x 

X 

4. y = 0^. ^y = o**^ loga dx. 

5. y = o!^. dy = af^riogx{l + \ogx) + -\7<'dx. 

6. y = log VT=^. dy=^ 1^^' 

7. y = log(» + Vl + a*). <?y = Vr+^' 

8. y = log (^^) = log (a + x) — log (a — x). 

% = 



a» — a? 



9. y = logy ^ = i log(l + x) _i log(l -»). 



dy = 



10. y = log Gog x). dy = 



1 — a?» 

dx 
a; log a; 

dx 



11. y = log« ar. dy z= 2 log a: 



0? 



12. y = a^. dy =: a:*(log a: + l)d!av 

Va^ 4- 1 — a; 

13. y = log V-Z-. 

V^+ 1 +a; 

Multiplying both terms by the numerator to rationalize 
the denominator, we. get 
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y = log [VaJ^+ 1 — xf. 
2dx 



-v 



• • 



dy = — 



Va^ + i 

14. y = e*(ic — 1). dy = eP^xdx. 

16. y = e* (a;3 — 2a: + 2). rfy = e^^rp^tfe. 

^ e» + 1 ^ (e« + 1)2 



17. y ■=. ^ log ic. dy •=• ^ (log a: + - ) 

18. y = e'*« V^»+^, 

Then log y = log ^c^ + a:^. 

.% y = V«^ + a;*- 

, oi^x 

. ^3^ = 



dx. 



V^+^ 



^. ^ J x^dx 



\-\-x ^ (1 + a;)> 

oA 1 ^ jj dx dx 

20. y =^ log • ay = 



21. y = \og{x+a+V^MZ+^). dy = ^^=^=' 



23. Logarithmic Diflferentiation. — When the function 
to be differentiated consists of products and quotients, tlie 
differentiation is often performed with greater facility by 
first passing to logarithms. This process is called logarith- 
mic differenti&tion. 
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EXAMPLES. 

1. u =ix (a2 + a?) Va2 — x^. 
Passing to logarithms, we have 

log u = log a? + log (a^ + a^) + J log (a^ — o?). 
du __ dx 2x dx xdx 



• • 



u X a^ + a^ (f — a^ 



or, du = . — dx. 



%. u = 



^/a^ — x^ 



= -^- Passing to logarithms, we have 

log u = log (1 + aJ^) — log (1 — r«). 
^i^ 2a; ^Za; 2a; ^a: 4a;d^a; 



•• w - 1 + ar^ 1 - a?» - (1 + ar^) (1 - a;2) 

, \xdx 
A tf?^ = -. 

1 — a:* 

3. w = (a« + 1)2. Jw = 2a«(a« + 1) log« dx. 

a^ — 1 , 2a*loffada; 

a* + 1 (a* + 1)2 

Vl'+x , ^a; 

6. «^ = , aw = 



* 



r^' 



- a; • (1 — ^0 VT^ a?» 

l" ILLUSTRATIVE EXAMPLES. 

w 

1. Which increases the more rapidly, a number or its 
logarithm? How much more rapidly is the number 4238 
increasing than its common logarithm, supposing the two 
to be increasing uniformly ? While the Tium\iet luct^as^e^ 
bfl, bow much will its logarithm mcieaee, sv)l5^««^^ ^"^'^ 
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latter to increase uniformly (which it does not) while the 
number increases uniformly. 
Let X = the number, and y its logarithm ; then we have 

y = logo:; 

^ X ' 

which shows that if we give to the number (x) the infinitely 
small increment (dx), the corresponding increment of y is 

— times as great; that is, the logarithm (y) is increasiDg 

— times as fast as the number. Hence, the increase in the 

X 

common logarithm of a number is >, =, < the increase 
of the number, according as the number (x) <, =, > the 

modulus (m). 

When X = 4238, we have 

_ m __ .434294 48 
"^^ ~ 4238^^"^ - ~4238"" "^^^ 

42S8 
hence, dx = 434^9448 ^^ = ^^^^^ 91/58 dy; 

that is, the increment of the logarithm is - — -^r^ — part of 

4/Ctio 

the increment of the number, and the number is increasing 

about 9758 times as fast as its logarithm. 

While the number increases by 1, its logarithm wDl Ih- 

crease (supposing it to increase uniformly with the number) 

.43429448 

* — J2^ — times 1 = .00010247; that is, the logarithm of 

4239 would be .00010247 larger than the logarithm of 4238, 
if it were increasing uniformly, while the number increased 
from 4238 to 4239. 

Remabe. — While a number is increasing uniformly, its logarithm 

is increasing more and more slotciy; this is evident from the equation 

m 
= — dx, which shows that if the number receives a very small in- 

4? 
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cremept, its logarithm reoeivee a yery small increment ; but on giving 
to the number a second veiy small increment equal to the first, the 
corresponding increment of the logarithm is a little Us» than the first, 
and so on ; and vet the supposition that the relative rate of change of 
a number and its logarithm is constant for comparatively small changes 
in the number is sufficiently accurate for practical purposes, and is the 
assumption made in using the tabula/r difference in the tables of loga- 
rithms. 

2. The common logaritlim of 327 is 2.514648. What is 
the logarithm of 327.12, supposing the relative rate of 
change of the number and its logarithm to continue uni- 
formly the same from 327 to 327.12 that it is at 327 ? 

Ans. 2.514707. 

3. Find what should be the tabular difference in the table 
of logarithms for numbers between 4825 and 4826 ; in other 
words, find the increment of the logarithm while the num- 
ber increases from 4825 to 4826. Ans. .0000900. 

4. Find what should be the tabular difference in the table 
of logarithms for numbers between 9661 and 9652. 

Ans. .0000450. 

5. Find what should be the tabular difference in the table 
of logarithms for numbers between 7235 and 7236. 

Ans. .0000601. 






TRIGONOMETRIC FUNCTIONS. 

24. To Diflferentlate y = sin x. (1) 

Give to X the infinitely small increment dx, and let dy 
represent the corresponding increment of y ; then we have 

y + rfy = sin (ic + dx) 

= sin X cos dx + coax sin dx. (2) 

Because the arc dx is infinitely small, its sine is equal to 
the arc itself and its cosine equals 1 ; therefore (2) may bo 
written 

y + d^ = 8in X •{• COB x dx. V^ 



r\ 
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Subtracting (1) from (3), we have 

dy = cos X dx. (4) 

Hence, ifee differentiaZ of the sine of an arc is equal 
to the cosine of the arc into the differential of the arc, 

*^ - 



|l V' 25. To Differentiate y = cos x. 

^ Give to X the infinitely small increment dXy and we have 

y + dy = cos {x + dx) 

= cos X cos dx — sin x sin dx 
= cos ic — sin x dx (Art. 24). 
/. dy =: — sin a: dx. 

Otherwise thus: 

We have y = cos a; = sin (90° — x). 

Differentiating by Art, 24, we have 

dy = cos (90° — x)d (90° — x) 
= sin x d (90° — x). 
.% dy -=: — sin x dx. 

Hence, the differencial of the cosine of an arc is 
negative and equal to the sine of the arc into the dif- 
ferential of the arc. (The negative sign shows that the 
cosine decreases as the arc increases.) 

, , > 26. To Differentiate y = tan x. 

- .. .> 

sin X 



We have y = tan x = 

^ cos a; 

Differentiating by Arts. 18, 24, and 25, we have 

> , cosa: rfsinic — sina; ^cosa? 

^ "" cos^ X 

cos? X + sin^ X ^ dx 

ax = 



cos^ X cos? X 

= sec^ X dx. .•. dy = ^^ x dat* 
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/- Otherwise thus: 

Give to X the infinitesimal increment dx, and we have 
y -{- dy = tan {x + dx) 

dy = tan {x + dx) — tana? 
tan X + tan dx 



• • 



1 — tan X tan dx 



— tan X 



tan X ■\- dx , , . . , ,. 

= :; 7 J tan X (smee tan dx = dx) 

1 — tan a; aa; ^ ' 

dx -f tan^ a; 6?a; „ , 

= — 7 7— = sec^ a; dx 

1 — tan a; dx 

(since tan a; rfa;, being an infinitesimal, may be dropped from i 
the denominator), * \ 

.•. dy =■ sec^ x dx. 

Hence, the differential of the tangent of an arc is 
equal to the square of the secant of the arc into the 
differential of the arc. 






V , 2n. To Differentiate y = cot x. 

We haye y = cot a; = tan (90° — x). 

.'. dy == sec2 (90° — a:) rf (90° — x). 
/. dy = — cosec^ x dx. 

The minus sign shows that the cotangent decreases as the arc 
increases. 

Hence, the differential of the cotangent of an arc is 
negative, and equal to the square of the cosecant of 
the arc into the differential of the arc. ^ , 



^ '. 



28. To Differentiate y == sec x. 

We have y = sqgx '=. • 

^ COB X 
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, d COS X miX dx . . 

.\ dy = 5 — = 5 — = sec a; tan x dx. 

^ COS^ X COS^ X 

Hence, the differential of the secant of an arc is 
equal to the secant of the same arc, into the tangent 
of the arc, into the differential of the arc. 

29. To Differentiate y = cosec x. 

We have y = cosec x = sec (90** — x). 

.'. dy =• d sec (90° — ic) 

= sec (90° — x) tan (90° — re) d (90° — x) 
= — cosec X cot X dx. 

Hence, the differential of the cosecant of an arc is 
negative, and equal to the cosecant of the arc, into the 
cotangent of the arc, into the differential of the arc. 

30. To Differentiate y = vers x. 

We have y = vers x = 1 — cos x. 

/. dy = d{l — cos x) = sin x dx. 

Hence, the differential of the versed-sine of an arc 
is equal to the sine of the arc into the differential of 
the arc. 

31. To Differentiate y = covers x. 

We have y = covers x = vers (90° — x). 

.'. dy = d vers (90° — a;) = sin (90° — x) d (90° — x) 
= — cos X dx. 

Hence, the differential of the coversed-sine of an 
arc is negative, and equal to the cosine of the arc into 
i^?ie differential of the arc. 






GEOMETRIC DEMONSTRATION. 



41 



32. Greometric DemonstratioiL — The results arrived 
at in the preceding Articles 
admit also of easy demonstra- 
tion by geometric construction. 

Let P and Q be two consec- 
utive points* in the arc of a 
circle described with radius = 1. 
Let X = arc AP ; then 

dx = arc PQ. 
From the figure we have, 
PM = sin x\ 




Fig. 4. 



NQ = sin {x + dx) 'y 
.•. QE = d sin x. 

OM = cos X] ON = cos {x + dx) ; 

.'. NM = — d cos X (minus because decreasing). 

AT = tan X] AT = tan (a; + dx) ; 

.-. TT' = rf tan re. 

OT = sec x\ OT = sec {x + dx)i 

.-. DT' = d sec X, 

Now, since EP and QP are perpendicular respectively to 
MP and OP, and since DT and TT' are also perpendicular 
to OT and A respectively, the two infinitely small triangles 
PQR and DTT' are similar to MOP. Hence we have the 
following equations : 

(Z sin a; = EQ =r QP cos PQE 
= cos X dx, 

.*. d^xnx -= cos X dx. 

* All that is meant here is that P and Q are to be reasoned apon as though they 
were consecutive points ; of course, strictly speaking, consecutive points can never 
be represented geometricaUy^ since their distance apart is less than any assignable 
distance. Wben we say that P and Q are consecutive points, we may regard the 
distance PQ in the fignre as representing the infinitesimal distance between two 
consecotiFe pointa, higMy magr^Ml, 
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dcoax=i — PR = — PQ sin PQB 

= — sill X dx. 

••. dcosx =. — sin x dx. 

dtsLUX^zTT = DT sec DTT' = DT sec a; ' 
= OTQP sec X (since DT = OT-QP) 
= sec^ X dx. 

.% d tan X = sec^ x dx. 

rf sec a? = DT' = DT tan DTT' 

= OT'QP tan x = seco; tana: dx. 

.'. d Bee X = Becx tan x dx. 

Also, ci = — d (cot x), 

and cd = ^ d (cosec x). 

But the triangle cbd is similar to the triangle 0PM, since 
cb and db are respectively perpendicular to MP and OP. 
Hence we have 

d eotx =z ^cb = --db cosec deb 

= — JO • QP cosec X = — cosec' x dx. 

.% d cot a: = — • cosec^ x dx. 

d cosec X = -^cd = — db eot deb 
= — OJ.QPcota; 
= — cosec a; cot a; dx. 

.% d cosec X = — cosec x cot a; dx. 

Prom the figure we see that the differential of the versed- 
sine is the same numerically as that of the cosine, but with 
a contrary sign, i. e., as the versed-sine increases the cosine 
decreases ; also the differential of the coversed-sine has the 
same value numerically as that of the sine. . 
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EXAMPLES. 

1. y = sin mx. By Art. 24 we have, 

dy = co^inx d{mx) = m GOhmx dx. 

2. y = sin (aj*). 

(Zy = cos (a^) d{a?) = 2x cos (a;^) ia:; 

3. y = sin*^ a:. 

dy •=. m sin*"-^a; rf(sin x) z= m sin"*~' a; cos a: d!a;. 

4. y = cos* a;. 

e?y = 3 cos^a; d(cosa;) = — 3 cos^a: mixdx 
= 3 (sin' a; — sin a:) dx, 

6. y = sin 2a; cos x. 

dy = sin 2a: 6? cos a; + cos a; rfsin 2a; 

= — sin 2a; sin a; 6?a; + 2 cos 2a; cosa; dx, 

6. y = cot^ (a;®). dy ■=: — Gai^ cot a;* cosec^a;® dx. 

7. y = sin'a; cosa;. dy = sin^a; (3 — 4 sin^ x) dx. 

8. y = 3 sin* x. dy = 12 sin' a; cosa; dx. 

9. y = sec^ 5a;. rfy = 10 sec^ bx tan 5a; rfas. 

10. y = log sin x. 

, d (sin a;) , . . .^. cos a; , , _ 

dy = — ^-; (Art. 20) = - — dx = cota; dx. 

^ sm a; ^ ' sm x 

11. y = log (sin^ a;) = 2 log sin x. dy = 2 cot x dx. 

12. y = log cos X. dy =z -" tan a; Ja;. 

- „ , ^ J ^ tan a; 2da; 

13. y = log tan x. dy = 



tan X sin 2a; 

14. y = log cot OS. dy = ; — ^^ • 

sin ^x 

15. y = log sec x. dy = tan x dx. 

16. y = log cosec x. dy = — co\.x dx. 
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tn ^ /l + COS a; 

= i log (1 + cos a;) — ^ log (1 — cos x). 



J dx 



Sin X 

18. y = ef^ cos a;. dy = c* rf cos a: + cos a; efe* 

= —^ Binx dx + ^ cosa: dir 
= 6* (cos a; — sin. x) dx. /y 

19. y = a; sin a; + cos a:. dy = x cos a; (fa. 

20. y = x^\ dy = ^'•' (1 — a; sin a;) da;. 

21. y =: e^' sin a;. % = e^"^ ' (cos a? — sin^ x) dx. 

22. y = log Vsin a: + log Vcos x 

= ^ log sin a; + ^ log cos x. 

.•. dy = ^ (cot a; — tan x) dx = cot2a; dx. 

23. y = log (cosa; + V— 1 sina;). dy = V— 1 da:. 

da; 



c^A 1 /l + sin X - 

25. y = log tan (45° + ^x). dy = 



cos X 

dx 
cos X 



26. y = sin (log a;). dy = - cos (log x) dx. 



X 



ILLUSTRATIVE EXAMPLES. 

1. Which increases faster, the arc or its tangent? When 
is this difference least, and when greatest? What is the 
value of the arc when the tangent is increasing twice as 
fast as the arc, and when increasing four times as fast as the 
arc? 

From y = tana;, we get dy = sec^ a; da;, which shows 
that if we give to the arc (a;) the infinitesimal increment dxy 
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the corresponding increment of the tangent (y) is sec' a: 
times as great ; that is, the tangent {y) is increasing secant 
square times as fast as the arc, and hence is generally in* 
creasing more rapidly than the arc. When a; = 0, sec a; = 1 ; 
therefore, at this point, the tangent and the arc are increas- 
ing at the same rate. When x = 90°, the secant is infinite ; 
therefore, at this point, the tangent is increasing infinitely 
faster than the arc. 

When the tangent is increasing twice as fast as the arc, 
we have dy=^2dXy or 8e(?x=^2, which gi^es a; = 45°; 

hence at 45° the tangent is increasing twice as fast as the 

arc. 

When the tangent is increasing four times as fast as the 

arc, ^e have dy = 4dx, or sec^ a; = 4, which gives x = 60° ; 

hence at 60° the tangent is increasing four times as fast as 

the arc. 

2. Assuming that the relative rate of increase of the sine, 
as compared with the arc, remains constantly the same as 
at 60°, how much does the sine increase when the arc in- 
creases from 60° to 60° 20'. 

Let X = the arc and y its sine ; then we have y = sin x, 
,\ dy = cos X dXy which shows that the increment of the 
sine is cosine times the increment of the arc. Now the arc 

of 20' = 'o^ o = .0058177 = dx; therefore, 
180 X 3 

dy = cos 60° dx = ix .0068176 = .0029088, 

which is the increase of the sine on the above supposition, 
and is a little greater than the increase as found from a table 
of natural sines, as it should be, since we have supposed the 
sine to increase uniformly while the arc was increasing 
uniformly from 60° to 60° 20', whereas the sine is increasing 
moj^e and more slowly while the arc is increasing uniformly. 
This is evident from the equation dy = co&xdx, and also 
from geometric considerations. 
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3. The natural cosine of 5° 31' is .995368. Assuming 
that the relative rate of change of the cosine and the arc 
remains the same as at this point, while the arc increases to 
5° 32', what is the cosine of 5° 32' ? Ans. .995340. 

4. The logarithmic sine of 13° 49' is 9.3780633. Assum- 
ing that the relative rate of change of the logarithmic sine 
and the arc remains the same as at this point, while the arc 
increases to 13° 49' 10", what is the logarithmic sine of 
13° 49' 10" ? Arts. 9.3781489. 

5. The log cot 58° 21' = 9.789863. On the same sup- 
position as above, what is the decrease of this logarithm for 
1 second increase of arc. Ans. .00000471. 

6. A wheel is revolving in a vertical plane about a fixed 
centre. At what rate, as compared with its angular vetecity, 
is a point in its circumference ascending, when it is 60° 
above the horizontal plane through the centre of motion. 

Ans. Half as fast \/ 

• A 

CIRCULAR FUNCTIONS. ^ 

33. To Differentiate y = sin""^ x.* 

We have ic = sin y ; 

therefore, dx = cosy dy =z \^{1 — sin^ y)dt/ 

= Vl — a^ dy. 
dx 
•*• ^y = vT^^ ~ ^ (sin-^a:). 

34. To Differentiate y = cos""^ x. 

We have, a; = cos y ; 

therefore, dx -=. — ^\wy dy ■=. — Vl — cos^y dy 

= — a/I — ^ dy. 
.«. dy =: — ==-— = d (cos~i ir). 

* This notation, as already explained^ meauB y — ^i^e «x^N9\]LO^«&n&^«« 



V^ 
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J'" 35. To Differentiate y = tan~^ x. 

We have x = tan y ; 

therefore. Ax = sec^y rfy = (1 + tan^ y) dy 

=i{l+x^)dy. 

dx 
.•• dy = j-q-^ = d (tan-i a:). 

36. To Differentiate y = cotr^ a?. 

We have x = cot y; 

therefore, da; = — coset? ydy = — (1 + cot' y) dy 

= -{l + a^)dy. 

.'. dy = - :j— ^ = d (cot-i x). 

y^yZl. To Differentiate y = sec"^ a?. 

We have a; = sec y ; 

therefore, dx z= secy tan y dy =z sec y Vsec^ y — • 1 dy 

= xV^ ^ 1 rfy. 



,% Jy = — ; = d (sec~^ a;). 



4^ 



38. To Differentiate y = cos&c~^ a?« 

We have x = cosec y ; 

therefore, dx ■= — cosec y cot y 6?y 

= — cosec y Vcosec^ y-~\ dy 



== — x'^ay^ — 1 dy. 
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. To Differentiate y = vers"* x. 

We have x = vers y ; 

therefore, dx z^ Any dy =^ Vl — cos^ y dy 



= Vl — (1 — vers y)2 rfy 
= a/2 vers y — vers^ y dy 

/. du = — = d (vers"* x\. 

40. To Differentiate y = covers"* a?. 

We have x = covers y ; 

therefore, dx :=i —C08ydy=z — Vl — sin^y rfy 

= — Vl — (1 — covers yy dy 



= — V^ covers y — covers^y 6?y 
= — V2x — ir^ (2y, 

.% rfy = — = d (covers"* x). 

V^a: — a? 

EXAMPLES. 
X 

1. Differentiate y = sin~* — 

We have, by Art. 33, 

tX dx 

T a a dx 

dy = 



V^-?^ \/^~l 



a^i V«^ — ^ 
2 



2. Differentiate y' = a sin"* — 



EXAMPLES. 



49 



We have, Art. 33, dy'=z 



dx 
a — 
a 



adx 



v^-i 



0!^ y/dJ^ — a? 

2 



Geometric illustration of Examples 1 cund 2 : 



Let 0A = 1, OA' = a, 3/ = arcAB, y' = arcA'B', 
z = M'B'. 

B'M' X 

y 



Now 



BM = 



OB' ""a 

/. arc AB = sin"^ BM 

BM' 
OB' 

X 



= sin""^ 




a 



Fig. 5. 



MA Wk 



y (see Ex. 1). 



fniri 



A'B' = A'O . arc AB = A'O • sin-^ 



B'M 

OB' 



= « sm ^ - = 
a 



y' (see Ex. 2). 



Also, A'B' = sin~^ B'M' = sin"^ x (to radius a) 
.'. a sin"^ - (to radius 1) = sin~^ x (to radius a). 

Hence, in Example 1, y is the arc AB (to radius 1), and 

X 

is given in terms of the sine - (to radius 1) ; while in 
Example 2, y' is the arc A'B' (to radius a\ and is given in 

X 

terms of the sin - (to radius 1). 

a ^ ' 

If we give B'M' (which is x in hoth examples) an incre- 
ment (= dx)^ the corresponding increment in A'B' will bo 
a times as great as that on AB; that is, dy' in Ex. 2 is a 
times dt/ La Ex, 1, 
3 
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3. y = COS-* — rfy = — 



dx 



a " Va2 — 7? 

4. y = tani-. dy = -^-^^^ 

, .X , adx 

6. 2^ = C0t-l-. tfy=___. 

6. y = sec~* — ay = 



7. y = cosec * — ay = •— 



a "^ ^^7? — a^ 

8. y = vers"* -• ay = 



a ^nax — Qc^ 

9. y = covers"* — dy •=. 



« V2aa; — ^ 



10. 


X 

y z=z a COS"* -• 




^^ _ a adx 




^ . A ^ Va^-a^ 




V a^ 


11. 




y _ a tan ^ rfy » ^, ^ ^■ 




<£e 


12. 


, , » , a d'dx 




13. 


, a; , a a^^^a; 
V — a sec"* -• av — — — : 



« X /a? . «Vx* — 0? 



X /a? ^ *Vx« 
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14. y -=. a cosec^i — 



dx 

, a Mx 

dy ^ — 



X n^ 






dx 

- - *x J a adx 

15. y '=^ a vers""* -• dy = 



fi^ L,x ^ V2ax^x^ 



\ a a 



X 

16. y = a covers"^ -■ 



, a adx 

dy z= — 



V a a 



2i2 V^ax-^-a? 

2 
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- a -{- X , 3a— 'X ^ 
1. y = — ay = jfla:. 

V a — re 2 (a — a;)^ 



. y = y a; — Va^ — ai^. 



2 ^ 

, _ {x+ Va^-'a^)dx 

3. y = , -■ rfy = 



a; + .^/l — a?» 2a; (1 — ic«) + y]7I_ ar« 

a:8 , 3:i^dx 



V^— x^y (1 — a?J)t 
5. i^~ o .— ^ dy =. ^^ 4~* 
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e. y = 



^x^ + 1 + a; 



In fractions of this form, the student will find it an ad- 
vantage to rationalize the denominator, by multiplying both 
terms of the fraction by the complementary surd form ; that 

is, in the present case, by V^ + 1 — a;. Thus, 



V^~hP1— « Vo!^ + 1 — a; 
y = — X ' 

VaJ® + 1 + a; V^ + 1 — X 



1 



... rf, = ^(v^n-.)(-^-i) 



dx 



'■ P = \/\ 



— VS Vi — v^ Vi — 



a; 



+ v^ Vi + v^ 1 + Vi 



dy = — 



S. y = 



2 (l + V^a;) Va; — ic8 

Vl 4- a; + a/1 — a; 
Vl + a; — Vr^ 



a; 



1 + VT-^ , 



9. j( = {/a; • y ^x 4- 1. 



ay = -===ax. 
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10. y == Y fa - A + .{/(^ir^)2T 



3b 4x 



V wx 

11. y = Y 2a;— 1— |/2a;— 1— V^a;— 1— etc., ad in/- 
Squaring, we have, 

y2 = 2a;— 1— Y 3a;— 1— |/2a;— 1— V^a;- 1— etc., ad inf. 
Hence, ^ = 2a; — 1 — y ; 



and y = — J ± J VSa; — 3. 

, . 2da; 



-v/i + a; — Vl — a; a'v'l— a?> 

16. y = log— ===== dy = — + 



Var8 + oii_a; « ^i'S-\vt' 
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16. y = log [vT+^ + VI — x^\ 

, dx dx 

17. J, = log (a: - a) — ^-^. rfy = ^-_^,rf;^ 

18. y = a«\ <?y = 2a«* log a xdx. 

19. 2^ = ea' (1 — a;8). rfy = ^2^(1 — Sa?* — a;8)da;. 



gflj g— a? 

21. 2^ = log (e* + «-«). (?3, = ^--— ^tto. 

23. y = 2e *^(ar* — 3a; + 6a;* — 6). dy = xe^dx. 

24. « = ^'^r^^ z-. (See Art. 23.) 

(a; — 2)f (a; - 3)J 

(^-l)t(2^JJ^-97)^. 
12 (a; - 2)J (a; - 3)V 

, a^(x + S)idx 

dy = ^^ — ■ — r- 

(a; + 2)5 (a; + l)i 



26. y = — ■ — , -' dy = -^ ; — 7= • 

27. y = sin a; — ^ sin^ a*. dy = cos^a; rfa;. 

28. y = i tan^ a; — tan x + x. dy = tan* a; das, 
^A i^ = ^ ^aD«;r f tan x. dy = «fcc^x dx. 
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30. y = sin c*. dy •=. ^ cos€« dx. 

31. y = tan^ x + log(cos2a;). dy := 2 tan'* a; da;. 

32. y = log (tan a; + sec x). dy = bqcx dx. 

sin X , (cos* X — sin* a;) . 

^ 1 -f tan a; ^ (sin a; + cos a;)^ 



34. 



^ 



cos a; — & sin a: 

cos a; + & sin a: 

J — ah dx 

dy = 



a^ cos' x — V sin' a? 



J. 1 
„^ , J. , ^sec'e'da: 

35. y = tan e*. ay = 3 

-- . ^rz , (sec Vl — a;) rfa? 

36. V = tan v 1 — a;. dy = — ^^ ^ — • 

^ ^ 2 Vl - a; 

(sin aj\ 
cosa; • log a; H j da;. 

oo ^ 3 cos a; . ^ , ^ a: 

38. y = -T-^ r-s h 3 log tan ^• 

^ sin' a; cos a; sin' a; ® 2 

__ 2da; 
^ ~" sin* a; cos' a;* 

X 

39. y = sin"~i 






We have, dy :=. dl^^^^^=^ 



1 + x^ 
dx 1 da; 



(l + a;8)t • (i + a;2)4 1 + »* 

40. y = co8~^a; Vl — a^^ = cos~^ V^"—^. 

We have, dy = — d V^ — x^ -5- Vl — (a;^ — a;*) 

(1 - 2a?) dx , 
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16. y = log [vT+^ + VI — ^\ 



, dx dx 

^y = -r — 



X x^i _ a4 

-I IV 1 / \ a (2a; — a) , a;^ 4- a^ , 

17. y = log(a:-a)— ^^^. c?y = ^^-^^,rfa;. 

18. y = a**. <?y = 2a** log a a:(?a;. 

19. y = ^{l^ofi). dy = (^{l — Sa^'-a^)dx. 

20. y = -— - — -• dy = 7---- — r:-r-„« 

21. y = log (^ + <r«). <?y = ^ ^ g-a,<?g- 

i. 

22. y = af. dy = — — . '^ ' dx. 

23. y = 2e^{xi — Bx + 6a;* — 6). dy = ase*^dx. 

24. y = ^^7^^ r (See Art. 23.) 

^ (z — 2)i (a; - 3)* 

^ 12 (a; - 2)i {x - 3)V 

tZy = ^^ r- 

{x + 2)« {x + 1)* 



26. y = —, — F=- dy = -^ ; — 7== 

27. y = sinx-^i sin^ a-. dy = cos^a; dx. 

28. y = i tan^ x — tan a; + a;. dy = tan* a; das. 
^ft ^ = J tan^a: f tana;. dy^fi^xdx. 
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30. y = sin c*. dy = e^ cos €« dx. 

31. y = tan^ x + log{co^x), Jy = 2 tan'^a: efo. 

32. y = log (tan a; + sec z). dy = bqcx dx. 

33. y = -^^. (C08»a.--8m 3^^^ 
^ 1 + tan a: ^ (sin a; + cos a;)* 

«. , /a cos re — S sin a: 

34. y = log A / --T— : — • 

^ ^ \ acosx + em X 

— ah dx 
dy = 



a^ cos' x — V sin' a; 



J. 1 

35. y = tan e^. »y = 3 • 

o£? A ./^ J (sec'Vl — a;)^ 

36. y = tan V 1 — a?. rfy z= — ^^ ^ — • 

37. y = a:''"'. rfy = ^' (cosa; • log a; + ^^^) dx. 

oo ^ 3 cos a; , ^ - ^ a: 

38. y = -^s r-s h 3 log tan -• 

^ sin' a: cos a; sm'a? ° 2 

, _ 2<?a; 
^ "" sin^a; cos'a?* 

39. tf = sin~* . 

We have, ''y = *? (^1=^) - \/l " 



<£c 1 dx 



40. y = COS"* a; Vl — ^ = cos~* ^/3* — 3^. 

We have, dy = — rf A/a;* — :»* -r- Vl — (a?" — «•) 

(1 - 2a«) da; , 



< 
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circumference when passing the sixtieth degree from the 

starting-point? <i 20 « , , 

" ^ Ans» — - feet per second. 

61. If two bodies start together from the extremity of the 
diameter of a circle, the one moving uniformly along the 
tangent at the rate of 10 feet per second, and the other in 
the circumference with a variable velocity, so as to be always 
in the right line joining the first body with the centre of 
the circle, what is its velocity when passing the forty-fifth 
degree from the starting-point, Ans. 5 ft. per second. 






t ' .- 



CHAPTER III 

LIMITS AND DERIVED FUNCTIONS. 



41. Limiting Values. — The rules for differentiation 
have been deduced, in Chapter II, in accordance with the 
meiJiod of infinitesimals explained in Chg,pter I. We shall 
now deduce these rules by the method of limits. 

The limit, or limiting value of a function, is that value 
toward which the function continually approaches, till it 
differs from it by less than any assignable quantity, while 
the independent variable approaches some assigned value. 
If the assigned value of the independent variable be zero, 
the limit is called the inferior limit ; and if the value be 
infinity, it is called the superior limit. 

42. Algebraic Illustration. — Take the example, 

_ 1 

and consider the series of values which y assumes when x 
has assigned to it different positive values. When a: = 0, 
y = 1, and when x has any positive value, y is a positive 
proper fraction; as x increases, y decreases, and can be made 
smaller than any assignable fraction, however small, by giv- 
ing to X a value sufficiently great. Thus, if we wish y to be 
less than 10^^^^^ , we make x =. 1000000, and get 

1 

^ ■" 1 + 1000000 
which is less than ^^^j^^^ . If we wish y to be less than 
one-trillionth, we make x = 1000000000000, and the re- 
quired result is obtained. We see that, however great x 
may be taken, y can never become zero, t\iou^ \V\£karj\i^ 
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made to differ from it by as small a quantity as we please. 

Hence, the limit of the function z. is zero when x is 

infinite. 

We are accustomed to speak of such expressions thus : 
" When X is infinite, y equals zero." But both parts of this 
sentence are abbreviations: "When x is infinite" means, 
" When X is co7itimially increased indefinitely ^^^ and owt, 
" When X is absolute infinity ;" and " y equals zero " means 
strictly, "y can be made to differ from zero by as small a 
quantity as we please." Under these circumstances, we say, 
** the limit of y, when x increases indefinitely, is zero." 

43. Trigonometric Illustration — An excellent exam- 
ple of a limit is found in Trigonometry. To find the values 

of 7 — ^ and — ^— , when B diminishes indefinitely. Here 

we have 

7 — -: = cos ^ ; and when ^ = 0, cos ^ = 1. 
tan 6 

. ^ 

Hence, if 6 be diminished indefinitely, the fraction 7 — 5 

tana 

will approach as near as we please to unity. In other 

words, the limit of ; — ^, as S continually diminishei?, is 

tan u 

unity. We usually express this by saying, " The limit of 

jy=-=:^, when = 0, IS unity;" or, 7 — 7, = 1? when ^ = 0;" 
Taii^ -^^ tan^ ' 

that is, we use the words " when = 0" as an abbreviation 

for " when 6 is corif initially diminished toward zeroP 

Since 7 — z = 1> when = 0, 

tan^ 

we have also - — ^ = 1, when 6 = 0. 

am 6 
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Ifc is evident, from geometric considerations, that if d be 
the circular measure of an angle, we have 

tan 19 > ^ > sin^; 

tan 19 ^ B ^ ^ 
sin u sm u 

but in the limit, u e., when 6 = 0, we have 

tan B __ 
siO ■" ' 

and therefore we have, at the same time, 

6 ^ -, sin ^ 

1, and /. — ^— = 1, 



sin d~~ ' '6 

which shows that, in a circle, the limit of the ratio of an arc 
to its chord is unity. 

« sin B 
In the expression, — ^— = 1, when = 0," it is evident 

u 
• f\ 

that —^ is never equal to 1 so long as 6 has a value dif- 
ferent from zero ; and if we actually make ^ = 0, we render 

,, . sin ^ • 1 * mu i. • i_-i sin ^ 

the expression —^ meaningless.* That is, while — ^ 

approaches as nearly as we please to the limit unity, it never 
actually attains that limit. 

If a variable quantity be supposed to dlmlnisli gradually, till it be 
less than anything finite which can be assigned, it is said in that state 
to be indefinitely small, or an infinitesimal; the cipher is often used 
as an abbreviation to denote such a quantity, and does not mean abso- 
lute zero ; neither does ao express absolute infinity. 

Rem. — The student may here read Art. 12, which is applicable to 
this method as well as t-o that of infinitesimals, which it is not neces- 
sary for us to insert again. 

■ — ' ■ ■■■ „ >' 

* See Todliunter'B Dit CaU, p. 6. 
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44. Derivatives. — The ratio of the increment of u to 
that of Xy when the increments are finite, is denoted by -— ; 

the ratio of the increment of u to that of x in the limit, 

du 
i, e,y when both are infinitely small, is denoted by -j- , and 

is called the derivative * of w with respect to a;. 

Thus, let u =zf(x) ; and let x take the increment h 
(=r Aic), becoming x + h, while u takes the corresponding 
increment Au ; then we have, 

u + Au =f(x + h); 
therefore, by subtraction, we have 

Au=f{x + h)---f{x); 
and dividing hjh (= Ajt), we get 

/^u _f{x-^h)^f{x) 



Ax h 



(1) 



It may seem superfluous to use both h and Aaj to denote the same 
thing, but in finding the limit of the second member, it will sometimes 
be necessary to perform several transformations, and therefore a sin- 
gle letter is more convenient. In the first member, we use Ao; on 
account of symmetry. 

TJie limiting value of the expression in (1), when h 
is infinitely small, is called the derivative of u or 
f{x) with respect to x, and is denoted by f {x)» 

Therefore, passing to the limit, by making h diminish 
indefinitely, the second member of (1) becomes /' (x), and 

du 
the first member becomes, at the same time, 3- ; hence we 

^ dx' 

have 



* Called also the derived function and the ctW^reutioa co^fjkieia.. 
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45. Differential and Differential CoefELcient. 

Let u ^= f{x)\ then, as we have (Art 44), 

we have du = df(x) = f (x) cte, 

where dx and dii are regarded as being infinitely small, and 
are called respectively (Art 12) the differential ofx and the 
corresponding differential of u. 

f (x)y which represents the ratio of the differential of the 
function to that of the variable, and called the derivative of 
f(x) (Art. 44), is also called the differential coefficient of 
/(a;), because it is the coefficient of dx in the differential 
of/(:r). 

Some writers * consider the symbol — only as a whoky and do not 
assign a separate meaning to du and da ; others,f who also consider 
the symbol -=- only as a whole, regard it simply as a convenient nota- 

tion to represent x , and claim that du and daa are each absolutely zero. 

46. Differentiation of the Algebraic Sum of a 
Number of Functions. 

Let y = au -\-iv + cto + z + etc., 

in which y, u, v, w, and z are functions of x. Suppose that 
when X takes the increment A (= Aa:), y, u, r, w, and z 
take the increments Ay, Aw, Av, Aw, A^;. Then we have, 

y-fAy = a(w+Aw) + &(z;-|-Av)+c(w+Aw;) + (2;+A2;) + eta 
/. Ay = a Aw 4- & Av + c Aw 4- Aj? + etc. 
Dividing by h or Ao;, we have 

• See Todhnnter'a Dit. Cal, p. 17 ; also De Morgan*B Ca\ca!inB>v* "VV «k\fc. 
f See Tottng*8 Dif. Cal^ p. 4. 
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ax A^ ^x ax ax 

which becomes in the limit, when A is infinitely small 
(Art 12), 

l = ^l + *l + ^^ + l + ^^- (see Art. 14). 

47. Diflferentiation of the Product of two Fiino- 
tions. 

Let y = 7W, where u and v are both functions of x^ and 
suppose Ay, Aw, At; to be the increments of y, u, v corre- 
sponding to the increment Ax in x. Then we have 

y + Ay = (w + Aw) (v + Ay) 

= wt; + w At; + t; Aw + Aw Av. 

.•. Ay = w At; + V Aw + Aw Av ; 

Aw Av .Aw Aw ^ 

or, -^ = w -— + V - — h T- Av. 

Aa; Arc Aa; Aa; 

Now suppose Ax to be infinitely small, and 

Ay At; Aw 
Ax' Ax' Ax' 

become in the limit, 

dy dv du 

dx' dx' dx 

Also, since At; vanishes at the same time, the limit of the 
last term is zero, and hence in the limit we have 

dy dv ^ du ,« a i. -./>\ 

-/ = w -7- + t; 3- . (See Art. 16.) 
dx dx dx ^ ' 

It can easily be seen that, although the last term vanishes, the 
remaining terms may have any finite value whatever, since they con- 
tain only the ratios of vanishing quantities (see Art. 9). For example, 

fldB OJXi 

— = " when a; = ; but by canceling x we get — = a. But the 

expression — x jc, which equals r x when a? = 0, becomes ^ x = 
when x = i^. 
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Otherwise thus: 

Let f{x) (p {x) denote the two functions of x, and- let 

Change x into x + A, and let w + A« denote the new 
product; then 

u + Au = f{x + A) (a; + A) 

"Ax h 

Subtract and add f{x) (t>{x + A), which will not change 
the value, and we have 

i^X fl ll 

Now in the limit, when h is diminished indefinitely, 

and (a? + A) = (i^^) ; 

therefore, ^ ~ •^' ^^^ <^ (^) + / (^) 0' (^)> 

which agrees with the preceding result 

48. Differentiation of the Product of any Number 
of Functions. 

Let y = uvWj 

Uy Vy w being all functions of x. 

Assume z =^ vw\ 

then y =z uzj 
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and by Art. 47 we have 



dy __ udz zdu 
dx ~" dx dx 



Also, by the same Article, 

dz vdw wdv 
dx dx dx ' 

hence, by substitution, we have 

dy dio ^ dv ^ du ,^1 a i. -iw\ 

-^ = uv-j — \- uw ^ + vw-T-' (See Art. 17.) 

The same process can be extended to any numbei 
functions. 



49. Differentiation of a Fraction. 

Let V = -• 

^ V 

Then we shall have 

y + Ciy = 

Ay = 



1^ + vl^v 

Dividing by Aa: and passing to the limit, 

du dv 

dy dx dx 

dx '^ v^ 

(since vdv vanishes). (See Art 18.) 

COE. — ^If i^ is a constant, we have 

udv 
dy _ "" dx 
dx "^ ir^ 



V + ^v' 




tt -1- ^u 


u 


V + AV 


V 


V Aw — u 


^v 
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I 

50. Differentiation of any Power of a Single Va- 
riable. 

* Ist. When n is a positive integer. 

Let y = af; 

then we have y + Ay.= {x + h)' ; 

therefore, Ay = waf*"^ h + ^^^"T ^ af-^ ^a + etc. . . . h\ 

Dividing by h or ^x, we get 

Ao; 2 

Passing to the limit, we have 

^ = naf'-K (See Art 19, 1st.) (1) 

2d. When n is a positive fraction. 

Let y = u^y 

where t^ is a function of a;; then 

and d (y") = d (w"*) ; 

hence, by (1), ny^'^^-j- = ?nw"*~*-T-« 

dy _^m vJ^^ du 
dx " n y"""^ dx 

= ^«^'g(Art.l9,2d). (2) 

3d. When n is a negative exponent, integral or 
fractional. 

Let y = w^i 

then y = — , 
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and by Art. 49, Cor., we have 

51. Differentiation of log: x. 

Let y = log a:; 

therefore, y + Ay = log {x + A), 

and Ay = log (x + h) — log x 



= ... r-±^) = .o« (. + ^) 

/h hJ> h» , \ 



therefore, ^ = ^ g _ -| + etc) ; 

therefore, passing to the limit, we get 

dy m 1 

-f- = — or - 
dx x x 

(according as the logarithms are not or are taken in the 
Naperian system. See Art. 20). 



52. Differentiation of a"". 

Let y = a^. 

Proceeding exactly as in Art. 21, we get 

-^ = — log a or fl^ log a (Art. 21). 

53. Differentiation of sin x. 

Let y = sin a; ; 

therefore y + Ay = sin (a: + A) ; 

hence, ^ Ay = sii^ (x + ^^ — ^^ *• 
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But from Trigonometry, 

. . . ^ ^ A + B . A — B 

smA — fimB = 2co8 — - — sm — - — • 

.% Ay = sin (a; + A) — sin :r 

= 2cos(a; + ^)sin^; 

. h 
hence, J = cos(a: + ^) -^. 

2 

By Art 43, when h is diminished indefinitely, the limit of 

. A 
sm- 



h 
2 



= 1 ; also, the limit of cos (a; + ^j = cos x. 



Therefore, -^ = cos x. (See Art 24.) 

54. Differentiation of cos x. 

Let y = cos a;; 

therefore, y + Ay = cos (a? + A) ; 

hence. Ay = cos (a; + A) — cos x 

= — 2sin^a; + ^j sm^, 

A + B\ . A-B 

sm - 



because cos A — cos B = — 2 sin ( — ^ — j 



2 



Therefore, ^ = — sin fa; + ^ l 



. A 

A\^^^ 

A ' 
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Hence, in the limit, 

-^ = — sin X. (See Art. 25.) 

Of course this differentiation may be obtained directly 
from Art. 53, in the same manner as was done in the 2d 
method of Art. 25. 

Since tan .t, cot x, sec x^ and cosec x are all fractional 
forms, we may find the derivative of each of these functions 
by Arts. 18 or 49, from those of sin x and cos a;, as was done 
in Arts. 26, 27, 28, and 29 ; also, the derivatives of vers x 
and covers x, as well as those of the circular functions, may 
be found as in Arts. 30, 31, 33 to 40. 

From the brief discussion that we have given, the student 
will be able to compare the method of limits with the metliod 
of infinitesimals; he will see that the results obtained by 
the two methods are identically the same. In discussing by 
the former method, we restricted ourselves to the use of 
limiting ratios, which are the proper auxiliaries in this 
method. It will be observed that, in the former method, 
very small quantities of higher orders are retained till the 
end of the calculation, and then neglected in passing to the 
limit; while in the infinitesimal method such quantities 
are neglected from the start, from the knowledge that they 
necessarily disappear in the limit, and therefore cannot 
affect the final result. As a logical basis of the Calculus, 
the method of limits may have some advantages. In other 
respects, the superiority is immeasurably on the side of the 
method of infinitesimcds. 



CHAPTER IV. 



ftUCCrSSlVE DIFFERENTIALS AND DERIVATIVES. 



5S. Successive Differentials. — The differential ob- 
tsTned immediately from the function is the first differential, 
Tne differential of the first differential is the second differ- 
ential, represented by cPy, dhi, etc., and read, "second 
differential of y," etc. The differential of the second dif- 
ferential is the third differential, represented by d^y, d^u, 
etc., and read, " third differential of y," etc. In like man- 
ner, we have the fourth, fifth, etc., differentials. Differen- 
tials thus obtained are called successive differentials. 

Thus, let AB be a right line 
whose equation is y z=ax + b; 
.-. dy = adx. Now regard dx as 
constant, i. e., let x be equicres- 
cent;* and let MM', M'M", and 
M"M"' represent the successive 
equal increments of re, or the dafs, 
and KT', R"F', R"T"' the corre- 
sponding increments of y, or the 

dy'a. We see from the figure that ET' = R'T" = E'"P"' ; 
therefore the dy'a are all equal, and hence the difference 
between any two consecutive dy^a being 0, the differential 
of dy, i, e., d^y = 0. Also, from the equation dy = adx we 
have d^y = 0, since a and dx are both constants. 

Take the case of the parabola y^ = 2px (Fig. 7), from 




M M' M"IVI"'^ 



Fig. 6. 



which we get dy =^ — 



Regarding dx as a constant, we 



* When the variable increoBes by equal incremente, 4. e., v»\iWi \.\ift ^\«ftxt\\\\"a\\& 
amslan/, the variable ie called an equicresceni variabU. 



n 
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have MM', M'M", M"M'" as the successive equal increments 
of X, or the dx^H ; while we see from 
Fig. 7 that KT', R"P ", R"T"', or 
the dy'a, are no louger equal, but 
diminish as we move towards the 
right, and hence the difference be- 
tween any two consecutive dy'a is a 
negative quantity (remembering that 
the difference is always found by 
taking the first value from the second. 
See Art. 12). Also, from the equa- 
tion dy =2- dx we see that dy varies inversely as y. 

y 

The student must be careful not to confound d^y with 
dy^ or d (y^) : the first is " second differential of y ; ^ the 
second is "the square of rfy;" the third is the differential 
of y^, which equals 2ydy. 




EXAMPLES. 



1. Find the successive differentials ot y =zofl. 

Differentiating, we have dy = 6x^ dx. Differentiating 
this, remembering that d of dy is d^y and that dx is con- 
stant, we have iPy = 207^ d^. In the same way, differen- 
tiating again, we have d^y = 60o!^ do(^. Again, d^y = 120a; da^. 
Once more, d^y = 120d'c^. If we differentiate again, we 
have c^y = 0, since dx is constant. 

2. Find the successive differentials of y = ^7^—^7^-\-'itx. 

i dy = (12ar^ — 6a: + 2) t/a; ; 
A71S. < d^y = (24a; — 6)da^; 
( dh/ = 24r/ir3. 

3. Find the first six successive differentials of y = sin x. 

{ dy = cos X dx ; d^y = — sin x dx^ ; 
ud/is. V d^// = — cos x dx^ ; d^y = sin x dx* ; 
f {/5y = cos X da^ \ d^y = — >^\\ix d^. 
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n 



4. Find the first six successive differentials of y = cos x. 

{dy ^=z — sin x dx ; ePy = — cos x dx^ ; 
d^ = sin X da^ ; d^y = cos x dx* ; 
d^y = — sin a: dafi ; d^y = — cos x dx^. 



5. 



6. 



Find the fourth differential of y = af. 

Ans. d*y = n (/i — 1) (/i — 2) (/» — 3) af^rf«*. 

Find the first three successive differentials of y = a*. 

{dy -= c^ log a dx ; 
ePy = oF \o^a dx^; 
cPy = fl* log^a e/a:*. 

Find the first four successive differentials of y = log a;. 

dx ^ ^a:^ 



-4w5. ' 




dy = 



a; 



^y = 



ar* ' 
6rfa:* 






Find the first four successive differentials of y = 2aVx. 



Ans. 



dy = 



adx 



I— y 



Vx 
Sadx^ 



(Py=- 



ads? 






9. Find the first four successive differentials of 
y = log (1 + x) in the common system. 



Ans. ' 



dy = 



nidx 
2mda^ 



d^y =: — 
d'y= - 



mdx^ 
6mdx* 



10. Find i^he fourth differential of j/ = e®. 

Ans. d^y = ^43t^• 



V 
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56. Successive Derivatives.— A first derivative* is 
the ratio of the differential of a function to the differential 
of its variable. For example, let 

represent a function of x. Differentiating and dividing by 
dx, we get 

I = '^- w 

The fraction -~ is called the first derivative of y with 

respect to x, and represents the ratio of the differential of 
the function to the differential of the variable, the value of 
which IS represented by the second member of the equation. 

Clearing (1) of fractions, we have 

dy = Qoi^dx ; 

hence, -~ or ^7^ is also called the first differential coefficient 
of y with respect to a;, because it is the coefficient of dx. 

A second derivative is the ratio of the second differential 
of a function to the square of the differential of the variable. 
Thus, differentiating (1) and dividing by dx^ we get (since 
dx is constant. Art. 55), 

g = 30^, (2) 

either member of which is called the second derivative of y 
with respect to x, 

A third derivative is the ratio of the third differential of 
a function to the cube of the differential of the vafiable. 
Thus, differentiating (2) and dividing by dx, we get 

♦ See Arts. 44 and 45. 
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g = ma:», (3) • 

either member of which is called the third derivative of y 
with respect to x. 

In the same way, either member of 

g = 360^ (4) 

is called the fourth derivative of y with respect to a;, and 
so on. 

Also, ^y J$^ ^^^^ ^^-y a^® called respectively the 

first, second, third, fourth, etc., differential coefficients of 
y with respect to x, because they are the coefficients of dx, 
dx\ dx^, dx^, etc., if (1), (2), (3), (4), and so on, be cleared 
of fractions. « 

In general, if y =f(x), we have 

% = ^-^ = f" (^) 5 ••• '^y = /" (^) '^^^ 

g = ^^ = /'" (x) ; A (Fy = r (A du?. 

^ = ^^- =/"(=^)5 .'. d*y = r (x) dx*. 

etc. = etc. = etc. /. etc. = etc. 

g = ^^^ = /<"> (X) ; A ff 'y = /'"> (x) dx". 

That is, the first, second, third, fourth, etc., derivatives 
are a^so represented by /' (x), f [x), /'" (^x^, f^ i^Y ^^^* 
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Strictly speaking, -^ or f {x) are symbols representuig 

the ratio of an infinitesimal increment of the function to the 
corresponding infinitesimal increment of the variable, while 
the second member expresses its value. For example, in 
the equation y = aoc^y we obtain 

—^ or f {x) is an arlitrary symbdl, representing the value 

of the ratio of the infinitesimal increment of the function 
{a7^) to the corresponding infinitesimal increment of the 
variable {x), while 4:aoi^ is the value itself. It is usual, 
however, to call either the derivative. 




56^. Greometric Representation of the First De- 
rivative. — Let AB be any plane curve 
whose equation is yz=zf(x). Let P 
and P be consecutive points, and PM 
and P'M' consecutive ordinates. The 
part of the curve PP', called an ele- 
7ne}it* of the curve, does not differ 
from a right line. The line PP' pro- 
longed is tangent to the curve at the 
point P (Anal. Geom., Art. 42). Draw PR parallel to XX', 
and we have 

MM' = PR = dx, and RF = dy. 

Denote the angle CTX by a, and since CTX = P'PR, we 
have 

, dy 

tan a = -3^. 
dx 

And since the tangent has the same direction as the curve 

* In this work, the word "element" will be used for brevity to denote an *'in- 
UnltesJwaJ element. " 
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at the tangent point P^ a will also denote the inehnation of 
the oarve to the axis of x. 

Hence, the first derivative of tfie ordinate of a curve, 
at any point, is represented by the trigonometric tan- 
gent of the angle which the curve a4> tJiat point, or its 
tangent, makes ivith the axis of x. 

In expressing the above differentials and derivatives, we 
have assumed the independent variable re to be equierescent 
(Art. 55), which we are always at liberty to do. This 
hypothesis greatly simplifies the expressions for the second 
and higher derivatives and differentials of functions of Xy 
inasmuch as it is equivalent to making all differentials of x 
above the first vanish. Were we to find the second deriva- 
tive of y with respect to a;, regarding dx as variable, we 
would have 

da^ "" dx \dx) "" doi^ ' 

which is much less simple than the expression -i^, obtained 
by supposing dx to be constant. 



EXAMPLES. 

1. Given y = a?», to find the first four successive deriv- 
atives. 

-f- = nx^-^ ; 
dx 

g = n(«-l)(«-2)af-»; 

g = «(»-l)(«-2)(n-3)r-^. 
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If w be a positive integer, we have 

^2 = ^K^-1)(^-2)....3.2.1.. 

and all the higher derivatives vanish. 

If 7j be a negative integer or a fraction, none of the suc- 
cessive derivatives can vanish. 

2. Given y = a^logx; find ^« 
^ = 3a?«loga; +a^; 

^ = 6a; log a; + 3a? + 2a; = 6x log x + 6x; 

J = 61og.. + 6+5. J = -. 

It can be easily seen that in this case all the terms in the 
successive derivatives which do not contain log x will dis- 
appear in the final result ; thus, the third derivative of x^ is 
zero, and ijierefore that term might have been neglected ; 
and the same is true of 6x, its second derivative being zero. 

1 -f a; ^x. . d^y 2^0 

3- y = r— ^5 prove that ^ = ^-5—^. 

4. y = e^^ ; prove that -^ = a^e^. 

6. y = tan a; ; find the first four successive derivatives. 

-^ = sec^a;; 
uX 

-y^ = 2 sec^a; tana;; 
dor 

~ = 6 sec^ a; — - 4 sec^ x ; 

-T^ = 8 tan a; sec^a; (3 sec^a; — 1). 
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6. y = log sin x; prove that ^ = 2 cotrc coBecfa^ 

7. f = 2pz; find ^. 

dx y* 

^ = -^/^) = -^ = ^:^ /since ^=^) 
die* dx\yl t^ y« \ da; y/ 

_ ^. 

d3? dx\ y^f ~ y* y*~y*' 

8. y = af ; prove that 

9. a22^» + 5«a?=a2y;provethatg=-^. 
la y = :i ; proye that -^5 = 7^ r«» 

11. y« = sec 2a? ; prove that y + -^ = 3y*. 

12. y = ff-* cos a?; prove that 4y + ^ = 0. 

13. y = a:* log (ar") ; prove that -=^ = — 
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14. y =z ofi; prove that 

cPy = Q {dxy + ISxdxcPx + Sofid^, 
when X is not equicrescent. 

15. y =:f{x); prove that 

ch/ = /'" (x) (dx)^ + df" (x) dxcPx+f (x) d!% 
when X is not equicrescent. 

16. y = e* ; prove that 

d^ = e^{dxy+ 3e*dfed^ + fi*d%s, 



0( 



CHAPTER V. 

DEVELOPMENT OF FUNCTIONS. 

57. A function is said to be developed^ when it is 
transformed into an equivalent series of terms following 
some general law. 

For example, 

y = {a + xy, 

when developed by the binomial theorem, becomes 

y = a* + 4fl8a; + ea^o^ + 4aa;» + ic*, 

which is a, finite series. Also, 

1 + X 

may be developed by division into the infinite series, 

y = 1 + 2x + 2a^ + 2afi+ etc., 

in which the terms are arranged according to the ascending 
powers of x, each coefficient after the first term being 2. 

One of the nuost useful applications of the theory of suc- 
cessive derivatives is the means it gives us of developing 
functions into series by methods which we now proceed to 
explain. 

MACLAURIN'S THEOREM. 

VS8. Maclanrin's Theorem, is a theorem for developing ^ 
a function of a single variable into a series arranged \ 
according to the ascending powers of that ■^m^\^>^\^3a. 
constant coefScients. 
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Let f/=f{x) 

be the function to be developed ; and assume the deyelop- 
ment of the form 

y = f{x) =z A + Bx+ Gx^ + Dafi + Ux^ + etc., (1) 

in which A, B, C, D, E, etc., are independent of Xy and 
depend upon the constants which enter into the given func- 
tion, and upon the form of the function. It is now re- 
quired to find such values for the constants A, By C, etc., 
as will cause the assumed development to be true for all 
values of x. 

Differentiating (1) and finding the successive derivatives, 
we have, 

2 = B + Wx + Wx^ + 4.Ea? + etc., (2) 

^ = 2(7 + 2 . 3i>a; + 3 . 4.Ea? + etc., (3) 

^ = 2'3D + 2'3'4^x + etc., (4) 

g = 2.3.4^+etc, (5) 

Now, as A, B, C, etc., are independent of x, if we can 
find what they should be for any one value of x, we shall 
have their values for aU values of x. Hence, making a: = 
in (1), (2), (3), etc., and representing what y becomes on 

this hypothesis by (y) ; what -p becomes by l-^j ; what 

-T^ becomes by i-j^) ; and so on ; we have, 

(y) =:A; .-. A = {y). 
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Substituting these values in (1), we have, 

+ (») i-rrVri + "«•• <«) 

which is the theorem required. 

Hence, by Maclaurin's Theorem, we may develop a func- 
tion of a single variable, as y =f{x)y into a series of terms, 
the first of which is the value of the function when a; = ; 
the second is the value of the first derivative of the function 
when X = into x ; the third is the value of the second 

derivative when a; = into -^, etc.; the {n+iy^ term is 

1 '2'3..n\d^/' 

We may also use the following notation for the function 
and its successive derivatives : f(x), f (a;), /" (x), f" (x), 
/^"(x), etc., as given in Art. 56, and write the above 
theorem, 

y=f{x)= /(O) + /' (0) I + /" (0) j^2 + /'" (0) j-l^ 

in which /(O), /' (0), /" (0), /'" (0), etc., represent the 
values which /(x) and its successiye 4exvja\iVift& «gs«xs!»a 
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when a; = 0. We shall use this notation instead of 
|,g, etc., for the sake of brevity. 

This theorem, which is usually called Maclaurin's Theorem, was 
previously given by Stirling in 1717 ; but appearing first in a work on 
Fluxions by Maclaurin in 1742, it has usually been attributed to him, 
and has gone by his name. Maclaurin, however, laid no claim to it, 
for after proving it in his book, he adds, " this theorem was given by 
Dr. Taylor." See Madaurin's Fluxions, Vol. 3, Art. 761. 

To Develop y =i {a + xy 

Here / {x) = (a + xf ; 

hence, /(O) = cfi. 

r (0) = 6fl«. 

f"{x) = 5.6(a + a;)*; 

/" (0) = 5 . 6fl*. 
f^'{x) = 4.5.6(a + a:)3• 
/'" (0) = 4 . 5 . 6^3. 

f-{x) = 3.4.5.6(a + a;)8; 

/'(a;) = 2.3.4.5.6(a + «); 

f{0) = 2.3.4.5.6a; 

/^(ic) = 1.2.3.4.5.6; 

f^{0) = 1.2.3.4.5.6; 

Substituting in (7), we have, 

y z=z {a + xy = cfi + Qa^x + 5 . 6a*j-;-^ + 4.5. ^^^^~2~.S 

cM 2»3»4»5»6aa:« 1.2.3.4.5. 62:^ 

+ ^•^•^•^1. 2. 3. 4"^!. 2. 3. 4. 5"^ 1.2.3.4.5.6 
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which is the same result we would obtain by the binomial 
theorenu v 

THE BINOMIAL THEOREM. 

59. To Develop y = (a + a?)". 

Here f{x) = (a + a:)* ; 
hence, /(O) = a^ 

f{x) = n(a + «)-!; 
/' (0) = nO'-K 

f" {x) :=n{n^ 1) {a + xy^. 
f"{0) =:n{n^l)ar*. 
f'"(x) = w(»- 1) (n-2) (a + a:)-«; 
/'" (0) = n (w — 1) (w — 2) a»-*. 
f^{x) = n (w — 1) (» — 2) (71 — 3) {a + a;)""^ • 
/-(O) = » (» — 1) (» — 2) (w — 3) a"-^, etc 

Substituting in (7), Art. 58, we have, 

y = (« + a;)» = a* + no^^ H ^ — =— | 

w (?i — 1) (^ — 2) flr%» 
■*" 1.2.3 

n(n-l)(7i-2)(^-3)fl>»-^ 
■*■ 1.2.3.4 ■*■ ®^- 

Thus the truth of the binomial theorem is established, 
applicable to all values of the exponent, whether positive 
or negative, integral or fractional, real or imaginary. 

60. 1. To Develop y = sin x. ^^ 

Here f{x) = sin a; ; hence, /(O) = 0. 

" /' {x) = cos a; ; " /' (0) = 1. 

*' /7;2:; = - sin X J « /" JjS^ i:^ Q^ 
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Here /'" {x) z=z — cos a; ; henee, /'" (0) ^ — 1. 
/^^ {x) = sin a; ; " f^ (0) = 0. 

/'(a;) = cos a;; " /"(O) = 1. 

Etc., etc. Etc., etc. 

Hence, y = sin a: = a: — r — ^ — ^ + 






12.3 ' 1.2-3. 4. 6 

x"* 



1.2.3.4.5.6.7 



+ etc. 



2. To Develop y = cos x. 

Ans. y = cos a: = 1 —• r — ^ + 



1.2 • 1.2.3.4 

+ ^i — H— 5 — 5 — 5 — ^ M, o — etc. 



1.2.3.4.5.6 • 1-2.3.4.5.6.7.8 

The student will observe that hy taking the first derivative of the 
series in (1), we obtain the series in (2), which is clearly as it should 
he, since the first derivative of sin x is equal to (sob x. 

Since sin {— x) = — sin x, from Trigonometry we might have 
inferred at once that the development of sin a; in terms of x could con- 
tain only odd powers of x. Similarly, as cos (— x) = cos x» the 
development of cos x cah contain only even powers. 

By means of the two formulae in this Article we may 
compute the natural sine and cosine of any arc. For exam- 
ple, to compute the natural sine of 20°, we have x = arc of 

20° = ^ = .3490662, which substituted in the formulae, 

gives sin 20° = .342020 and cos 20° = .939693. 

THE LOGARITHMIC SERIES. 

61. To Develop y = log {1 + x) in the system in 
which the modulus is m. 

Here f{x) = log (I + x); hence, /(O) = 0. 
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Here/" (2:) = - ^-^, ; hence, /" (0) = - m. 
"r'(x)=^|3; " /-(0)=1.2m. 

Etc. Etc. 

Substituting in (7), Art. 58, we have, 
y = log {l+x) = m (aj-ia^+ia*— i2:*+ia:*— etc.), (1) 
which is called the logarithmic series. 

Since in the Naperian system m = 1 (see Art. 20, Cor.), 
we have, 

y = log(l + a;)=:a;-^ + ^-j+g- etc. (2) 

w^ch is called the Naperian logarithmic series. 

y^hia formula might be used to compute Naperian loga- 
'^rithms, of very small fractions ; but in other cases it is 
useless, as the series in the second number is divergent for 
values of a; > 1. We therefore proceed to find a formula 
in which the series is convergent for all values of x ; i. e., in 
which the terms will grow smaller as we extend the series. 

Substituting — a: for a: in (2), we have, 

log(l-fl;) = -a;~^-^-j-^- etc. (3) 
Subtracting (3) from (2), we have, 
log (1 + a:) - log (1 — a;) = 2a; + -g- + -^ + -y H- etc. 
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Ti. 1. \ +X Z + 1 

Let a; = ^ — — r ; .-. -r-^ — = • 

Substituting in (4), we have, 

g + 1 __ r 1 1_ 1 

log ^ - ^L^^ + 1 + 3 (2;? + 1)3 + 5 {:Zz + If 

or log(. + l) = log. + 2[^j + 3^-^3 

This series converges for all positive values of 2, and more 
rapidly as z increases. By means of it the Naperian loga- 
rithm of any number may be computed when the logarithm 
of ^Q preceding number is known. It is only necessary to 
compute the logarithms of prime numbers from the series, 
since the logarithm of any other number may be obtained 
by adding the logarithms of its factors. The logarithm of 1 
is 0. Making 2 = 1, 2, 4, C, etc., successively in (5), we 
obtain the following 

Naperian or Hyperbolic Logarithms. 
log2 = logl + 2(| + 3^3 + ^, + y^, + ^, + j^ 



+ ro-^, + TT^. + qi^rp + etc.); 



3" 

13.313 ' 15.315 ' 17 
or, since log 1 = 0, 

.33333333 

.01234568 
.00082305 
log 2 = 2 { .00006532 ) = 2 (0.34657359) = 0.693147ia 

.00000565 
.00000051 
.00000005 
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log 3 = log2 + 2(i + 3^3 + ^,+ ^, + ^.+etc.) 

= 1.09861228. 
log 4 = 2 log 2 = 1.38629436. 

log 5 = log4 + 2g + 3l^ + ^ + ^, + ^. + etc.) 

= 1.60943790. 
log 6 = log 3 + log 2 = 1.79175946. 

log 7 = log6 + 2(l + 3i33 + ^ + -^,+ 

= 1.94590996. 
log 8 = 3 log 2 = 2.07944154. 

log 9 = 2 log 3 = 2.19722456. 

log 10 = log 5 + log 2 = 2.30258509. 

In this manner, the Naperian logarithms of all numbers 
may be computed. Where the numbers are large, their 
logarithms are computed more easily than in the case of 
small numbers. Thus, in computing the logarithm of 101, 
the first term of the series gives the result true to seven 
places of decimals. 

Cob. 1. — From (1) we see that, the logarithms of the 
same number in different systems are to each other 
as the moduli of those systems ; and also, that the 
logarithm^ of a number in any system, is equal to the 
Jfaperian logarithm, of the same number into the 
modulus of the given system. 

Cob. 2.— Dividing (1) by (2), we have 

Common log (1 + a;) __ ^ .^. 

Naperian log (1 + a;) ' ^ ' 

Hence, the modulus of the common system is equal 
to tJie common logarithm of any number divided by 
the Jiaperian logarithm, of the same TUtmber. 
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Substituting in (6) the Naperian logarithm of 10 Com* 
pnted above^ and the common logarithm of 10^ which is 1, 
we have 

m = 2^0258509 ~ •^42944819032518276511289 . . . 

which is the modulus of the common system. (See Serret's 
Calcul Diflerentiel et Integral, p. 169.) 

Hence, the common logarithm/ of any number is 
equal to the J^aperian logarithm of the sam^e number 
into the modulus of the common system^, .4^4^944^' 

CoR. 3. — Representing the Naperian base by e (Art. 21, 
Cor. 2), we have, from Cor, 1 of the present Article, 

com. log e : Nap. log e (= 1) :: .48429448 : 1 ; 

therefore, com. log e = ,43429448 ; 

and hence, from the table of comman logarithms, we have 

e = 2.718281 +. 

EXPONENTIAL SERIES. 

62. To Develop y = a». 

Here f{x) = a* ; hence, /(O) = 1. 
" /' (x) = a« log a; " /' (0) = log a. 

« /" (x) = a^ (log ay ; ^* /" (0) == (log af. 

« /- (x) = a^ (log ay ; " f" (0) = (log ay. 

and the development is 

y = a« = 1 + loga J + log2« 572 "^ ^^^^ ^2^ 
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Cor. — K a = «, the Naperian base, the development 
becomes 



1 ' 1.2 ' 1.2.3 ' 1.2.3.4 

+ •••• 1.2-3. ■.« + ^^- (^> 

Putting a; = 1, we obtain the following series, which en- 
ables us to compute the value of the quantity e to any 
required degree of accuracy : 

1.1.1 1 



y = « = ^ + o + oTq + oTq-J + 



2 • 2.3 ' 2. 3. 4 ' 2.3.4.5 

■*■•••• 2:377."^ "^ ®*^' 
= 2.718281828 +. 

63. To Develop y = tan"* x. 

In the applications of Maclaurin's Theorem, the labor in 
finding the successive derivatives is often very great. This 
labor may sometimes be avoided by developing the first 
derivative by some of the algebraic processes, as follows : 

Here f{x) = tan"* a:; 
hence, /(O) = 0. 

= (by division) l—Q^ + a^-^ofi + ofi] 

f (0) = 1. 

/" (a;) = — 2a; + 4aj« — 6a* + 8a;7 — 10a;« +etc. ; 

/" (0) = 0. 

f"'{x) = —2 + 3-4a« — 5.6a:* +7.8a:« — etc.; 

/'" (0) = - 2. 

f^{x) = 2-3-4a; — 4.5.6a:» + etc.; 

/*'(0) = 0. 
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/"{x) = 2.3.4 — 3.4.5. 6ar» + etc.; 

/-(o) = 2.3.4. 

f^ix) = —2.3.4.5.62; + etc.; 
r (0) = 0. 
/^"(a;) = —2.3.4.5.6 + etc.; 

/^»(o) = —2.3.4.5.6. 

Substituting in (7) of Art, 58, we get 

/jj8 /p5 /jqI 

y = tan-i a; = a; — - + --^ + etc. 

64. It sometimes happens in the application of Maclau- 
rin's Theorem that the function or some of its derivatives 
become infinite when ic = 0. Such functions cannot be 
developed by Maclaurin^s Theorem, since, in such cases, 
some of the terms of the series would be infinite, while the 
function itself would h^ finite. 

For example, take the function y = loga;. Here we 
have 

f(x) = log a:; hence, /(O) = — 00. 

f'{x)=\; « /'(0) = oo. 

/"(a;) = -^; « /"(0) = -oo. 

etc. etc. 

Substituting in Maclaurin's Theorem, we have 

X s^ 

y = log a;= — 00 + 00- — ^^^ + etc. 

Here we have the absurd result* that log a; = 00 for all 
values of x. Hence, y = log x cannot be developed by 
Maclaurin's Theorem. 

Similarly, y = cot a; gives, when substituted in Maclau- 
nn's Theorem, 
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y = cot iT =r 00 — 00 - 4- etc. ; 

that is, cot a; = 00 for all values of a:, which is an absurd 
result. Hence, cot x cannot be developed by Maclaurin's 
Theorem. 

Also, y = a;i becomes, by Maclaurin's Theorem, 

y = a:i = + ooa; + etc. ; 

that is, a;i = 00 for all values of x, which is an absurd 
result 

Whether the failure of Maclaurin's Theorem to develop correctly is 
due to the fact tliat the particular function is incapable of any devel- 
opment, or whether it is simply because it will not develop in the 
particular form assumed in this formula, the limits of this book will 
not allow us to enquire. 

TAYLOR'S THEOREM. 

65. Taylor's Theorem is a theorem for developing a 
function of the sum of two variables into a series arranged 
according to the ascending powers of one of the variables, 
with coefficients that are functions of the other variable and 
of the constants. 

Lemma. — We have first to prove the following lemma: 
If we have a function of the sum of two variables x and y, 
the derivative will be the same, whether we suppose x to 
vary and y to remain constant, or y to vary and x to remain 
constant. For example, let 

u={x + y)\ (1) 

Differentiating (1), supposing x to vary and y to remain 
constant, we have 



04 TAYLOR'S TffEOREM. 

Diflerentiatiug (1), supposing y to vary and x to remain 
constant, we have- 

g = «(a: + y)"-; (3) 

from which we see that the derivative is the same in both 
(2) and (3). 

In general^ suppose we have any function of a; + y, as 

u=f{(e + y). (4) 

Let z =z X + y\ (5) 

/. u=f(z). (6) 

Differentiating (5), supposing x variable and y constant, 
and also supposing y variable and x constant, We get 

dz ^ -, dz ^ 

-7- = 1, and -=- = 1. 
dx dy 

Differentiating (6), we have 

J = ^) =/'(.). (See Art. 45.) 



dz dz 

,\ du = /' (z) dz, 

du 
dx 



= /'WS=/'W (since 1=1). 



And similarly, 

du jr,r\dz >// X / . dz A 

du ___ du 
dx " dy 

That is, the derivative of u with respect tox,y being 
constant, is equal to the derivative of u with respect 
to y, X being constant. 
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66. To prove Taylor's Theorem. 

Let u' =f{x + y) be the function to be deyeloped, and 
li8siinl& the development of the form 

^' = /(« + y) 

= A + By+Cf + Dy^ + Ey' + etc., (1) 

in which A, B, C, etc., are independent of y, but are func- 
tions of X and of the constants. It is now required to find 
such values for Ay i>*, (7, etc., as will make the assumed 
development true for all values of x and jr. 

Finding the derivative of u', regarding x as constant and 
y variable, we have 

^ = B + 2Cy + dDf + 4^/+ etc. (2) 

Again, finding the derivative of w', regarding x as varia- 
ble and y constant, we have 

By Art. 65, we have ;=— = -^— ; therefore, 

ay dx 

+ etc. (4) 

Since (1) id true for every value of y, it is true when 
y = 0. Making y = in (1), and representing what n' 
becomes on this hypothesis by u^ we have 

uz=zf(x) = A. (5) 

Since (4), is true for every value of y, it follows from the 
principle of indeterminate coefficients (Algebra) that the 
coefficients of the like powers of y in the two members 
must he equal Theretorey 
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dx ' 1-2 da^' 

'^dx' •' 1.2.3.4* rfa;*' 

Substituting these yalues of J, jB, (7, 2>, etc., in (1), we 
have 

Or, using the other notation (Art. 56), we have 

which is Taylor's Theorem. It is so called from its discov- 
erer, Dr. Brook Taylor, and was first published by him in 
1715, in his Method of Increments. 

Hence, by Taylor's Theorem," we may develop a function 
of the sum of two variables, as u' =f{x + y), into a series 
of terms, the first of which is the value of the function 
when y = ; the second is the value of the first derivative 
of the function when y = 0, into y ; the third is the value 

of the second derivative when y = 0, into r^, etc. 

The development off{x — y) is obtained from (6) or (7), 
hy cbang'mg + y into — y ; thus, 
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^— duy ^u 1^ dhi y* 






or, /(a; - y) = /(^) -/' {x) f +/" (a;) ^ -/'" (a:) j^ 
Cob. — If we make a; = in (7), we have 

«' =ny) =/(0) +/'(o)f +/"(o)^ +/"'(0) j^- 

which is Maclamin's Theorem. See (7) of Art 58. 

r ■ 

THE BINOMIAL THEOREM. 

67. To Develop u' = {x + y)\ 

Making ^ = 0, and taking the successive derivatives, we 

have 

f{x) = af, 

/' {x) = nar-\ 

/" (x) = w (w - 1) (xf-^ 

f'"(x) = n{n — l){n — 2)af^, 

f^ {x) = w (w — 1) (w — 2) (w — 3) ar-*, 

etc. ' etc. 

Substituting these values in (7), Art. 66, we have 
u' = (x + yY z=zaf' + — ^ + -^^ -j-^ ^ 

■^ 1.2.3 ■*"®^*' 

which is the Binomia] Theorem (see Axt, 5^Y 
5 
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68. To Develop u' = sin {x + J/). 

Here f{x) = sin Xy f {x) = cos x, 

f" {x) = — sin a:, /'" {x) = — cos x, etc. 

Hence, 
u' = sin {x + y) 

= 8iBa:(l-^ + i:^^- l.g.3^^.5.6 + etc.) 

+ cos a; ( J - j-^-g + 1,2.3.4.5 ~ 1.2.3.4.5.6:7 "^ ®**') 
= sin a; cos y + cos a; sin y. (See Art. 60.) 

THE LOGARITHMIC SERIES. " 

69. To Delrelop u' = log (x + y). 

Here f{x) = \ogx, /'" (ar) = |„ 

/"(=^) = -^» etc. 

Hence, u' = log (a; + y) 

Cor. — If a; = 1, this series becomes 

log(l + 2/)=|-|' + f-|* + etc., 
which is the same as Art. 61. 

EXPONENTIAL SERIES. 

70. To Develop u' = a*+^. 

Here f{x) = a« /" (x) = a^ log« a, 

/' (;2r) = a« log a, f " (a^ = a« log® a, eta 
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Hence, 
u' = a^^v • 

Cob. — If ar = 0, this series becomes 

ay = 1 + log a-y + log^fl^ + ^^S^^f:^ + ^^'> 
which is the same as Art 62. 

71. Though Taylor's Theorem in general gives the cor- 
rect development of every function of the sum of two 
variables, yet it sometimes happens that, for particular 
values of one of the variables, the function or some of its 
derivatives become infinite ; for these particular values, the 
theorem fails to give a correct development. 



For example, take the function v! = "s/a + it* + y. 
Here, /(a;) = Va + ^% 

fix) = —!==, 

4 (a + xy 
f"'{x)^ ? — J, etc. 

Substituting in (7) of Art. 66, we have 

u' = Vflf -f a; + y 

= Va + x H 7^- — •■ ^^ — r H ^^- — J — etc 

2Vfl + a; 8 (a+a:)* 16 (flr+ic)t 

Now when x has the particular value — a, this equation 
becomes 

U' = Vy = + 00 — x-Vcc— ^\Ai» \ 
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that is, when a; = — «, Vy = <» . But y is independent of 
Xy and may have any value whatever, irrespective of the 
value of X, and hence the conclusion that when a; = — ct, 
V^ = 00 , cannot be true. For every other value of rr, 
however, all the terms in the series will be finite, and the 
development true. 



Similarly, u' z=za + \a--x + y gives, when substituted 
in Taylor's Theorem, 



«^ 



' = a + Vd — x + y 

=: a + Va — x /' + etc., 

2va — X 

which, when a; = a, becomes 

^' = a + Vy = fit — 00 4- etc.; 

and hence the development fails for the particular value, 
a? = a. 

It will be seen that when Taylor's Theorem fails to give 
the true develoi)ment of a function, the failure is only for 
particular values of the variable, all other values of both 
variables giving a true development ; but when Maclaurin^s 
Theorem fails to develop a function for one value of the 
variable, it fails for every other value. 

Many other formulae, still more comprehensive than these, 
have been derived, for the development of functions; but a 
discussion of them would be out of place in this work. 

EXAMPLES. 

1. Develop y = Vl + x^. 

Put q?-=lz, and develop ; then replace z by its value. 

Ans, y = Vl + ^ 
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«• » = r^- 



y = =:l + a;-i-ij^ + a? + «* + etc. 

3. y = {a + x)-^ 

y =z {a + x)-^ = a-» — darhi + 6a-W — lOcrV 

+ etc. 

4. y = 6^'. 

y_e^'-.l + a? + ^ -^^ 3.5 2.4.5.6 

^y + etc. 

""» 5. y = a^. 

6. y = V^a; — 1. 

(a? a^ \ 

1— a; — ^— ^— etc. j. 

7. y = (a3 + a«)i 

2^ = (a2 + x^)i = aV + |a*a?« + &«-*«:* — ^a-*ir« 

-}- etc. 

aj* 5a;8 5.9a;« 



y 






9. y = (a* + o*a; — sf)^. 

Put a^ — a? = z, as in Ex. 1. 

J' — " + 5 ~ 6»a ' 1-2 "^ 5»a»' 1-2.3 



5-9-13a:» . 

+ 4.8.12.16a" A 



4-9.14 a* . 
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10. u = {x + y)i. 

u =z x^ + ^ariy — ^ar^y^ + -^(xr^t^ — etc. 

11. u = cos {x + y), (See Art. 68.) 

u = cos {x + y) = cosa; cosy — sina; siny. 

1^, y = tan X. 

a? 2afi 
y = tekux =z x + ^ + Tk"^ ®*^ 

13. y = sec x. 

y = seca: = l + ^+^ + ^^ + eto. 

14. y = log (1 + sin x). 

ct^ sfi a^ 
y = log(l + sina:) = a: — ^ + ^ — j^ + etc. 



p 



^ 



y 



CHAPTER VI. 

EVALUATION OF INDETERMINATE FORMS. 

72. Indeterminate Forma — When an algebraic ex- 
pression is in the form of a fraction, each of whose terms is 
variable, it sometimes happens that, for a particular value 
of the independent variable, the expression becomes inde- 
terminate ; thus, if a certain value a when substituted for 

fix) 
X makes both terms of the fraction 4-7-t vanish, then it 

i^{x) 

reduces to the form - , and its value is said to be indetermi" 
nate. 

Similarly, the fraction becomes indeterminate if its terms 
both become infinite for a particular value of x\ also the 
forms 00 X and oo — oo , as well as certain others whose 
logarithms assume the form oo x 0, are indeterminate forms. 
It is the object of this chapter to show how the true value 
of such expressions is to be found. By its true value is 
meant the limiting value which the fraction assumes when 
X differs by an infinitesimal from the particular value which 
makes the expression indeterminate. It is evident (Arts. 9, 
43) that though the terms of the fraction may be infinitesi- 
mal, the ratio of the terms may have any value whatever. 

In many cases, the true values of indeterminate forms 
can be best found by ordinary algebraic and trigonometric 
processes. 

For example, suppose we have to evaluate -^ when 

X =1. This fraction assumes the form - when x=l; 
but if we divide the numerator and deuomma^ftx \s^ x — \ 
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before making a; = 1, the fraction becomes — j — ; 

and now if we make a; = 1, the fraction becomes 

1 + 14- 1 _ 3 
1 + 1 "2' 

which is its true value when a; = 1. 

73. Hence the first step towards the evaluation of such 
expressions is to detect, if possible, the factors common to 
both terms of the fraction, and to divide them out; and 
then to evaluate the resulting fraction by giving to the 
variable the assigned value* 

EXAMPLES. 

1. Evaluate ^_f^~^\^_^ > when x = l. 
This fraction may be written 

(a; — 1) (a;2 — a; + 1) t^ — x+I 

X 

2. The fr9,ction — =: 7= = a ^ when x = 0. 

V a + X-— ya — ;c ^ 

To find its true value, multiply both terms of the fraction 

by the complementary surd, Va + a; + Va — a?, and it 
becomes 

X {Va + X -^ Va — x) Va + X + Va — x 

_ or ^ ; 

and now making a; = 0, the fraction becomes Vci, which is 
its true value when x = 0. 



2x - V6x^ — a^ u A 1 

3. 7- , when x=za. Arts* *. 

z — \/2a? — a^ 
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4, 3 , when a; = 0. Ans. rr— 

5. :-- , when ar = 1. Ans. 5. 

X — 1 

6. V^^ + ax — Xy when a? = QO ^ns. ^• 

There are many indeterminate forms in which it is either 
impossible to detect the factor common to both terms, or 
else the process is very laborious, and hence the necessity of 
some general method for evaluating indeterminate forms. 
Such a method is furnished us by the Differential Calculus, 
which we now proceed to explain. 



METHOD OF THE DIFFERENTIAL CAL- 
CULUS. 






4. To evaluate Functions of the form ^ 

Let f{x) and <t>{x) he two functions of x such that 
f{x) = and <^ {x) = 0, when x = a. 

Then we shall have 3-7-r = tt* 

0(a) 

Let X take an increment h, hecoming x + h; then the 

fraction becomes 

f{x + h) 

<i>{x + hy 

Now develop f{x + h) and (l>{x + h) by Taylor's Theo- 
rem ; substituting h for y in (7) of Art. 66, we have 

/(. + h) ^ /(^)+/'(^) !+/"(-)'-+ etc. ^ 

X. rm 
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or when a; = a, 

«(« + *) ^ (a) + ^' (a) A + ^" (a) ^' + eixj. 

But by hypothesis / {a) = 0, and {a) = 0. Hence, 
dropping the first term in the numerator and denominator, 
and dividing both by h^ we have, 

/(g + 70 ^ /»+/"<'-> I + ^^°- 
*(« + '') 0'(a) + ^"(a)| + etc.' 

Now when h = 0, the numerator and denominator of 
the second member become /' (a) and (j)' (a) respectively ; 
hence we have, 

f(x) 
as the ^rwe value of the fraction '-A-{ , when a; = «. 

(1.) If /' (a) = and 0' («) be not 0, the true value of 

/(^) • 
"r-T-i IS zero. 

(2.) If/' (rt) be not zero and <^' (cj) = 0, the true value of 

f{a) . 

•^-7-T- IS 00. 

9 (a) 

(3.) If f {a) = 0, and 0' (a) = 0, the new fraction 

77-7-T is still of the indeterminate form -• Dropping: in 
{a) I'l' o 

this case the first two terms of the numerator and denomi- 
nator of (1), dividing both by ^, and making A = 0, 
we have. 
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f{a) _r (^) 

0(a) "0" (a) ^ 

f(x) 
as the true value of the fraction ^-t-t ^ when a; = a. 

0(a^) 

If this fraction be also of the form ^, we proceed to the 

next derivative, and thus we proceed till a pair of deriva- 
tives is found which do not both reduce to zero, when 
X z=z a. The last result is the true value of the fraction. 



EXAMPLES. 

1. Evaluate — ^-^ , when a; = 1. 

a; — 1 

Here / {x) = log x, (ar) = a: — 1 ; 



(a;) 0' (a:) 1 x_\\* 

That is, — ^—z: = 1, when a; = 1. 
X — 1 

2. Evaluate ^ , when a; = 0. 

a;^ 

/(^ = ?^ = -, when a; = 0; 
(x) 2x 



r 



/" (^) _ COS ^ "1 =: 
0^""~2~Jo 



Therefore, '^4^ 

0(a;)J 



.=*• 



* The Mibflcript denotes the value of the independsnt vai\a^\e tot "^"YiiiOa. ^<^ 
Aujction la eralaated. 
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n 
a; sin a; — ^ ^ 

3. Evaluate , when a; = ^• 

cos X ^ 

_ /' (x) a; COS a? + sin a;"l 1 _ . 

^''' m = ■ -Bin a: -Jj= =1 - - ^• 



4. ?^_^, when a; = 0. ^^. logy 



inx /ttta 



e"* — e 



Here -^^ = , "^, .1 = « or 0, 

according as s > or < 1. 

6. ^ "" ^^^—, when a; = 0. ^ws. f 

a^ 

7. ^-^""~^^^ when a; = 0. Ans. 2. 



a; — sm a; 
1—* 



8. —~^-^y when a; = 0. ^^. 2. 

sin X 



9 e--^ gma;-C ^l,en a; = 0. Take the third 
X — sin X 
derivative. A7is. 4. 

10. (^!_Z1^^ when a; = a. Cancel the factor (a — x)i 
{a — a;)^ 

/X75. To evaluate Functions of the form j^-* 



Let ^ /^\ — r^ 



C^^ 



A/ 
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Since the terms of this fraction are infinites when x ^=z d, 
their reciprocals are infinitesimals (Art 8) ; that is^ 

= 0, and --7--V = 0, when x -=, ay hence. 



1 



T7^ = -J- = 0' When x = a, 



/(^) 



(x) 
and therefore the true values of -^-rj-^ may be obtained by 

Art. 74 ; that is, by taking the deriTatives of the terms, 
thus, 

1 4>'{x) 

<t>{x)- _i_- fix) -/' {X) [0 {x)r ^'''"' "-'^ 

fix) {/(?=)'? 

fM_ <!>' (a) [/(fl)? 
t> («) ~ /' («) [0 («)P* 

Dividing by ^-^ , we get. 



, _ »' (a) /(«) . 



whence ^4^ =4r7^' 

4> (o) 0' (a) 

Hence the true value of the indeterminate form — is 

GO 

found in the same manner as that of the form -• 

In the above demonstration, in dividing the equation by ^^^—1, when 

0(a) 

X = <ijWe assumed that ^-4 is neither nor oo , so that the proof 

0(a) ^ 

would Ml in either of these cases. 
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It may, however, be completed as follows : Suppose the true value 

of ^^ to be ; then the value of /(^) + Ji jg) ig h, where h may 
0(a) f(a) 

be any constant. But as this latter fraction has a value which is 

f'ia) + hib'ia) 
neither nor oo, its value by the above method is ^, , — — ^-^ 

or , / X +^; and since the value of this fraction is A, the first term 

^' («) 

^ = 0;*...,wheref^ = 0, ^'isalsoO. 
0(a) 0(a) ' 0'(a) 

Similarly, if the true value of ^-t be oo when x=. a, then 

0(aj) 

^-; = 0; and therefore we have \,. . , = 0, by what has just been 
/(a) /'(a) 

shown ; /. *:. } / = oo . 
0(a) 

Therefore, in every case the value of 77-7-T determines the value of 

^ («) 

—~ for either of the indeterminate forms -x or — . (See Williamson's 
0(a) 00 ^ 

Dif. CaL, p. 100.) 

EXAMPLES. 

1. Evaluate -^— , when a; = 00 . 

Here {i^ = ^(^ = -I. = 4.1 = 0. 

lofiT X 

2. Evaluate — -— , when a; = 0. 

cot X 



1 



Here 



f {x) __ a; __ _ sin^^l _ ^ 

<t>' {x) "" — cosee^a; "~ x Jo"~ ' 

f" (^) __ 2 sin a; cos a^H __ ^ 

.*. -4— = 0, when a; = 0. 
cot X 
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3. ~—y when a; = 0. Ans. 0. 



re 



y when a? = 0, ^/w, — . 



cot ^ 

5. , ■ — — -y when a; = 0. Jw5. 1. 

log tan X 

76. To evaluate Functions of the form x co . 

Let f(x) X <t>(x) = X cOy when x =z a. 

The function in this case is easily reducible to the form 

- ; for if f(a) = 0, and <^ («) = oo , the expression can be 
written "^-y^, which = ^; therefore /(a;) x 0(a;) = ^^p, 

may be evaluated by the method of Art 74. 

EXAM PLES. 

TTX 

1. Evaluate (1 — x) tan -^ , when a; = 1. 
"We may write this 

X —^ X 



, nx 

cot^ 

^nxV 
Here ^^ =i " "^ ^^^ 



• 2/ 



2sin2 ^ 



_ 2^ 
1"" tt' 



0' (a;) TT ^nx n 

^ — ;r COSeC^ -rr- 

2 2 

2. Evaluate a?* log a;, when a; = 0. 

1 

if^ Jo — nx-*-^ n A^ 
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3. e^ log Xy when a; = oo . Ans. 0. 

4. sec a; fa; sin a; — ^1, when a; = ^' -4w^. — 1. 

77. To evaluate Functions of the form co — co . 

Let f{x) and (a;) be two functions of x which become 
infinite when a; = a. Then /(a;) — (a;) = oo — oo , when 
a; = a. 

The function in this case can be easily reduced to the 

form - , and may be evaluated as heretofore. 

EXAMPLES. 

1. Evaluate -=; — =■ , when a; = 1. 

a;* — 1 a; — 1 

This takes the form oo — oo , when a; = 1. 

2 1 2 — a: — 1 ^ , 

= 77 , when a; = 1. 



x^—l a: — 1 a;2-~l 

-rnA = "i"- = —h "when a; = 1. 
{x) 2x * 

2. Evaluate -77— — r — 2i_L_Z.52 -^^en a; = 0, 

a; (1 + a;) x^ ' 

which takes the form 00 — 00 , when a; = 0. 

1 log (1 + x) __ a;~(l + a?)log(l + a;) 

a;(l + a;) x^ ar^(l+a;) 

_ a;-(l + a;) log (1 + a;) 
(remembering that 1 -I- a; = 1, N?lieii x x^xAdftftaV 
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* (a;) %x ' 



/" (a,-) _ 1 + X 
«" (a:) ~ a _iO 



= -i. 



3, Evaluate sec a; — tan Xy when » = «• 

1 — sin a; , tt 

see X — tan x = = ;r , when a? = n* 

cos a; % 



f (^) _ — cos a;' 
<p' {x) ~" — sin a; 



= 0. 
f 



Hence, sec ^ and tan ^ are either absolutely equal, or 

differ by a quantity which must be neglected in their alge- 
braic sum.* 

4. zr — T , when a? = 1. Ana. \. 

X — 1 log X * 

5. T T , when a; = 1. Ans. — L 

log X log X 

78. To evaluate Functions of fhe forms W^ ko\ 
and 1*". 

Let f{x) and (a;) be two functions of x which, when 

a; = fl, assume such values that [/(a;)]*^^^ is one of the 
above forms. 

Let y = [/(^)r"^ 

.-. logy = 0(a;)log/(a;), 

{1.) When f{x) = oo or 0, and (a;) = 0. 

log y = (a;) log/(a;) = (± oo ), 
which is the form of Art 76. 

♦ Pdce'B Inflnitesimal Calculus, Vol. 1, "p. «V^ . 
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Hence, [/(a?)]*^*^ becomes indetenninate when it is of 
the form 0® or oo ®. 

{2.) When f(x) = 1, and (a;) = ± oo . 

log y = {X) \0gf{x) = ± 00 X 0. 

Hence, [/(a?)]^^*^ is indeterminate when of the forms 



±00 



• 



Hence the indeterminate forms of this class are 



00,* 00 0, 1^* 



9 



and may all be evaluated as in Art 76, by first evaluating 
their logarithms, which take the form x oo • 



EXAMPLES. 

1. Evaluate a:*, when a; = 0. 

We have log 7^ -=1 x log x = -^-^ ; 

1 

/' («) _ a; _ , _ - 

.*. log a:* = 0, when a; = 0; 
hence, a^ = 1, when a; = 0. 

2. Evaluate 7f, when a; = oo . 

1 i 1 1 log « 

log af = - log a; = -&- ; 






* In general, the value of the indeterminate form 6" is 1. (See Note on Inde< 
terminate Exponential Forme, by F. Franklin, in Vol. I, No. 4, of American Journal 
of Mathem&ticB,) 
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.*. log af = 0, when a; = oo ; 
hence, ic* = 1, when a; = oo. 

3. Evaluate ( 1 + - j , when a; = oo . 
Let a; = -, and denote the function by u. 

Then w = (1 + fli2;)^]o 

(since when a; = oo , j? = 0) ; and 

log u = _2i_Ljt_?£Z ^ when « = 0. 
Taking derivatives, we have 

logi/oD = T-^ — = a\ 
^ 1 + azjo 

(Ma; 
1 + - 1 = a, when a; = oo ; 

(Ma; 
1 + - j = 6<*, when a; = 00 . 

If fl = 1, we have 

that is, as x increases indefinitely, the limiting value (Art, 
41) of the function (l + - j is the Naperian base. 

/1\*"* 
4. (-1 , when a; = 0. Am, 1, 

6. af'"% when a; = 0. -4w5. 1. 



Ji — J 9 when a: = a. Aus. eJ"* 
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79. Compound Indeterminate Forms. — K an inde- 
terminate form be the product of two or more expressions, 
each of which becomes indeterminate for the same value of 
or, its true value can be found by evaluating each factor 
separately; also, when the value of any indeterminate form 
is known, that of any power of it can be determined. 

EXAMPLES. 

1. Evaluate — - , when a; = qo . 



This fraction may be written 







We first evaluate — , when x=ico. 






n 



= -1 = 0. 

00 



-loo 



Hence, . - = O** = 0. 

2. Evaluate a;"* log" x, when a; = 0, and m and n are 
positive. 



Here {x* log xy = (— ^ ) • 

\ X ** / 

We first evaluate — ^, when a; = 0. 



m 
X'n 



We have 



1 

f (X) _ X 





i^'(x) 




— 


m 
n 


X " 








= 


— 


n 
m 


m — 
X^ = 
_ 


a 


• 
• • 


af* log" a; 


izi 


0" 


ZHI 


0. 
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This function can be written in the form 



X 



an 



1 — af» 



1 + 2;^ 1 — a:* 



We have to eyaluate only the latter function for a; = 1, 
since the former is determinate. 



Here 



0' {^) ~ 



. = -ar^ 



4. 



af» 



• • 



l + x^ 
1— a;^^ 



1 

27- , when a; = 1. 
2^ 



(a:2 _ a2) gin ^ 

ai^cos^r- 
2a 



when a; = 1. 



when a; = 1. 



, when xz=,a. 



(ar>-a^)8ing 

a^cos^r- 
2a 



. Traj 
a^-a2 sm^ 



Tra; 

cos^ 

2a 



a:2 



We have only to evaluate the first factor, 



TTX 



2x 



n . TTX 

— ^r- sm ^5- 
2a 2a 



4a2 



TT 



6in 



nx 



and 



2a 



af' 



a 



1 

a2' 
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TTX 






o fix TV 

^ COStt- 

2a 



EXAMPLES. 

1. 1 — 7T-- — T , when a; = 0. Avis. 2. 

2. — ^ s = s- > when a; = 3. i. 

ic^ — a;^ — 5a; — 3 * 

^ /sin wa;\"* . 

3. I 1 , when a? = 0. w"*. 

^' — / a; ^ 1 \8 — (^^^* ^^^^^ times), when a; = 0. 

i- 

^ 1 — sin a? + cos a; , tt 

5. , when a; = ^« 1. 

sm a; + cos a; — 1 2 

^ tan a; — sin a; 

o. r-r , when a; = 0. 4. 

sm^ X * 

7. T- — ; — , when xz=i-* fllofffl. 
log sin a; 2 ° 

8. —4 (dif. four times), when a; = 0. 

A- 

1 

9. x^-' (pass to logarithms), when a; = 1. 



10. -^ ^Qg (^ + ^) 

1 — cos X * 



11, aj^e", when a; = 0. 



1 

— • 

when a; = 0. 2. 



CO 
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12. (— ^) (pass to logarithms), when a; = oo. 

Ans, 1. 

13. 2a; sin ^ , when a; = oo . a. 

2a;' 

14. €f* sin z, when a; = 0. oo . 

15. (cos oa;)*^^"" (pass to logarithms, and dit twice), 

«^hen a; = 0. - — 

e «<•. 

16. or (sin a;)*— (^l-^^^^-V (see Art 79), when a; = ^. 

Vw sm ^a7/ io 

71^ 



TT 



17. (sin x)^ ', when a; = ^ • 1« 






CHAPTER VIL 

FUNCTIONS OF TWO OR MORE VARIABLES, AND 
CHANGE OF THE INDEPENDENT VARIABLE. 

80. Partial Differentiation. — In the preceding chap- 
ters, we have considered only functions of one independent 
variable; such functions are furnished us in Analytic 
Geometry of Two Diine^isions, In the present chapter, we 
are to consider functions of ttoo or more yariables. Analytic 
Geometry of Three Dimensions introduces us to functions of 
the latter kind. For example, the equation 

z =: a/x -\- hy + c (1) 

represents a plane ; x and y are two independent variables, 
of which ^ is a function. In this equation, z may he 
changed by changing either x or y, or by changing them 
both, as they are entirely independent of each other, and 
either of them may be considered to change without affect- 
ing the other ; in this case Zy the value of which depends 
upon the values of x and y, is called a function of the inde- 
pendent variables x and y, 

f A partial differential of a function of several variables is 
• a differential obtained on the hypothesis that only one of 
' the variables changes. 

' A total differential of a function of several variables is a 
differential obtained on the hypothesis that all the variables 
change. 

A partial derivative of a function of several variables is 
the ratio of a partial differential of the function to the dif- 
' ferentifil of the variable supposed k» c\v^\i^<^* 
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A total derivative of a function of several variables is the 
ratio of the total differential of the function to the differen- 
tial of some one of its variables. (See Olney's Calculus, 
p. 45.) 

As all the variables except one are, for the time being, 
treated as constants, it follows that the partial differentials 
and derivatives of any expression can be obtained by the 
same rules as the differentials and derivatives in the case of 
a single variable. 

If we differentiate (1), first with respect to x, regarding 
y as constant, and then with respect to y, regarding x as 
constant, we get 

dz = adxy (2) 

and dz = hdy. (3) 

Dividing (2) and (3) by dx and dy respectively, we get, 

^ = «' (^) 

and I = i. (5) 

The expressions in (2) and (3) are called the partial 
differentials of z with respect to x and y, respectively, while 

-7- and T- are called the partial derivatives of z with re- 
dx dy ^ 

spect to the same variables. 

Since a and b in (4) and (5) are the partial derivatives of 
z with respect to x and y, respectively, we see from (2) 
that the partial differential of z with respect to x, is equal 
to the partial derivative of z with respect to x multiplied 
by dx, and similarly for the partial differential of y. 

Hence, generally, if 

denotes a function of three variables, x, y, z, its derivative 
or differential when x alone is supposed \io e\v^Ti%<^,Sa> ^'^JSf^'^'i. 
6 
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the partial derivative or differential of the function loith 
respect to Xy and similarly for the other variables, y and 2. 
If the function be represented by w, its partial derivatives 
ai'e denoted by 

du du du 

dx^ dy* dz' 

and its partial differentials by 

du , du J du , 

Lr^^Sl. Differentiation of a Function of Two Varia- 



" bles. — Let u = f{x, y), and represent the partial differ- 

du 
ential of u with respect to x, by -j- dx, and with respect 

du 
to y, by -J- dy^ while du represents the total differential. 
cly 

Let X and y receive the infinitesimal increments dx and 

dy, and let the corresponding increment of u be du. Then 

we have, 

du =f{x -\- dxy y -\- dy) —f{x, y). 

Subtract and add /(a:, y + dy), and we have 
du =if{x+dx, y+dy)—f{x, y+dy)+f{x, y-\-dy) 

du 
Now f{x+dx, y + dy)''f{x, y+dy) = -^dx, because 

it is the difference between two consecutive states of the 
function due to a change in x alone; that is, whatever dif- 
ference there is between /(a; +6?a:, y-^dy) Biad f{Xy y+dy) 
is due solely to the change in x, as y-^dy is the value of y 
in both of them. For the same reason, 

/(a^> y+dy) -f{x,y) = -^dy\ 
and therefore we have dtt = -g- cZx 4- -g- dy^ Js^ 
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du dtt 

in which -r- dx and -r- dy are ^i^ partial differentials of u 

with respect to a; and y, respectively, while du is the total 
differential of i» when both a; and y are supposed to vary. 
In the same way, we may find the diflferential of any num- 
ber of variables. ^ 
/ Hence, the total differential of a function of two or more I ] 
^variables is equal to the sum of its partial differentials. / 

The student will carefully observe the different meanings 
given to the infinitely small quantity du in this equation, 
otherwise the equation will seem to be inconsistent with the 

du 
principles of algebra. Thus, in -z- dx, du denotes the in- 
finitely small change in u arising from the increment dx in 

du 
Xj y being regarded as constant. Also, in -j- dy, du denotes 

the infinitely small change in u arising from the increment 
dy in y, x being regarded as constant^ while du in the first 
member denotes the total change in u caused by both x ^d 
y changing. If the partial differentials of x and y be rep- 
resented by d,u and dyU, respectively, the preceding equa- 
tion may be written 

du = dji + dju. -^ 



EXAM PLES. 

1. Let u =zay^ + bxy + ca^ -\- ey + gx -\- h^ to find the 
total differential of u. 

Differentiating with respect to Xy we have 
d,u = bydx + '^cxdx + gdx. 

Differentiating with respect to y, we have 

dyU = 2aydy + bxdy + edy. 
Hence, du = (by + 2cx -+■ g)dx •\' (^ay V bx -V ^4*^4* 
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2. U :=0l^. 

Here d,u = yoi^'^ dx^ dyU = a^logx dy. 
Hence, du = y7^~^ dx + a^ logo; dy. 

3. u = -, + ^,. 

Here d^u = -^eZ:c, J-W = -Xdy. 

Or ^ (r 

Hence, du = —Ax + -^dy. 



ydx 



4. w = tan~^^« 



— o*2 vdx 

Here rf,w = = = — -^^- — ^, 

dy 
J a: a:6?y 

'^ X^ 

__ , xdy — ydx 

Hence, du =■ — V , ^» * 

x^ -\- y^ 

X ti 

5. w = sin~^ - + sin~^ ^« 

Here J,w = — ==., d^u = — 



Vtt^ — ar^ V J2 — y« 

Tx , dx ^ dy 

Hence, du = . + "^ 



Va2 — ar* ^y^--y^ 

sin a; rfy 



6. u = y"'" •. (?i^ = y''° ' log «/ cos X dx + 



•tf" 



▼en0 
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•Z7 ^dx — xdij 

7. u = vers~^— du = ^ , _ » 

8. u = log a?'. rft^ = - da: + log x dy, 

2. To Find the Total Derivative of u with re- 
spect to Xy when u := /{y^ »), and y = (p {x)y 
« = 01 (a?). 

Since u=f(i/, z), we have (Art. 81), 

^ du J du jj .^ . 

an = -^dy + ^dz; (1) 

and since y = 0(a:), we have dy = ;/ ^^5 

since « = 0i (a?), we have dz = jr- dx. 

Substituting these values for dy and dz in (1), we get 

, dudy J diidz J , ,.. 

Dividing by dx, and denoting the ^^aZ derivative by ( ), 

we have 

(du\ _ dudy dudz^ , . 

dx) dy dx dz dx ^ ' 

Cor. 1. — If z=^Xy the proposition becomes u =f{x, y) 

dz 
and yz=i<f>{x)'y and since y- = 1, (3) becomes 

(du\ __ du du dy r 

dxl "" dx dy dx ■*'-"' 

CoR. '2. — ^If U'=.f(x, y, z), and y = ({> (x), and i? = </>i (a:), 

we have 

, du ^ du J du ^ ..V 
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dy = -f- dx, and dz =z -y- dx. 
ax ax 

Substituting the values of dy and dz in (1), and dividing 
by dx, we get 

(du\ __du dudy du dz 
dx) ~~ dx dy dx dz dx 

Coil 3.— If u = fQ/, z, v), and y = <l> (x), and z = 
01 {x), and V = 09 (ic), we have, 

, du , , du J . e^-v , ,.. 

du = ^ydy + -^^d.z + ^^dv. (1) 

- dy ^ , rf2-" , dv ^ 

dy =z -r^dxi dz = -r-dx dv = -r dx. 

^ dx dx dx 

Substituting the values of dy, dz, dv, in (1), and dividing 
by dx, we get 

idti\ _ du dy du dz du dv 
\dx) "" dy dx dz dx dv dx 

du 
CoR. 4. — If u =f{y) and y = (x), to find -p* 

ax 

du 
Since u =: f {y), we have du = ^- dy. 

Since y = <l> (x), we have dy =i -^ dx. 

, , . , dudy ^ , rfw dw ^v 

therefore, du =i -7- -^ aa;, and .•. -j- = -y- -/^. 

dy dx dx dydx 

ScH. — The student must observe carefully the meanings 
of the terms in this Art. Thus, in the Proposition, u is 
indirectly a function of x through y and z. In Cor. 1, u is 
directly a function of x and indirectly a function of a; 
through y. In Cor. 2, u is directly a twivctvon of a; and 
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indirectly a function of x through y and «. In Cor. 3, ti is 

indirectly a function of x through y, «, and v. In Cor. 4, 

tt is indirectly a function of a; through y. 

The equations in this Article may seem to be inconsistent 

with the principles of Algebra, and even absurd ; but a Uttle 

reflection will remove the difilculty. The du's must be 

carefully distinguished from each other. In Cor. 1, for 

flu 
example, the du in -7- is that part of the change in u 

uX 

which results directly from a change in a;, while y remains 

f£U 

constant ; and the du in -y- is that part of the change in u 

which results indirectly from a change in x through y ; and 

the du in l-j-) is the entire change in u which results 

directly from a change in x, and indirectly from a change 
in x thi'ough y. 

EXAMPLES. • 

\. u=z tan -1 - and y = (r2 — x^)i, to find f^V 

Here - = ^ ^ = _ ?. and ^ = - ^. 
dx r*' dy 7^' dx y 

Substituting in (g) = g + ^ g (Art 82, Cor. 1), we 



have 



wJ'"r2'^\ 7^)\ y) 



__ f + ot^ __ 



and this value is of course the same that we would obtain 
if we substituted in w = tan""^ - for y its value in terms of 

y ^ 

Xy and then differentiated with respect to x. 
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2. u = tan"^ (xy) and y = e*, to find (-r-)" 
Here ^^ - ^ ^^^ - ^ ^-g^ 

.-. (Art 82, Cor. 1), 



(du\ __ y 
W:c/ "" 1 






and this value is of course the same that we would obtain if 
we differentiated tan"^ (xeP^) with respect to x. 

2. u = z^+y^+zy and ;? = sin a;, y = ^, to find \-r-)* 

Here | = 3^ + ., | = «^ + y. 

dz dy 

-^ = cos a;, 3^ = ^* 

aic aa; 

.'. (Art. 82), 

= (3e*» + sin a:) e* + (2 sin a? + e*) cos a? 
= 3e8» + (OH (gin flj + cos a;) + sin 2a;. 
(See Todhunter's Dif. Cal., p. 150.) 

Let the student confirm this result by substituting in «, 
for y and z, their values in terms of a:, thus obtaining 

u =. ^ + ^ m\.x + sin^ x, 
and then differentiate with respect to a?. 

4u u = sin~* (y — ^)> y = 3a;> ^ = 4^« 

du 1 

dy Vi _ (y _ a)»' 
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du __ 1 

dz ~ Vl — (y — «)2 
1^ = 3, ^ = 12:1^. 

/fi?w\ 3 — 12a:» 



•■•'^«^ME) = ;7fe 



Vi — (y — «)* 

3~12r' _ __ J 

"" Vl — 9a;2 ^ 24a,-* — 1 6^ "~ vT^^ 

5, w = — ^^^ — r-^ and v = a sin a;, 2; = cos x. 
a^ + 1 "^ 

du ef^ du eP^ 



dy^a^-^V dz a^ + l' 

dy dz 

-rf- z= acoax, 3- = — sin a?. 

aa; oa; 

rfw __ a^ (y — ;2?) 
Ja; "~ a^ + 1 

/. (Art. 82, Cor. 2), 

/du\ e^ . . • . • \ 

It- I = -5 — T (« cos X + sinx + a^ &m x-^a cos a;) 
Vaa;/ a^ + 1 ^ 

= e«» sin flj. (See Courtena/s Cal., p. 73.) 

6. t^ = yi? and y = e«, i? = a* — 4a? + 12a:2 — 24a; +24. 

(S) = ""• 

7. Ji u =f{z) and z^ff^ix^ y), show that 

, ^ dudz , t^'^^/t 
'^ dz dx dz dy ^* 

8. u = --^ r^^ •{■ — widi y = \ogx. 



(|) = rfO»txV. 



130 PARTIAL mFFSRJBNTIATlON. 

83. Successive Partial Differentiation of Func- 
tions of Two Independent Variables. 

Let u=f{x,y) 

be a function of the independent variables x and y; then 

~r- and -T- are, in general^ functions of x and y, and hence 

may be differentiated with respect to either x or y, thus 
obtaining a class of second partial differentials. Since the 
partial differentials of u with respect to x and y have been 

represented by -r- dx and ^ dy (Art. 81), we may repre- 
sent the successive partial differentials as follows : 

The partial differential of l-r- dxY with respect to a?, 






which may be abbreviated into 

6?u 



dx^ 



da?. 



The partial differential of i-j- dxV with respect to y, 



d idu , \ , 

which may be abbreviated into 

6^u , , 
, -J dy dx, 
dy dx ^ 

d/U d/hj/ 

Again, both -^ doi? and ^ — j- dy dx will generally be 

functions of both x and y, and may be differentiated with 
respect to x or y, giving us third partial differentials^ and 
so on. Hence we use such symbols as 
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dy dx\ dxdydx, and -j-j-p dy^ dx, 



dydo^ ^ ^ dxdydx ^ di^ dx 

the meaning of which is evident from the preceding re- 
marks. For example, , - dx dy dx denotes that the 

function ti is first differentiated with respect to x^ supposing 
y constant; the resulting function is then differentiated 
with respect to y, supposing x constant; this last result is 
then differentiated with respect to a?, supposing y constant ; 
and similarly in all other cases. 

When u =f{x, y), the partial derivatives are denoted by 
dhi dhc d^u d^u dhi dht 
dx^' df' dxly' ^' d^~dy' dxdf' 



etc. 



84. If te be a Function of x. and y, to prove that 

d^u J J d^u J J 

dx dy = -T—T- dy dx. 



dx dy ^ dy dx 
Take tt = x^y^, 

— dx=z 2xy^dXy 
^dy = ox'y^dy, 
, , dy dx = ^xy^ dy dx, 

, , dx dy = 6xy^ dx dy. 

In this particular case, 

d^u , , dho , , 

- — r- dx dy = -J — J- dy dx; 
dx dy ^ dy dx ^ 

that is, the values of the partial differentials are independ- 
ent of the order in which the variables are supposed to 
change. 
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To show this generally: 

Let u=zf{x,y); 

then ^^^^ f{x-\-dx, y) —/(a?, y). 

This expression being regarded as a function of y, let y 
become y + dy^ a;* remaining constant; then 

^f(x+dx, y+dy) —f{x, y+dy) 

—f{x+dx, y) +f{x, y). 
In like manner, 

^dy =f{x, y+dy) -/(a;, y). 

TTrX^^^y)^^ =/(a; + c7a;, y + dy) -f(x+dx, y) 

"^ ^^ '-U{^.y^dy)^f{x,y)-\ 

= f{x+dx, y + dy) —f{x+dx, y) 

-f{^yy + dy)+f{x,y). 

These two results being identical, we have 

d (du , \ , d (du , \ , 

d^u d^V/ 

that is, -^ — r- dy dx = -y—r dx dy, 

dydx ^ dxdy ^ 

Dividing by dy dx, we get 

d^u dht, 



dy dx dx dy 
In the same manner, it may be shown that 

^^ ^^y = 7i:r;r^ ^^y ^^ > 



dx^ dy ^ dy d^^ 

d^u __ dhc 
dx^dy ~~ dy do?^ 
and so on to any extent. 



or 
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EXAMPLES. 

1. Given u = sin {x + y), to find the successive partial 
derivatives with respect to x. 

^ = cos (x + y), -^ = - «^^ (^ + y)' 

— = - cos (a: + y), ^ = sin {x + y), etc. 

2. t^ = log {x + y), to find the successive partial de- 
rivatives with respect to a:, and also with respect to y in 
the common system. 

du __ m dhi __ m 

M" x + y' ^ "" "" (ic H- y)2' 

du m dhi m 

dy '^ x + y' d^"" (x + yf 

(See Art. 65^ Lemma.) 

3. Jl u =^ X log y, verify that 



>If« = <»n-t@, verify 



that 



sin (aa!» + bif), 



dhi 


2m 


da^ " 


" (^ H- y)* 


d^ 


2/;* 


df 


" (^ + y)* 


dhb 


d^^ 


dydx 


"" efa^y' 


dht 


cPu 


di^dx 


"~ flfa;rfy« 


dihi 


rf% 



. . , , , dHt d*u 



85. Snccessive DifFerentials of a Function of Two 
Independent Variables. 

Let u =/ (x, y). 

We have already found the first differential (Art 81), 

, du J , du J .^. 

du = ^dx + ^dy. (1) 
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Differentiating this equation, and observing that -^ y , 

are, in general, functions of both x and y (Art. 83), and 
remembering that x and y are independent, and hence 
that dx and dy are constant, we have, 

^ "(S''^)^ 4£*), ■'(I*), 



"i^A 



/72«# d^t 

(since ^— j- Jyda: = y-^- t^rrdf^, Art. 84). 

Differentiating (2), remembering that each term is a 
function of x and y, and hence that the total differential 
of each term is equal to the sum of its partial differentials, 
we get, 

and so on. It will be observed that the coefficients and 
exponents in the different terms of these differentials are 
the same as those in the corresponding powers of a bino- 
mial ; and hence any required differential may be written 
out. 



* The total differential of each of the tenns (^^^} ^^^ (zr ^v) ^ eqnal to the 
earn of its partial differentials. 



IMPLICIT FUNCTIONS 135 



EXAMPLES. 




1. U =i {p? + y^)i. 






du X 


du 
dy "" 


y . 


dx (aJ> + 2^)i' 


(a? + y2)i 




dxdy " 


— a;^ 


cPu a^ 


dNi 
da? "" 


-3z^ 


dy^ "" (a^ + f)i' 


(a^ + y')* 


d^u __ (2:^2 — y2) ^ 






d^u — 3ya:* 
e?3^ (arJ + y2)f 






/. J32^, = [— ^xy^dT^ + Sy {2x^ - 


- y2) rfa:»% 

1 



ePt^ = [fl^difS + %abdxdy + S^d/] e^'^^ 
= \adx + Jt?2^]2e»'-^»^. 

86. Implicit Functions (see Art. 6). — Thus far in this 
Chapter, the methods which we have given, although often 
convenient, are not absolutely necessary y as in every case by 
making the proper substitutions we may obtain an explicit 
function of a;, and differentiate it by the rules in Chapter II. 
But the case of implicit functions which we are now to 
consider is one in which a new method is often indis- 
pensable. 

Let/(ic, y) = be an implicit function of two varia- 
bles, in which it is required to find -j-* \t \Jci\^ ^Qj\'a!dwcL 
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can be solved with respect to y, giving for example 
y = {x), then the derivative of y with respect to x can be 
found by previous rules. But as it is often diflBcult and 
sometimes impossible to solve the given equation, it is 

necessary to investigate a rule for finding ^ without 
sohing the equation. 

87. Differentiation of an Implicit Function. 

Let f(x, y) = 0, 

in which y is an implicit function of x, to find ^• 

Let f{x, y) = u. 

Then u z=z f {x, y) z= 0. 

Hence by (Art. 82, Cor. 1), we have, 

/du\ du du dy 

\dx) "" dx dydx 

But u is always = 0, and therefore its total differential 
= ; hence ( -^ j = 0, and therefore, 

du dudy _ 

dx dy dx~~ * 

from which we get, 

du 

dy^ _ dx C 

dx"' ""^' ^ 

dy 

ScH.— It will be observed that while (-^1 = 0, neither 

^ nor Y is in general = 0. For example, 

:j8 4- y2 _ ^ -, Q 

is of the form f(x, y) = 0. We see that if x changes while 
^remains constant, the function cVi^ii^'^^, ^tA \i^\i<5ife\^ YL<i 
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longer = 0. Also, if y changes while x remains constant, 
the function does not remain = 0. But if when x changes 
y takes a corresponding change by virtue of its dependence 
on x^ the function remains = 0. 

EXAMPLES. 

1, y2 _ <jixy 4- a« = 0, to find ^. 

du 

therefore — "^^ •"" -— ^_ ^ ~— ^ , 

^ dx du 2y — 2x y — x 

dy 

2. a^ + i^— cfii^ = 0, to find ^. 

ax 

du 
therefore, ^=-^- = -_ = «_. (1) 

dy 

Since y = - V^--^, from the given equation, we may 
solve this example directly by previous methods, and obtain 

dx a^a^^j^' ^ ^ 

which agrees with (1) by substituting in it the value of y in 
terms of a:. 

In this example we can verify our new rule by comparing 
the result with that obtained by previous rules. In more 
complex examples, such as the following one, we can find 

^ only bj the new method. 
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3. ic* — cufiy + b7?f — / = 0, to find ^. 

therefore, -/ = ---t — ^,^ -^ — -f- 

ax 5y* — %Wy + aa^ 

ax y — ax 



6. f-^3y + x = 0. 



dy _ 1 
da; ""3(1— y^) 



^ ^ dx y^ -\- ax ^ 



88. To Find the Second Derivative of an Im- 
plicit Function. ^^ vTj 

Let u = /(a;, y) = 0. 



We have 



i = - ^- (Art. 87), (1) 



dx du 

dy 



du ,dudy_ . 

^' di + dydi-^' ^^' 

it is required to find -y^« 

Differentiating (2), remembering that -1-, ^, are func- 
tions of X and y, we get 

£Pw d^?^ dy /dht dy d^u \dy du cPy __ 
ife^ dy dxdx \dy^ dx dx dyl cite <Zij cia:? "" 
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^ dhidy ^d^ du^ _ . . 

Substituting Ithe value of -p from (1), and clearing of 
fractions, we get 

dhi du^ ^ dhi dii du , dhc du^ . dic^ d^y ^ 
dx^ du^ dx dy dx dy dy^ do^ dy^ dx^ 

d^y 
Solving for ^, we get 



d^u (dw^ ^ ^u du du dhi /duV* 
I dx dy dx dy dy^ \dxl 



dJ^y dx^ \dy/ dx dy dx dy dy 

d^" Tdu^ 



(4) 



dyj 

ScH. — This equation is so complicated that in practice it 
is generally more convenient to differentiate the vahie of the 
first derivative immediately than to substitute in (4). The 
third and higher derivatives may be obtained in a similar 
manner, but their forms are very complicated. 

Equation (2) is frequently called the first derived equation 
or the differential equation of the first order ; and equation 
(3) is called the second derived equation or the differential 
equation of the second order. 

EXAMPLES. 

1. y2_2rry + a2-o, to find ^ and J^. 

du „ du ^ ^ cPu ^ 



dx dy dyJ 

Therefore, by (1), -£ = -^ ; 

and bv US ^'y - -^^y ^y - '^^ + ^y" -y^y- 2*) 
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2. y2-2aa:y + a?J-.J8-:0, tofind ^, ^. (SeeSch.) 



dx cb^ 



dy _^ay — X 
dx'" y — ax 



d!hf _ 



dai? (y — axY 

__ (y — ax) (a^y — y) — (ay — a;) {ahs — x) 

{y — axy 

(by substituting the value of -—) 

__ (gg — 1) (y^ — 2aa;y + ^) _ ^ (g^ — 1) 
~" (y — d^)^ ~" (y — aa;)«* 

3. a^ + Saw + y8 -. 0, to find ^ and ^. 

dx da^ 

Differentiating, we have 

{x^ + ay) dx + {y^ + ax) dy = 0; 

. ^ __ ___ ^±_^. 
" dx y^ -^ ax 

t/a;^ "" (y2 4- ax)^ 

= . o ■ xq ' (See Price's Calculus, Vol. I, p. 142.) 
{y^ + ax)^ ^ y 7 r / 

>! ^ . 9 9 A ^y X d^y a^ 

^ a:i; y' da? y^ viK 

89. Change of the Independent Variable. — Thus 

far we have employed the derivatives -^, -y^, etc., upon 

the hypothesis that x was the independent variable and y 
the function. But in the discwssion oi ^il^t^^\o\\^ eoivtaiu- 



. ^y ^ 
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ing the successive differentials and derivatives of a function 
with respect to a:, it is frequently desirable to change the 
expression into its equivalent when y is made the independ- 
ent variable and x the function ; or to introduce some other 
variable of which both y and x are functions, and make it 
the independent variable. 

90. To Find the Values of ^, S> ^{y etc., 

dx dd(? dx^ 

when neither x nor y is Eqnicrescent. (Art 55.) 

The value of the first derivative, -p, will be the same 
whether x or y, or neither, is considered eqnicrescent. 
The value of the second derivative, ~ > was obtained in 

Art. 56 by differentiating -p as a fraction with a constant 
denominator and dividing by dx. 

If we now consider that neither x nor y is eqnicrescent, 
and hence that both dx and dy are variables, and differen- 
tiate -%~ , we have 

d^y _ d idy\ __ d^y dx — d^x dy . . 

d^ " dx\dx/ ^ "^ d^ ' ^^ 

which is therefore the value of the second derivative when 
neither variable is eqnicrescent. 

Similarly, 

^^d_/^\ 
d^ dx \d^) 

__ (d^ydx-^d^dy ) dx — 3 (d^y dx — dh> dy) dH r^x 
- d^ ' ^^^ 

which is the value of the third derivative when neither 
variable is equicreacent, and so on for au^ ot\iet ^<iYv^^^v^^» 
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Cor. — If X is equicrescent, these equations are identical* 
If y is equicrescent, cPy = d^y = 0, and (1) becomes 

^ _ dhidy .^) 

dT^'^ d^ ' ^ 

and (2) becomes 

d^y ___3 {d^xY d y — - d^x dy dx ..^ 

d^ "" 'd^ ' ^ ^ 

which are the values of the second and third derivatives 
when y is equicrescent. 

ScH. 1. — Hence, if we wish to change an expression when 
X is equicrescent into its equivalent where neither x nor y is 

equicrescent, we must replace -t4 , -t4 ? etc., by their com- 
plete values in (1), (2), etc.; but if we want an equivalent 
expression in which y is equicrescent, we must replace 

d^v d^v 

-t|, -7^, etc., by their values in (3), (4), etc. 

ScH. 2. — If we wish to change an expression in which x 
is equicrescent into its equivalent, and have the result in 
terms of a new independent variable ty of which a; is a 

function, we must replace -—^ , y^ , etc., by their complete 

values in (1), (2), etc., and then substitute in the resulting 
expression, in which neither x nor y is equicrescent, the 
values of x, dx, d% etc., in terms of the new equicrescent 
variable. 

EXAMPLES. 

1. Transform x -j^ -{- (^) — r = 0, in which x is 

dx^ \dxf dx ^ 

equicrescent, into its equivalents, (i) when neither x nor y 

is equicrescent, (2) when y ia eqviicie^ci^xvt. 



c*i 
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{!,) Replace -t4 by its value in (1), and multiply by da^j 
and we have 

X (dJ^y dx — dhi dy) + dy^ — dyda^ = 0. 

(2.) Put dh/ = 0, divide by dy^ to have the differential 
of the independent variable in its proper position, the de- 
nominator, and change signs, and we have 



X 



- d) - > = »• 



dy^ \dy 

2. Transform -^ — :; -j. -~ + ~~5 = 0, in which x 

dx^ l--aPdx 1 — X' 

is equicrescent, into its equivalent when is equicrescent, 

having given x = cos 0. 

d^V 
Replacing -j^ by its complete value in (1), the given 

equation becomes 

d^y dx — dha dy x dy ^ _ a 

d^ l^^^dx "^ 1^"^ "" ^' 

X = cos ; 

.% dx =z —sinddd and dhc = — cos dd^. 

1 —■ a^ = sin^ 0. 

Substituting, we have 

— d^y sin dB -\- cos d0^ dy cos 6 ^y , .V __ ^ 
— sin8 6/^ "^ sin2^sm^0 "^ sii?0 "" "' 

/. ^ + y == 0- (See Price's Calculus, Vol. I, p. 126.) 

3. Transform -y^H =^ + ^ = 0, in which a: is equi- 

da^ xdx ^ ^ 

crescent, into its equivalent, (1) when neither y nor 6 is 
equicrescent; f^) when 6 is equicrescent', (^3^ \^\\^\\. \i \^ 
equicrescent^ having given a;^ = 46. 



4 
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Replacing in this equation the complete value of -r^, it 
becomes 

du? xdx ^ 

a; = 2(^)*; /. dx — er-^dS. 

dh^— ^— A-—. 

Substituting, we have 

{!,) yde^ + dydef^ + ea^ydd-^edyd^ = 0. 

(2.) When 6 is equicrescent, d^d = 0; therefore (1) be- 
comes 

yd0^ + dyd&^ + Qd^ydS = 0, 

^§ + 1 + ^ = 0- 

{3.) When y is equicrescent, d^y = ; therefore (1) be- 
comes 



«s-o'-Hsr=«- 



dy^ \dyf ^ \dy 

4. Transform R = -^^ into its equivalent, {1) in 

da^ 
the most general form; (^) when is equicrescent; (5) 
when r is equicrescent, having given x = r cos 0, and 
y = r sin d. 

The complete value of E is 

rfiP = dr cos — r sin rf ^, 
rf^ = dr sin 6 + r co^ d ^. 
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.-. d^a; = COS (? flPr — 2 Bin (? drdB ^rco&Odff^ 

— r sin ^ (Pe, 

d^y = sin (? ePr + 2 cos 6 drdB — r sin dS^ 

+ rco&Sd^; 

.-. {dxy + (dyY = rfr2 + r^rf^, 
d8a;c?y — eZ^yt^a? = rdJh-dB — 2rfr2rf(9 — r^dd^ — rrfrtP^. 



{2.) R = 



{S.) R = 






(See Serret's Calcul Diflf^rential et Integral, p. 94.) 

5. Transfonn 

(df + dx^)i + adxd^y = 0, 

in which x is equicrescent, into its equivalents, (1) when 
neither x nor y is equicrescent, (2) when y is equicrescent. 

(i.) (^2/^ + da^)i + a {d^ydx — dhcdy) = ; 

^. General Case of Transfb^i^dn^of ^o Ini^l' 
pendent Variables. — Let 2^ be a function of the inde- 
pendent variables, say u =: f(x, y); and suppose x and y 
functions of two new independent variables r and 0^ 
80 that, 

7 



4_ •• 



Y") 



'A '■■■•'.'-, 
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a; = ^ (r, 0) and y = ^ (^, ^) ; (1) 



then %(, may be regarded as a function of r and 6, through 

du , du 
dy 

terms of derivatives of u, taken with respect to the new 
variables r and 0. 



X and y. It is required to find the values of -v- and ^ in 



Since w is a function of r through x and y, we have 
(Art. 82), 

du ^dudx du dy . . 

dr "" dxdr dydr ' 

And similarly 

du __ du dx du dy ^ , 

dO '^ didO^ dydS' ^^^ 

dx du dx du 
where the values of ^-, -^^ -jj:, -^y can be found from (1). 

dr dr dO dS ^ ' 

Whenever equations (1) can be solved for r and B sepa- 
rately, we can find by direct differentiation the values of 

dr dr dO dO ^ , i. i. ^-i x- 

-j-9 -j-y 7-5 -j-y and hence by substitutmg m 

du ___ dudr du dd 
dx ~" dr dx dO dx ' 

T du du dr du dd , ,, ^^. 

*"^ d^j^Trd-y + TeTy ^^^^ ^^>' 

we can obtain the values of -7- and -r-- 

dx dy 

When this process is not practicable, we can obtain their 
values by solving (2) and (3) directly, as follows : 

d'Xj dx 

Multiply (2) by ~ and (3) by -j- and subtract ; then 

multiply (2) by -^ and (3) by y and subtract. We shall 
then have two equations, irom ^\i\c\v^^ QW>'i»xv, 



SXAMPLJB& 147 



du 


dudy 
drdd 


dudy 
de dr 


dx 


~' dxdy 
drdd 


dy dx^ 
dr de 




dudx 


dudx 


du 


dddr 


drdd 


dy 


"^ dxdy 
drdd 


dydx 
drdQ 


d^u 


d^u ^ 


•an Via n\\ 



w 



and -^, = ;t-t- ^— 7- • (5) 



The values of ^^, , « 

doi^ dy^ 

but the general formulae are too complicated to be of much 

practical use. (See Gregory's Examples, p. 35.) 

CoR. — If a; = r cos and y = r sin ^, (4) and (5) 
become 

du ^ du sin d du du cos ddu , . ^du 

-J- =2 cos d J ^ ; — = -=^ + sm -T- • 

dx dr r dd^ dy r dd dr 



EXAMPLES. 

1. u=: ?-±-y, to find du (Art 81). 

X — y 

__ 2 {xdy - yd x) 

2. u = sin ax + sin 5v + tan"^ ^• 

du =z a cos axdx + b cos bydy H - ^^ %, . 

X 

3. u = sin"^ -• 

y 

y \/^2 __ 2)3 

4. «^ = sin (a: + y). 

</jj^ z=r C08 (x + y) (dx -f djjV 
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5. w = ^ . 
2^ — a' 






6. w 



fe 






7. w = cot a^ to find /^) (Art 82, Cor. 1). 

8. w = sin (y2 — 2j), and y = log a?, ;8f=a;2, to find \-^ 

(Art. 82). ^^^' 

/du\ _ 2(y — a^) cos {f — ») ^ 



X 

9. w = log tan -• 

/c?w\ __ ^ ""^ dx 
\dx) ~" ., . 



y^ sm - cos - 

^ y y 



10. w = log (ic — a + \/aj2 — 2aa;). 

/rtf«^\ _ 1^ 

\dx} "" ^^ __ 2aa;* 

11. if w = a;3;z* + e'y2;2;3 _^ xiy^z% show that 

= 6eV + 8ya;. (Art. 83.) 



dx^dydz 



12. If t^ = tan~^ — , show that 

Wl -{- x^ -{- y^ 

d^u __ 1 d^u \bxy 



^dy (1 + ^2 + j^2)4' cZx2(Zt/2 (1 j^ g# j^ ^^J 
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13. u^a?f + fs? to find cPm (Art 85). 

d^u = Qxy^da? + Qa^dxdy + 2y»da:» + Qxfdxdy 
+ Qa^ydxdy + 2a:8(?y^ ^ Qxfdxdy + Qx^ydf 
= (6ary2+2y3)da?»+12(a:»y+y^)tferfy+(6ar«y+2a:3)Jy2. 

14. a:!^ + y- a = 0, to find ^. (Art 87.) 

dy _ _ yay-i + y log y^ 
da; a^y*"^ 4- a;*' log x 

15. z»-r = 0. ^y^ y»-:rylog x 

•^ ax X* — xy log a; 

16. fi^U-x)-o? = 0.f = ^^^-. 
^ ^ ' dx %y (2a — x) 

18. y^y — aaf^^i 0. ^^ = ,,^.^ — r- 

^ m x{l + ny) 



19. tf^ + Vsec (xy) = 0. 



dy __ y Vsec (gy) tan {xy) + 2af^y7^^ log g 

^^ a; Vsec (a:y) tan {xy) + %(£^7^ log a log a; 

20. a;* + 2aa:»y — a/ = 0, to find ^ and ^• 
(Art. 88.) ^ - - ^ _ 3^^a- 

g = - [(12a^ + 4ay) (2aa^ - Zaff 

-^ 8aa;(4a;« + 4aa:y) (2aa:«— 3ay2) - {4tx^+4:axyf 6ay] 
-7- (2flKc8 — 3ay2)« = what ? 

Show that ^ = or ± V^, when « = Mid tl = ^. 
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21. Change the independent variable from ir to ^ in 

(1 — a,^ -3-^ — a; ->^ = 0, when x = cos t. 
^ ^ dic^ ax 

Ans. g = 0. 

22. Change the independent variable from ic to in 

^ I ^^ ^y J- y ~ when a: - tan ^ 
dx^^l-\-x^dx^ {1^ x^f - ^' ^^^"^ a: - tan e/. 

^^' d^ + y = ^' 

23. Change the independent variable from a; to r, and 
eliminate x, y, dx and dy, between 

/ = J , J , a; = r cos 0, and v = r sin 6. 
ydy + xdx ^ 

Ans. t = -^— • 
ar 

24. Change the independent variable from a; to ;? in 

F = a^^g _2a;g + y g, when a; = e- and y = e-(H 2). 

Ans. P = ^[g + (V + 1)* + z,(t, + 2)]. 
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CHAPTER VIII. 

MAXIMA AND MINIMA OF FUNCTIONS OF A 

SINGLE VARIABLE. 

92. Definition of a Mairiinnni and a Minimnm. — If^ 

while the independent variable increases continuoasly^ a 
function dependent on it increases up to a certain value, 
and then decreasesy the value at the end of the increase is 
called a maxirmim value of the function. 

If while the independent variable increases, the function 
decreases to a certain value and then increases, the value at 
the end of the decrease is called a minimum value of the 
function. Hence, a nvaxiniuTn value of a function of 
a single variable is a value which is grea,ter than the 
immediately preceding and succeeding values, and a 
minimum value is less than the immediately pre- 
ceding and succeeding values. 

For example, sin ^ increases as ^ increases till the latter 
reaches 90°, after which sin <t> decreases as increases ; 
that is, sin is a maximum when is 90°, since it is 
greater than the immediately preceding and succeeding 
values. Also, cosec decreases as increoMS till the latter 
reaches 90°, after which cosec increases as increases ; 
that is, cosec is a minimum when is 90°, since it is less 
than the immediately preceding and succeeding values. 

93. Condition for a Maximnm or Minlmnm.—If y 

be any function of x, and y be increasing as x increases, 
the differential of the function is positive (Art. 12), and 

hence the first derivative -~ will be positive. If the func- 
tion be decreasing as z increases, the difteteiTL\AS)\. A 'Caa 
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GEOMETRIC ILLUSTRATION. 



function is negative, and hence the first derivative ~ will 
be negative. 

Therefore, since at a maximum value the function 
changes from increasing to decreasing, ths first derivative 
must change its sign from plus to minus ; as the variable 
increases. And since, at a minimum value, the function 
changes from decreasing to increasing, the first derivative 
must change its sign from minus to plus.' But as a function 
which is continuous* can change its sign only by passing 
through or oo , it follows that the only values of the 
variable corresponding to a mcbximum or a minimum 
value of the function, are those which make the first 
derivative O or oo • 

94. Geometric Illustra- 
tioiL — This result is also 
evident from geometric con- 
siderations ; for, let y = f(x) 
be the equation of the curve 
AB. At the points P, P', P", 
P^"", the tangents to the curve 
are parallel to the axis of Xy 
and therefore at each of these points the first derivative 
/' {x) = 0, by Art. 56«. 

We see that as x is increasing and y approaching a 
maximum value, as PM, the tangent to the curve makes 
an acute angle with the axis of x ; hence, approaching P 

from the left -^- is +. At P the tangent becomes parallel 

to the axis of x ; hence, ~ = 0. Immediately after pass- 
ing P the tangent makes an obtuse angle with the axis 

of X ; hence, ~ is — . 

ax 




M M' M" M"*!" 



Fig. 9. 



* In tbia discussion the fancUon \b \o \>e le^M^edi %» conavcumu. 
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Also in approaching a minimum value, as P'M', from the 
left, we see that the tangent makes an obtuse angle with 

the axis of Xy and hence -^- is — . At the point F, -~- •=. 0. 
After passing F, the angle is acute and ~ is +. 

In passing P'", -j- changes sign by passing through oo , 

P'^'M'" is a minimum ordinate. In approaching it from the 
left the tangent makes an obtuse angle with the axis of Xy 

and hence -p is — . At P'" the tangent is perpendicular 
to the axis of Xy and -^ = 00. After passing F''M"', the 



angle is acute and -^ is +. 

While the first derivative can change its sign from + to 
— or from — to + only by passing through or 00 , it 
does not follow that because it is or 00, it therefore 
necessarily changes its sign. The first derivative as the 
variable increases may be +, then 0, and then -f , or it may 
be — , then 0, and then — . This is evident from Fig. 9, 
where, at the point D, the tangent is parallel to the axis of 

Xy and -^- is 0, although just before and just after it is — . 

Hence the values of the variable which make -^^ r= or 00 , 

ax 

are simply critical* values, i. e., values to be examined. 

As a maximum value is merely a value greater than that 

which immediately precedes and follows it, a function may 

have several maximum vahies, and for a like reason it may 

have several minimum values. Also, a maximum value 

may be equal to or even less than a minimum value of the 

same function. For example, in Fig. 9, the minimum P'M' 

is greater than the maximum F^M'^. 



* See Price's Cal., Vol. I, p. 23.1, 
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95. Method of Discriminating between Mairinia 
and Minima. — Since the first deriyative at a maximum 
state is 0, aud at the immediately succeeding state is —, it 
follows that the secoyid derivative^ which is the difference 
between two consecutive first derivatives,* is — at a maxi- 
mum. Also, since the first derivative at a minimum state 
is 0, and at the immediately succeeding state is + , it fol- 
lows that the second derivative is + at a minimum. There- 
fore, for critical values of the variable, a function is at a 
maximiun or a minimunv state according as its 
second derivative at that state is — or +, 

U, f^ 96. Condition for a Mazimnm or Minimnm given 
by Taylor's Theorem. — Let u =/(«) be any continuous 
function of one variable ; and let a be a value of x corre- 
sponding to a maximum or a minimum value of f{x). 
Then if a takes a small increment and a small decrement 
each equal to h, in the case of a maximum we must have, 
for small values of hy 

f{a)>f{a + h) and /(«)>/(« -A); 

and for a minimum, 

f{(i)<f{ci + h) mi f{a)<f{a-^h). 

Therefore, in either case, 

f{a + h)^f{a) and f{a^n)^f{a) 

have both the same sign. 

By Taylor's Theorem, Art. 66, Eq. 7, and transposing, 
we have 

/(a + /0-/(a)= /'(a)A+/"(a)|* + etc.; (1) 
/(« - h) -f{a) = -f (a) h +/" («) I" - etc. (2) 



• Rememhenng that the first value ia alvja^ft lo)att %\3^>Vt«kCXft^l\aui>iift ^«ws«A. 
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Now if ^ be taken infinitely small, the first term in the 
second member of each of the equations (1) and (2) will be 
greater than the sum of all the rest, and the sign of the 
second member of each will be the same as that of its first 
term, and hence f{a + h) —f{a) and f(a — h) —f(a) 
cannot have the same sign unless the first term of (1) and 
(2) disappears, which, since h is not 0, requires that 
/'( a) = 0. 

Hence, the values of ne which wake f(x) a maxi- 
jnuvz or a minvmum are in general roots of the equa- 
tion, /' {x) = 0. 

Also, when /"(a) = 0, the second members of (1) and 
(2), for small values of h, have the same sign as /" {a) ; 
that is, the first members of (1) and (2) are both positive 
when /" {a) is positive, and negative when /" (a) is nega- 
tive. Therefore, /"(a) is a maximum or a minimum 
according as /" {a) is negative or positive. 

If, however, /" {a) vanish along with /' {a), the signs of 
the second members of (1) and (2) will be the same as 
f" (a), and since /'" (a) has opposite signs, it follows that 
in this case f{o,) is neither a maximum nor a mini- 
mum unless f" (a) also vanish. But if /'" {a) = 0, 
then f{a) is a maximum when p^ {a) is negative, and a 
minimum when /•' («) is positive, and so on. If the first 
derivative which does not vanish is of an odd order, f(a) is 
neither a maximum nor a minimum ; if of an even order, 
f(a) is a maximum or a minimum, according as the sign 
of the derivative which does not vanish is negative or posi- 
tive. 

97. Method of Finding Maxima and Minima 
Values. — Hence, as the result of the preceding investiga- 
tion we have the following rule for finding the maximum 
or minimum values of a given function, f{x). 

Find its first derivative, f (x) put it equal to 0, 
aiid solve the equation thus formed, /' i^x^ =:^. Svvb- 
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stitute the values of x thus found for x in the second 
derivative, /" {x). Each value of x which makes 
the Second derivative negative will, when substituted 
in the function f{x) make it a maximum,; and each 
value which makes the second derivative positive will 
make the function a minimum. If either value of 
X reduces the second derivative to 0, substitute in the 
thiixl, fouHhy etc., until a deriva/tive is found which 
does not reduce to 0. // this be of an odd ordeVy the 
value of X will not make the function a majcimunv 
or minimum ; but if it be of an even order and nega- 
tive, the function will be a maxim^um, ; if positive, a 
minimum. 

Second Rule.-— It is sometimes more convenient to 
ascertain whether a root a of /*' (.r) = corresponds to a 
maximum or a minimum value of the function by substi- 
tuting for ic, in /' (a;), a — h and « + A, wherjs Ji is infini- 
tesimal. // the first result is + and the second is — , 
it corresponds to a maximum ; if the first result is 
— and the second is +, it corresponds to a minimum. 
If both results have the same sign, it corresponds to 
neither a maximum nor a minimum. (See Arts. 93, 94) 

98. Maxima and Minima Values occur alternately. 

— Suppose that f{x) is a maximum when a; = a, and also 
when X = b, where b> a; then, in passing from a to b, 
when x=za + h (where h is very small), the function is 
decreasing, and when x = b-^h, it is increasing; but in 
passing from a decreasing to an increasing state, it must 
pass through a minimum value ; hence, between two maxi- 
ma one minimum at least must exist. 

In the same way, it may be shown that between two 
minima one maximum must exist. 

This is also evident from geometric considerations, for in 
Fig. 9 we see that there is a maximum value at P, a mini- 
mum Bt F', a maximum at P", a miuim\im at F'\ and so on. 
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99. The Investigation of Maxima and Minima is 
often facilitated by the following Axiomatic Prin- 
ciples : 

1. If w be a maximum or minimum for any value of Xy 
and « be a positive constant, au is also a maximum or mini- 
mum for the same value of x. Hence, before applying the 
rule, a constant factor or divisor may be omitted, 

2. If any value of x makes u a maximum or minimum, 
IF will make any positive power of u a maximum or mini- 
mum, unless u be negative, in which case an even power of 
a minimum is a maximum, and an even power of a maxi- 
mum is a minimum. Hence, the function may he raised 
to any power; or, if under a radical, the radical may 
he omitted, 

3. Whenever w is a maximum or a minimum, log u \b b, 
maximum or minimum for the same value of x. Hence, 
to eJcaTTiine the logarithm of a function we have only 
to examine the function itself. When the function con- 
sists of products or quotients of roots and powers, its exam- 
ination is often facilitated by passing to logarithms, as the 
differentiation is made eaaer. 

4. When a function is a maximum or a minimum, its 
reciprocal is at the same time a minimum or a maximum ; 
this principle is of frequent use in maxima and minima. 

5. If i^ is a maximum or minimum, u ±c \&2i maximum 
or minimum. Hence, a constant connected hy -\- or — 
may he omdtted. 

Other transformations are sometimes useful, but as they 
depend upon particular forms which but rarely occur, they 
may be left to the ingenuity of the student who wishes to 
simphfy the solution of the proposed problem. 

It is not admissible to assume a; = oo in searching for 
maxima and minima, for in that case x cannot have a suc- 
ceeding vaiue. 
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EXAMPLES. 

1. Find the values of x which will make the function 
w = 6a; + ^Q? — 4^ a maximum or minimum, and the cor- 
responding values of the function u. 

Here ^ =:^ + ^x-^ 12x^. 

ax 

Now whatever values of x make u a maximum ^r mini- 
mum, will make ^ = (Art 97) ; therefore, 

6 + 6ic — 12a;2 = 0, or a;* — |^aj = ^ ; 

••• 2^ = i ± f = + 1 or — i. 

Hence, if u have maximum or minimum values, they 
must occur when a; = 1 or — \, 

To ascertain whether these values are maxima or minima, 
we form the second derivative of u\ thus, 



do^ 



= 6 — 24a;. 



/734/ 

When a; = 1, -^ = — 18, which corresponds to a maxi- 
mum value of u. 

When a; =: — t, -73 = + 18, which corresponds to a 

minimum value of u. » 

Substituting these values of x in the given function, we 

have 

When x-=i\y u =6 + 3 — 4 = 5, a maximum. 

When a;=— i, w = — 3 + f + ^=— J, a minimum* 

2. Find the maxima and minima values of u in 
t* = a:* — 8a;8 + 22a?^ — 24a: 4- 12. 

^ = 4a;8 _ 24a?J + 44a; - 24 = 0, 
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or, a^ — 6ar^ + lla; — 6 = 0. 

By trial, a; = 1 is found to be a root of this equation ; 
therefore, by dividing the first member of this equation by 
a; — 1, we find for the depressed equation, 

a« — 5a; 4- 6 = 0; .-. a; = 2 or 3. 

Hence the critical values are a; = 1, a; = 2, and a; = 3. 

^ = 12ar8 — 48a; + 44= +8, when x = 1. 

= — 4, when a; = 2. 

= + 8, when a; = 3, 
Therefore we have, 

when X = ly w =: 3, a minimum ; 

when a; = 2, w = 4, a maximum ; 

when a; = 3, w = 3, a minimum. 

3. Find the maxima and minima values of u in 
^ = (a; — 1)4 (x + 2)». 

1?^ = 4 (a; — l)8(a; 4- 2)8 + 3 (a; 4- 2)2(a; - 1)* 
= (a;-l)3(a; + 2)2[4(aj + 2) + 3(a;-l)], 

or ^ = (^ - 1)'(^ + 2)M^^ + 5) = ; (1) 

/. (a; - I) = 0, (a; + 2) = 0, (7a: + 5) = 0. 

.'. a; = 1, a; = -— 2, and a; = — 4> ^ ^^^ critical values 
of X. 

In this case, it will be easier to test the critical values by 

the second rule of Art. 97; that is, to see whether -j- 

cbanges sign or not in passing through a; = 1, — 2, and 
— 4 ^^ succesaioii. 
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If we substitute in the second member of (1), (1 — K) 
and (1 -\ h) for Xy where h is infinitesimal, we get 

^ = (l-A-l)3(l-A + 2)»[7(l-A) + 5] 
= _ ^8 (3 _ jiY (12 _ 7A) _ _, 

and ^ = (1 + A - 1)»(1 + A + 2)2[7(1 + A) + 5] , 

= A» (3 + A)« (12 + 7A) = + 

du 
Therefore, as -r- changes sign from — to + at a; = 1, 

the function u at this point is a minimum. 

/XT/ 

When xt=z — 2, -v- does not change sign ; /. u has no 
maximum or minimum at this point. 

When X'=^ —^, -T- changes sign from + to — ; /. w, 
at this point, is a maximum. 

Hence, when a; = 1, t^ = 0, a minimum. 

, ^ 124.93 

when a; = — 4, «^ = — ■—- , a maximum. 

du 
It is usually easy to see from inspection whether -^ 

CLX 

changes sign in passing through a critical value of Xy with- 
out actually making the substitution. 

4. Examine u =: h + (x '— of for maxima and minima. 

du ^ , .. ^ 

— = d (a; — a)2 = ; .•. a? = a, and u =: h. 

d/^u 
Since a; = a makes -r-^ = 0, we must examine it by the 

dti 

jsecond rule of Art. 97, and see whether -^ changes sign at 
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— = 3 (a — A — fl)2 = 3A2 is the value of -r- immediately 
preceding x=^a, 

— = 3 (a + A — a)' = 3A^ is the value of -r- immediately 
succeeding a: = a. 

Therefore, as -7- does not change sign at a; = a, w = J 
is neither a maximum nor a minimum. 

5. Examine «^ = J + (a? — a)* for maxima and minima. 

-7- = 4 (a; — a)8 = ; .*. x =z a and w = J. 
ax ^ ' 

It is easy to see that -^ changes sign from — to + at 

a; = a ; .-. a; = a gives «^ = J, a minimum. 

(a; + 2)* 

6. Examine u = 7 — for maxima and minima. 

{x - dy 

du (a; + 2)2 (a; -13) ^ 

— -=1 ~ — ■ — —^ ;= or 00 : 

dx (a; -3)8 --vor«>, 

.•. a: = — 2, 13, or 3. 

We see that when a: = — 2, -7- does not change sign ; 

.*. no maximum or minimum ; 

du 
when a; = 13, -^ changes sign from — to + ; 

.*. a minimum ; 

when a? = 3, -j- changes sign from + to — , 

.*. a maximum ; 
hence when a? = 13, u = 1^^ a mm\m\3LTa.^^x\fc\ 
and when a^ = 3, z^ = oo, a maxAtcoaxcL -s^N^a* 
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7. Examine u=.t + {x — a)^ for maxima and minima. 

— zn ^{x — a)^ = ; /. a: = a and u =ih 

When x-=a^ -z- changes sign from — to +. 

a: = a gives w = 5, a minimum. 

8. Examine w = J — (a -— a;)* for maxima and minima. 

— = I (a — a;)* = 0; /. a; = a and u •=,}>. 

When a; = «, -p changes sign from + to — . 
/. x-=-a gives t^ = J, a maximum. 

9. Examine t^ = J + ^d^ — 2a^ + aa?* for maxima and 
minima. 

If w is a maxima or minima, u — h will be so ; therefore 
we omit the constant h and the radical by Art 99, and get 

u' = a^ — 2ah: + aa^; 

du' 

^ = — 2a2 + 2ax = 0; ,\ x = a and u = b, 

du' 
When x=ia, -J— changes sign from — to +. 

.'. x=:a gives u = b, a minimum. .-^ •'''v 

a^x '■"' 

10. Examine u = 7 ^ for maxima and minima. 

(a — xy 

Using the reciprocal, since it is more simple, and omitting 
the constant a^ (Art. 99), we have 

. (a — xY a^ ^ 

u' = ^ ^- = 2a + x: 

X X 



du' a^ . n 1 cPu 2a? 

dx a? * da? a:? 



f 
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••, a? = ± a, and .'. -y-^ = ± — 

Hence, x= + a makes u' a minimum, and x= —a 
makes it a maximum ; therefore, since maxima and minima 
values of u' correspond respectively to the minima and 
maxima values of u (Art. 99, 4), we have, 

when z =z a, w = oo , a maximuuL 
" a:= — «, w=— -, a mmimum. 

Find the values of x which give Tnaximum and 
minimunv values of the following functions : 

1. w = »8 — 3ar^ — 24a; + 85. 

Arts. X = — 2, max. ; a; = 4, min. 

2. u z=2a^ — 21a^ + 36a; — 20. 

a; = 1, max, ; a; = 6, min. 

3. 1^ = a;« — 18a^ + 96a; — 20. 

a; = 4, max. ; a; = 8, miu. 

, (a — xf ^ . 

4. w = -^ —-- X = ia, mm, 

a — 2a; * ' 

K 1 + 3a; 

6. u= —- — » x= — 1^, max. 

V 4 4- dx 

6. w = a;8 — 3a;2 — 9a; + 5. 

a; = — 1, max. ; a; = 3, min, 

7. ' w = a« — 3a?» + 6a; + 7. 

Neither a max. nor a min. 

8. t* = (a; — 9)5 (a; — 8)*. 

a; = 8, max. ; a; = 8f , min* 

X 

9. w = :r— 7 • a; = cos a;, max. 

1 + X tan X 

10. w = sin^a; cos a;, x = 60°, max. 

-li sin a; _o 

11. w = 3— --7 a; = 46 , max* 

1 -f tan x ' 
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12. « = sin a; + cos x, 

X = 45°, max. ; z = 225°, min. 

log X 

13. u = -^ . 



« = e , max. 



GEOMETRIC PROBLEMS. 

The only difficulty in the solution of problems in maxima and 
minima consists in obtaining a convenient algebraic expression for the 
function whose maximum or minimum value is required. No gen- 
ernl rule can well be given by which this expression can be found. 
Much v/ill depend upon the ingenuity of the student. A careful ex- 
amination of all the conditions of the problem, and tact in applying 
his knowledge of principles previously learned in Algebra, Geometry, 
and Trigonometry, with experience, will serve to guide him in form- 
ing the expression for the function. After reducing the expression to 
its simplest form by the axioms of Art. 99, he must proceed as in 
Art. 97. 



1. Find the maximum cylinder which 
can be inscribed in a given right cone 
with a circular base. 

Suppose a cylinder inscribed as in 
the figure. Let AO = ^, DO = a, 
CO = x, CE = y. 

Then, denoting the volume of the 
cylinder by v, we have 




Fig. 10. 



(1) 



From the similar triangles DOA and DOE, we have 

DO : AO :: DC : EC, 



or 



which in (1) gives 



a : h :: a — x : y] 

••• y = a^^- ^)' 



(8) 
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Dropping constant factors (Art 99), we have 

flu 



dx 
or a^ — ^x = — ifl^ ; 



X =: a or \a. 



dx^ 



= — 4a + 6a; 

= 2a, when a; = a, 
= — 2a, when x =. \a, 



.% minimum; 
.'. maximum. 



Hence the altitude of the maximum cylinder is one-tlilrd 
of the cone. 
The second value of x in (2) gives 

t; = ^ (a - ia)| = ^TraS^. 

Volume of cone = \nal^. 
.*. Volume of cylinder = ^ volume of cone. 

y = - (a — Ja) = fd = radius of base of cylinder, 
a 

2. What is the altitude of the 
maximum rectangle that can be in- 
scribed in a given parabola ? 

Let AX = a, AH = x, DH =2^, 
and A = area of rectangle. Then 
we have 

^ = 2y (a — x). 

But from the equation of the parabola, we have 

y = \/2^, 

which in (1) gives A = 2y/^px (a — x). (2) 

w' = Vx {a — x) = ax^ — x^. 

,% ^ = j^ax-^ — f a;i = 0. .•. a: = -Ja. 
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Since this value of x makes -^ change sign from + to 

— , it makes the function A a maximum; therefore the 
altitude of the maximum rectangle is f «. 

3. What is the maximum cone that 
can be inscribed in a given sphere ? 

Let ACB be the semicircle, and 
ACD the triangle which, revolved ^\g^, 

about .AB, generate the sphere and 
cone respectively. Let AO = r, AD = a;, and CD = y, 
and V = volume of cone. 

Then v = \TTyh^. (1) 

But y2 = AD X DB = (2r — x) x, 

which in (1) gives v = Jtt (2r — x) a?^ (2) 

or u = ^rx^ — 01^ ; 

.-. ^ = Irx — 3a?^ = 0. 
ax 

.•. X =: and fr. 

du 
The latter makes -j- change sign from + to — ; /. it 

makes v a maximum. 

Hence the altitude of the maximum cone is f of the 

diameter of the sphere. 

The second value of x in (2) gives 

v = \7T (2r - ir) {irf = M^^ = A X *^^- 
Volume of sphere = ^ttt^ ; 

.'. the cone = j^ of the sphere. 

4. Find the maximum parabola which can be cut from a 
given right cone with a circular base, knowing that the area 
of a parabola is f the product oi \ta b^^&e and altitude. 
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Let AB = a, AC = S, and BH = a;; 
then AH =za — x. 

FE = 2EH = 2 VAH x BH 

= 2V{a — x)x. 
Al^o, BA:AC :: BH : HD, 



or 



a:b :: x: HD =:-x, 

a 



Calling the parabola A, we have 




Frg. 13. 



A = |FExHD,= i-xV{a — x)x, 

€v 

or w = aa:^ — ;r*. 

^ = 3arc2 — 4^3 = 0; 
aa; 

a: = and a; = fa. 

The second value makes -7- change sign from + to — , 
and /. makes the function A a maximum. 



ill 
which is the area of the maximum parabola. 

Rbm. — In problems of maxima and minima, it is often more con- 
venient to express the function u in terms of two variables, x and y, 
which are connected by some equation, so that either may be regarded 
as a function of the other. In this case, either variable of course may 
be eliminated, and u expressed in terms of the other, and treated by 
the usual proeess, as in Examples 1, 2, and 3. It is often simpler, 
however, to differentiate the function ?/, and the equation between x 
and y, with respect to either of the variables, x, regarding the other, 

y, as a function of it, and then eliminate the first derivative, ~. The 

eeoond method of the following example wVU W\\xs\.T\Jw\tt V\\^ \jtvi<sftS8^» 
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5. To find the maximum rectangle inscribed in a given 
elli23se. 



Let CM = X, PM = y, and 

A = area of rectangle. Then we 

have 

A = ^y, (1) 

and aY ■\. IM = aW. (2) 
1st Method, — From (2) we get 



B 
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Fig. 14. 



y -= - Va^ — x\ 



which in (1) gives A =. A:-x ^c? — ^y 

or w = c^7? — x^. 

^- = ^c^ — 4^ -_ Q, .-. a; = ± — — • 
dx ^ 

ic = H — — makes -j- change sign from + to — ; /. it 
y2 dx 

makes A a maximum. 

Hence, the sides of the maximum rectangle are a V^ 
and h 1/2, and the area is ^db, 

2d MetJiod, — Differentiate (1) and (2) with respect to x 
after dropping the factor 4 from (1), and get 



dA , dy ^ 

-^ y ^ x^- ; 
dx ^ dx ' 


. dy _ y 

" dx X 


2a2y^^ + %U^x — 0; 


, dy _ V^x 
dx"^ a^y 


Wx y 
a'^y X 


or Vh?^ ahf ; 



which in (2) gives 
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6. Find the cylinder of greatest convex surface that 

can be inscribed in a right circular cone, whose altitude 

is h and the radius of whose base is r. ^^ , -nhr 

Surface = -^• 

7. Determine the altitude of the maximum cylinder 
which can be inscribed in a sphere whose radius is r. 

Altitude = |r \/3. 

8. Find the maximum isosceles triangle that can be 
inscribed in a circle. An equilateral triangle. 

9. Find the area of the greatest rectangle that can be 
inscribed in a circle whose radius is r. 

The sides are each r V^. 

10. Find the axis of the cone of maximum convex sur- 
face that can be inscribed in a sphere of radius r, 

^^jAA The axis = f 7\ 

^^1. Find the altitude of the maximum cone that can be 
inscribed in a paraboloid of revolution, whose axis is a, the 
vertex of the cone being at the middle point of the base of 
the paraboloid. Altitude = ^a, 

12. Find the altitude of the cylinder of gi-eatcst convex 
surface that can be inscribed in a sphere of radius r. 

Altitude = r V2. 

13. From a given surface s, a vessel with circular base 
and open top is to be made, so as to contain the greatest 
amount. Find its dimensions. (See Eemark under Ex. 4.) 

J The altitude = radius of base = i/ ■^• 

^>^i4. Find the maximum cone whose convex surface is 
constant. The altitude = V2 times the radius of base. 

15. Find the maximum cylinder that can be inscribed in 
an oblate spheroid whose semi-axes are a and b, 

2 

The radius of base = a y\ ; the altitude = J — -* 

8 
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16. Find the maximum difference between the sine and 
cosine of any angle. When the angle = 135°. 

17. Find the number of equal parts into which a must 
be divided so that their continued product may be a 
maximum. 

Let X be the number of parts^ and thus each part eqnals 

-, and therefore u = i-\ , from which we get a; = -; 

X \X/ B 

a 

therefore each part = e, and the product of all = (e)'. 

18. Find a number x such that the x^ root shall be a 
maximum. x = e = 2.718}i8+. 

19. Find the fraction that exceeds its m** power by the 
greatest possible quantity. . / 1 \^t 

\ [m) • 

.20. A person being in a boat 3 miles from the nearest 
point of the beach, wishes to reach in the shortest time a 
place 5 miles from that point along the shore ; supposing 
he can walk 5 miles an hour, but row only at the rate of 
4 miles an hour, required the place he must land. 

One mile from the place to be reached. 

21. A privateer wishes to get to sea unmolested, but has 
to pass between two lights, A and B, on opposite head- 
lands, the distance between which is c. The intensity of 
the light A at a unit's distance is a, and the intensity of B 
at the same distance is b; at what point between the lights 
must the privateer pass so as to be as little in the light as 
possible, assuming the principle of optics that the intensity 
of a light at any distance equals its intensity at the distance 
one divided by the square of the distance from the light. 

X = — j • 

a^ -h bi 

22. The flame of a candle is directly over the centre of a 
circle whose radius is r ; what ought to be its height above 
the plane of the circle so as to illuminate the circumfer- 
ence as much as possible, svxp^o^m^ \Xv^ \xtev3ks\t^ of the 
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light to vary directly as the sine of the angle under which 
it strikes the illuminated surface, and inversely as the 
square of its distance from the same surface. 

Height above the plane of the circle = r V^. 

23. Find in the line joining the centres of two spheres, 
the point from which the greatest 
portion of spherical surface is 
risible. 

The function to be a maximum 
is the sum of the two zones whose 
altitudes are AD and ad', hence 
we must find an expression for the areas of these zones. 

Put CM = R and cm = r, Cc = a and CP = x. 

The area of the zone on the sphere which has R for its 
radius (from Geometry, or Art. 194) = 27rRAD = 27rR3 

— 2n^RCD = 2n Iw ;-l, and in the same way for the 

other zone, from which we readily obtain the solution. 

aR* 




X = 



R^ + r> 

24. Find the altitude of the cylinder inscribed in a sphere 
of radius r, so that its whole surface shall be a maximum. 



Altitude = - [2 (l - ^-)]*- 
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TANGENTS, NORMALS AND ASYMPTOTE^S. 



100. Equations of the Tangent and Normal— Let 

P, {x\ y') be the point of tangenoy ; 
the equation of the tangent line at 
{x'y y') will be of the form (Anal. 
Geom., Art. 25) 

y-y = a(a: — i»% (1) 

in which a is the tangent of the 

angle which the tangent line makes 

with the axis of x. It was shown in 

Article 56a that the value of this tangent is equal to the 

derivative of the ordinate of the point of tangency, with 

r'<?spect to X, 




— X 



Fig. 16. 



or 



Heiiue 



y 






(2) 



is the equation of the tangent to the curve at the point 
{x\ y'), X and y being the current co-ordinates of the 
tangent. 

Since the normal is perpendicular to the tangent at the 
point of tangency, its equation is, from (2), 



y-y = 



ax . ,% 



(3) 



(Anal. Geom., Art. 27, Cox. %) 
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Eem. — To apply (2) or (3) to any particular curve, we 

dy' dx' 
substitute for ^ or -i-i , its value obtained from the equa- 
tion of the curve and expressed in terms of the co-ordinates 
of the point of tangency. 



EXAMPLES. 

1. Find the equations of the tangent and normal to the 

ellipse 

ay + JW = aW. 

Wefind ^^_^. . ^'_ _?_?:. 

and this value in (2) gives, 

which by reduction becomes, 

c^xf + }^x7! = aW, 
which is the equation of the tangent ; and 

is the equation of the normal. 

2. Find the equations of the tangent and normal to the 
parabola ^ = 2px. 

Wefind ^ = P, .-. ^ = ^, 

dx y dx y 



and this value in (2) gives 

or yy' — y'^=zpx —px\ 

But y« = 2/)a:' ; 
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.\ yy' = jp (2J -h or'), 
which is the equation of the tangent j and 

v' 

is the equation of the normal 

3. Find the equations of the tangent and normal to an 

hyperbola. 

Tangent, a^yy' — l^x' = — a^b^. 

Normal, y - y = _ ^ (a; - x'). 

4. Find the equation of the tangent to 3^ + a:^ — 5 = 0, 
at a: = 1. 

dy' x' 1 

^''' i' = -3F = - ±3l65 = ^-^^^^^^^ 

which in (2) gives 

y=F 1.155 = T.29(a? — 1), 

or y = T .292; ± 1.44. 

Hence there are two tangents to this locus at a; = 1, 
their equations being 

y = — .2dx + 1.44 and y = + .29a; — 1.44. 

5. Find the equation of the tangent to the parabola 
y^ = 9a;, at a; = 4. 

At (4, 6) the equation is y = Jx + 3. 
« (4, — 6) " " " 3^ = — i^ — 3. 

6. Find the equation of the normal to y^ = 2a^ — a^y at 

a; = 1. 

At (1, + 1) the equation is y = — 2a; + 3. 

« (1, _ 1) '« « " y= 2a; - 3. 

7. Find the equation of the normal to y^ _ g/j; — 5, at 
j^ = 5, and the angle which this normal makes with the 
axis of a;. y = — f ^ + ^ ; angle = tan"i (— |). 
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101. Length of Tangent, Nonnal, Subtangent^ 
Snbnonnal, and Perpendicular on the Tangent from 
the 



Let PT represent the tangent at 
the point P, FN the normal ; draw 
the ordinate PM ; then 

MT is called the suitangent, 
jfjf a « a subnormal. 
Let a = angle PTM ; 

then tan a = ^ (Art. 56a). 




Fie. 17. 



1st. 



TM = MP cot a = y 



Subtangent = y 



,d^ 
d/ 



,dx' 



2d. 



MN = MP tan MPN = y tan «; 



Subnormal =■ yl - 



3d. 



PT = yPM^TMr^ 



4th. 



Ta-ngent = y'^1 + (^)'- 
PN = VPM« + MP 



.-. Normal = y'^ 1 + (g)'- 
6th. The equation of the tangent at P \x' , y'^ \a (,^xi. lQQ\s 
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or xdy' — ydx' — x'dy' + y'dx' = ; 

which, written in the normal form, is 

xdy'-^ ydx-- x'dy' + y'dx' ^^^ 

^/Xdxf+{dy•Y 

hence, OJy ^ J^=^gM= := 0. 

\/(d^xf + (dy'f 

•'. Perpendicular on the tangent from the origin 

__ y'dx' — x'dy' 

ScH. — In these expressions for the subtangent and sub- 
normal it is to be observed that the subtangent is measured 
from M towards the left, and the subnormal from M towards 

the right. If, in any curve, y' —-, is a negative quantity, it 

denotes that N" lies to the left of M, and as in that case 

dx' 
y' -J—, is also negative, T lies to the right of M. 

uy 

EXAM PLES. 

1. Find the values of the subtangent, subnormal, and 
perpendicular from the origin on the tangent, in the ellipse 

Here ^' = - ^^-. 

dx' a^y' 

dx' a^v'^ 

Hence, the subtangent z=z y' —, = — j^ , 

dy' V 

the subnormal := y' -f-, = -x'l 

ax a 
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the perpendicular from origin on tangent 

__ aW 

2. Find the snbtangent and subnormal to the Cissoid 

«3 



y^ = 



2a — X 



Here 



Hence, the subtangent = 



(See Anal. Geom., Art. 149.) 
dy' _ , ^* (3« — x) 

__ X (2a — - x) 



da — X 



the subnormal = -j^ .4 • 

{2a — xy 

3. Find the value of the subtangent of y^ = Sx^ — 12, 
at X := 4:. Subtangent = 3. 

4. Find the length of the tangent to y^ = 2x, at a; = 8. 

Tangent = 4^/17. 

5. Find the values of the normal and subnormal to the 
cycloid (Anal. Geom., Art. 156). 



X = r vers~^ - — V2ry — y^; 



dx 



y 



_ \/2ry- f -4^ 




Fig:. i8> 



^y ^2ry'-y^ ^^ — y 

dy^ _ 2r — y 
dx ^/2ry — y^ 

.-. Subnormal = V2ry — y'^m MO. 

Normal = V^ry = PO. 

It can be easily seen that PO is normal to the cycloid at 
P ; for the motion of each point on the geiveraUng circle at 
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the instant is one of rotation about the point of contact 0, 
i.e., each point for an instant is describing an infinitely 
small circular arc whose centre is at ; and hence PO is 
normal to the curve, i.e., the normal passes through the 
foot of the vertical diameter of the generating circle. Also, 
since OPH is a right angle, the tangent at P passes through 
the upper extremity of the vertical diameter. 

6. Find the length of the normal in the cycloid, the 
radius of whose generatrix is 2, at y = 1. Normal = 2. 



POLAR CURVES. 

102. Tangents, Normals, Subtangents, Subnor- 
mals, and Perpendicular on Tangents. 

Let P be any point of the 
curve APQ, the pole, OX the 
initial line. Denote XOP by 
0, and the radius-vector, OP, 
by i\ Give XOP the infinitesi- 
mal increment POQ = dd, then 
OQ = r + dr. From the pole 
0, with the radius OP = r, de- 
scribe the small arc PR, sub- 
tending dd ; then, since dO = ah 
is. the arc at the unit's distance 
from the pole 0, we have 




Fig. 19. 



PR = rdO and RQ = dr. 



(1) 



Let PQ, the element * of the arc of the curve, be repre- 
sented by ds, 

.-. PQ^ = Pi? + RQ', 

or ds^ = r^W + d?. (2) 

Pass through the two points P and Q the right line QPT; 



* Bee Art. &6a, lool-uoVe. 
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then, as P and Q are consecutive points, the line QPT is a 
tangent to the curve at P (Art. 56a). Through P draw the 
normal PC, and through draw COT perpendicular to OP, 
and CD perpendicular to PT. The lengths PT and PC are 
respectively called the 'polar tangent and the polar normal. 
OC is called t\ie polar subnormal; OTthe polar stihtangent ; 
and CD, the perpendicular from the pole on the tangent, is 
usually symbolized by p. The value of each of these lines is 
required. 

tan EQP = II = ^, from (1). (3) 

Since OPT = OQT + dO, the two angles OPT and OQT 
differ from each other by an infinitesimal, and therefore 
OPT = OQT, and hence, 

tan OPT = ^, from (3), (4) 

sin OPT = sin OQP = g| = ^p from (1). (5) 
Hence, 

OT = polar subtangent = OP tan OPT = -^ , 

from (4). (6) 
OC = polar subnormal = OP tan OPC = OP cot OPT 

= g, from (4). (7) 



PT = polar tangent = VoP' -h OT^ = r |/l + r^^, 

from (6). (8) 



PC = polar normal = VoP^ + OC^ = y r^ + ^, 



itom \^\, V^^ 



180 



EXAMPLES. 



OD = jt? = OP sin OPD = ^ from (5) = 



r'de 



ds 
See Price's Calculus, Vol. I, p. 417. 

.j>4^ EXAMPLES. 



Vr^d^+dr^y 
from (2). (10) 



'■\' 



1. The spiral of Archimedes, whose equation is r = a^. 
(Anal. Geom., Art. 160.) 



Here 



-—==-; .-. Subt. = -, from (6). 
dr a a ^ ' 



Subn. = a, from (7). 
Tangent 



= r|/ 



1 -h -2, from (8), 



a 



Normal = Vr^ + «^ from (9). 



P = 



2. Tlie logarithmic spiral r = a^. 

Art. 163.) 

dT 
Here -^ z= a^ log a = r log a ; 

r 



z , from (10). 

(Anal. Geom., 



Subt 



log a 



= mr. 



(where m is the modulus of the system 
in which log a = 1). 



Subn. = 



2^ 



m 



mr 



v^^h ^•"*' 




Fig. 20. 



Normal 



=[f^+ 



m* 



d^ 



^ 



= (r^ -\-'r^\o^d>^- 
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Tan. OPT = r^= ^ 



dr log a ' 

which is a constant ; and therefore the curve cuts every 
radius-vector at the same angle, and hence it is called the 
Equiangular Spiral. 

It a = e, the Naperian base, we have, 

tan OPT = r-^ = 1, and /. OPT = 45°, 

log ^ ' 

and OT = OP = r. 

3. Find the subtangent, subnormal, and perpendicular in 
the Lemniscate of Bemouilli, r* = a^ cos 20. (AnaL 
Geom., Art. 154-) 

Subtangent =^^; 



Subnormal = sin 20 : 

r 



Perpendicular = 



r» 



V>M-a* sin2 2d «* 

4. Find the subtangent and subnormal in the hyper- 
bolic* spiral rS = a. (Anal. Geom., Art. 161.) 

Subt = — a ; Subn. = • 

RECTILINEAR ASYMPTOTES. 

103. A Rectilinear As3rmptote is a line which is 
continually approaching a curve and becomes tangent to it 
at an infinite distance from the origin, and yet passes 
Tvithin a finite distance of the origin. 

To find whether a proposed curve has an asymptote, we 
must first ascertain if it has infinite branches, since if it 

* This curve took Its name from the analogy Yjet^ween \\.e. eo^jasiNKaTi «xA KfcaX ^ 
the hyperbola ay = a. (See Strong's CalculoB. p. V& \ «i\ao Xof^aa^^ "ViM. C»iivjs^»^ 
p.2Mf.J 
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has not, there can be no asymptote. If it has an infinite 
branch, we must then ascertain if the intercept on either 
of the axes is finite. The equation of the tangent 
(Art. 100) being, 

if we make successively y = 0, a? = 0, we shall find foi 
the intercepts on the axes of x and y, the following : 

dx 

(by putting x z= x^ and y z=: y^, and dropping accents), 

dy 

Now, if for a; = 00 both a;© and y^ are finite, they wiU 
determine two points, one on each axis, through which an 
asymptote passes. If for y = oo , x-^ is finite and y^ infi- 
nite, the asymptote is parallel to the axis of y. If for 
ic = 00 , iTo is infinite and y^ finite, the asymptote is parallel 
to the axis of x. If both x^ and y© are infinite, the curve 
has no asymptotes coiTesponding to a; = oo. If both a^ 
and yo are 0, the asymptote passes through the origin, and 

its direction is obtained by evaluating -^ for a: = oo . 

When there are asymptotes parallel to the axis, they may 
usually be detected by inspection, as it is only necessary to 
ascertain what values of x will make y = oo , and what 
values of y will make a; = oo . For example, in the equa- 
tion xy ■= m, a: = makes y = oo, and y = makes 
a: = 00 ; hence the two axes are asymptotes. Also in the 
equation a;y — ay — 6a; = 0, which may be put in either 
of the two forms, 

ix ay 

y = or a; = — ^; 

^ X — a y — h 

y = CO when a; = a, ani x r= co Nftisti \1 "^I^n 
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hence the two lines x =z a and y = S are asymptotes to 
the curve. 

In the logarithmic curve y =z cf, 

y = when x =: — oo , 

therefore the axis of x is an asymptote to the branch in the 
second angle. 

Also in the Cissoid y^ = ^ , 

^ 2a — x^ 

y = 00 when x = 2a; 
hence a; = 2a is an asymptote. 

EXAMPLES. 

1. Examine the hyperbola 

a2y2 — ffhP = — a^b^, for asymptotes. 
Here 

-f =: -^l .\ Xo = x — -j£- = - = tor X = ±co. 
dx ahf lyx X 

3^0 = y - ^y = - - = for y = ± oo. 

Hence the hyperbola has two asymptotes passing through 
the origin. 

Also ^ = -r- = ± ^ = ± - f or a; = 00 . 

dx oN a / (A a 

Hence the asymptotes make with the axis of x an angle 

whose tangent is ± - ; that is, they are the produced 

a 

diagonals of the rectangle of the axes. 

2. JExamine the parabola ^ = 2jpx ioi ^aycK§\»Q\&^» 
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Here 

-/ = ^ ; .-. a;© = — TT- = — «> when a; or y = oo. 
dx y^ ^ 2p ^ 

^0 = i = «> when y = oo or a: = (» . 

Hence the parabola has no asymptotes. 
The ellipse and circle have no real asymptotes, since 
neither has an infinite branch. 

3. Examine y^ = ax^ + cc^ for asymptotes. 
When a:=:±oo, ^=±00; .-. the curve has two 
infinite branches, one in the first and one in the third 
angle. 

dy _ 2ax. + 3x^ ; 
dx ~" 3f ' 

3y^ ao? a 



Xa — X 



2ax + dx^ 2ax -\- 3a^ 3 * 

when a; =: 00. 



_ 2ax^ + ^^ _ 3 {y^ — a^) — 2ao^ 

y'~y 3^2 - 3^2 

= 5, when a; = 00. 



3 {ax^ + a;8)f 3 
Hence the asymptote cuts the axis of a; at a distance 

— -, and that of «/ at a distance ^ from the origin, and as 
o o 

it is therefore inclined at an angle of 45° to the axis of x, 
its equation is 

y = x-\- ^* 
(See Gregory's Examples, p. 153.) 

104. As3rmptotes Determined by Espansion. — A 

very convenient method of examining for asymptotes con- 
Bi'sts in expanding the equation into a ^me^^ m ^^^si^iJkSixcL'i, 
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powers of tr, by the binomial theorem, or by Maclaurin's 
theorem, or by division or some other method. 



EXAMPLES. 
3J^ -4- fliP^ 

1. Examine y^ = — -^- for asymptotes. 

Then 




y=±a:/|±:^=±a.(l + ? + g + etc.) (1) 

When a; = 00 (1) becomes 

y = ± (a; + fl). (2) 

We see that as x increases, the ordinate of (1) increases, 
and when x becomes infinitely great, the difference between 
the ordinate of (1) and that of (2) becomes infinitesimal; 
that is, the curve (1) is approaching the line (2) and 
becomes tangent to it when a; = oo ; therefore, y = ±{x+cC) 
are the equations of two asymptotes to the curve (1) at 
right angles to each other. 

Another asymptote parallel to the axis of y is given by 
a; = a. 

2. Examine a^ ^xy^ + ay^ = for asymptotes. 

Here y = ±\/ 

^ V x — a 

Hence, y=zt\x + ^) are the equations of the two 
i^ymptotes. 
By inspection, we find that x = a is a third asymptote. 

/^ 1 

3. Examine y^=zoi? ~ — - for a8yiap\jo\fc^ 

3/ -J- i 
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Here y = ±x\l — -^ + etc.) 

•*• y = ± a; are the two asymptotes. 

105. Assrmptotes in Polar Co-ordinates.— When 

the curve is referred to polar co-ordinates^ there will he an 
asymptote whenever the suhtangent is finite for r = x . 
Its position also will be fixed, since it will be parallel to the 
radius- vector. Hence, to examine for asymptotes, we find 
what finite values of make r = oo ; if the corresponding 

polar suhtangent, r^-^-, which in this case becomes the 

perpendicular on the tangent from the pole, is finite or zero, 
there will be an asymptote parallel to the radius-vector. If 
for r = 00 the suhtangent is oo , there is no corresponding 
asymptote. \^ 

EXAMPLES. ' 

1. Find the asymptotes of the hyperbola a^y^ — Slc^ — 
— aW by the polar method. 

The polar equation is 

a« sin2 (9-^2 cos^ d = - -s- (1) 



^ 



Z>2 

When r = 00 , (1) becomes, tan^ (9 = — ; 



a* 



Therefore the asymptotes are inclined to the initial line 
at tan- (±^). 

From (1) we get ^r = f^ {a^ + V^) m^ B cos e ' 
^^^ ^dr~ ^ ^o* + &^ sin. fl cos ' ^^ 
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which is equal to when ^ = tan~M±-); hence both 
asymptotes pass through the pole. 

2. Find the asymptotes to the hyperbolic spiral rB = a. 
(See Anal. Geom., Art 161.) 

Here ^ = z> a r = oo, when ^ = 0. 

u 

-3-=—^j and r^— = — a. 
dr r^ ' dr 

There is an asymptote therefore which passes at a distance 
u from the pole and is parallel to the initial line. 

3. Find the asymptotes to the lituus r6^ = a. (Anal. 
Geom., Art 162.) 

Here r = — , .*. r = oo , when ^ = 0. 

^=«^', and r^^=-2(/0i = O, when = 0. 

Therefore the initial line is an asymptote to the lituus. 

4. Find the asymptotes of the Conchoid of Nicomedes, 
r = j!> sec + wi. (Anal. Geom., Art. 151.) 

Here r = oo when = ^5 ^^^ r^-y =p when ^ = ^• 

2 ' dr ^ 2 

Therefore the asymptote cuts the initial line at right 
angles, and at a distance p from the pole. 



EXAMPLES. 

1. Find the equation of the tangent to 3^— 2a:3_io = 0, 
at » = 4. Ans. y= ± .7127a; ± .8909. 

2. Find the equation of the tangent to ^ = j , at 

y = 2x — a arvSi y =. — "Jtx -V^^ 
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3. Find the equation of the tangent to the Naperian 
logarithmic curve. Ans. y =: y' {x — x' -{- 1). 

4. At what point on y = a^ — 3a^ — 24a; + 85 is the 
tangent parallel to the axis of a: ? 

[Here we must put ^ = 0. See Art. 56a.] 

At (4, 5) and (—2,113). 

5. At what point on y^ = 2a:^ does the tangent make 
with the axis of x an angle whose tangent is 3, and where is 
it perpendicular ? At (2, 4) ; at infinity. 

6. At what angle does the line y z=^x + 1 cut the curve 
y^ :=4x? [Find the point of intersection and the tangent 
to the curve at this point; then find the angle between this 
tangent and the given line.] 10° 14' and 33° 4'. 

7. At what angle does y^ = 10a; cut a^ + y^ =i 144 ? 

71° 0' 58". 

8. Show that the equation of a perpendicular from the 
focus of the common parabola upon the tangent is 

9. Show that the length of the perpendicular from the 
focus of an hyperbola to the asymptote is equal to the semi- 
conjugate axis. 

10. Find the abscissa of the point on the curve 

y (x — 1) {x — 2) =z X ^d 

at which a tangent is parallel to the axis of x. 

X =3 ± V2. 

11. Find the abscissa of the point on the curve 

y^ z= (x — of {x — c) 

at which a tangent is parallel to the axis of x. 

2c + a 

X •= =: • 
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12. Find the subtangent of the curve y = 



V^a —a; 

Ans. ^g^izf). 
oa — X 

13. Find the subtangent of the curve y^—daxy-\-7^= 0. 

2axy — a:^ 
ay — a? 

14. Find the subtangent of the curve xy^ = a^{a — x). 

_ 2 {ax — x^) 
a 

15. Find the subnormal of the curve y^ = 2a^ log x. 

X 

16. Find the subnormal of the curve Sa^^ _|. ^s _- 2a;8^ 

a 

a:8 



17. Find the subtangent of the curve y^ = 



a — x 

2x {a — x) 

3a — 2a; ' 

18. Find the subtangent of the curve 

xy = (a + xy (&2 — a^), 

x{a + x)(l^ — a ^) 
"~ a^ + ab^ 

19. Find the subnormal, subtangent, normal, and tangent 
in the Catenary 

Subnormal = j\e<' — e « I ; normal = — • 



Subtangent = — -; tang^iA, ■=. 



(^«-c2)i' ^ VS'-^^^ 
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20. Find the perpendicular from the pole on the tangent 
in the lituus r^ = a. __ 2flV 

21. At what angle does ^ = %ax cut «8— 3fla:y +^ = 

cot~^ ^/L 

22. Examine ^^ — 2a; + Sa:* for asymptotes. 

y = V3 arH — — is an asymptote. 
v3 

23. Examine ^ = 6a;^ + a:^ fQp asymptotes. 

y = a: + 2 is an asymptote. 

24. Find the asymptotes of ^ (a; — 2a) = a;^ — a\ 

x=:2a; y=.±(x + a). 

25 Find the asymptotes of y = ^ "" ^^^ + ^^ 

*^ ^ ^ ar« — 3da; 4- 2 J2 

a; = J ; x = 2b; y = a; — 3 (a — J). 



CHAPTER X. 



DIRECTION OF CURVATURE, SINGLE POINTS, 

TRACING OF CURVES. 

106. Concavity and Convexity. — The terms concav- 
$ty and convexity are used in mathematics in their ordinary 
sense. A curve at a point is concave towards the axis of x 
when in passing the point it lies between the tangent and 
the axis. See Fig. 21. It is convex towards the axis of x 
when its tangent lies between it and the axis. See 
Fig. 22. 

If a curve is concave down- 
wards, as in Fig. 21, it is plain 
that as X increases, « decreases, 
and hence tan a decreases ; that 




Fig. 21. 



(Art. 12.) 



is, as X increases, -^ (Art 56a) 

decreases j and therefore the de- 

. , . jj dy d^y . , . 

nvative of -^ or -^ is negative. 
dx dx^ ^ 

In the same way if the curve is 
convex downward, see Fig. 22, it is 
plain that as x increases, a in- 
creases, 'and therefore tan a in- 
creases ; that is, as x increases, 

-^ increases, and therefore the de- 
ox 

... ^ dy d^y . 
nvative of -^ or -^4 is positive. 

Hence the curve is concave or convex downward according 




192 
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This is also evident from Fig. 23, where MM' = M'M" 
= dx\ PP' is common to the' two curves and the common 
tangent. PR = PR' = dx ; and P'R 
= P,R'. But P"R' > PgR' > P,R'. 
Now P'R and P"R' are consecutive 
values of dy in the upper cuitc, 
and P'R and PjR' are consecutive 
values of dy m the lower cuitc, and 
hence P"R' - P'R = c? {dy) = c^y is 
+, and P,R' — P'R = d^y is — ; that 
is, d^y is — or -f , according as the 
curve is concave or convex downwards. 

The sign of -y^ is of course the same as that of ePy, 

since doi^ is always positive. 

We have supposed in the figures that the curve is above 
the axis of x. If it be below the axis of x, the rule just 
given still holds, as the student mav show by a course of 
reasoning similar to the above. 




Fig, 23. 



If the curve is concave downwards, 



^y : 



dx^ 



is — ; if it be 



^y ,-, 



above the axis of a;, y is + ; therefore, y -~ is — ; if the 



dx^ 



'^'y ,-. 



curve be concave upwards, -y^ is + ; if it be below the 

axis oi X, y \^ — \ therefore, y -t4 is — ; that is, y ~j^ 
is — when the curve is concave towards the axis of x. In 
the same way it may be shown that y -^ is +, when the 



dx^ 



curve is convex towards the axis of x. 



107. Polar Co-ordinates. — A curve referred to polar 

co-ordinates is said to be concave or convex to the pole at 

any point, according as the curve in the neighborhood of 

that point does or does not lie on t\i.e «>^ma «vda of the tan- 

gent as the pole. 
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It is evident from Fig. 24, that when the curve is con- 
cave toward the pole 0, as r increases p increases also, and 

dv 
therefore -j- is positive ; and if the curve is convex toward 

the pole, as r increases^ decreases, and 

dv 
therefore -r- is negative. - If therefore 

the equation of the curve is given in 
terms of r and 6, to find whether the 
curve is concave or convex tx)wards the 
pole, we must transform the equation 
into its equivalent between r and p, by 



Fifi:. 24* 



means of (10) in Art. 102, and then find 



EXAM PLES. 

1. Find the direction of curvature of 

(a: - 1) {X ^ 3) 
^ "" a; — 2 




dp 



Here 



da^^ 



2 



{x — 2)3 ' 



^y ;. 



that is, ^ is positive or negative, according as a:< or >2 ; 

and therefore the curve is convex downward for all values 
of a; < 2, and concave downwards for all values of ic > 2. 

2. rind the direction of curvature of 

» 

y := h + c{x + ay and y ^^ a^ ^x — a, 

Ans. The first is concave upward, the second is concave 
towards the axis of x, 

3. Find the direction of curvature of the \itu\]La r =. — . * 

9 
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_-. dr ^ r__ r* dr^ _ 7^ 

which in (10) of Art. 102 gives, 

_ 2a?r . . dr_ {^ + ^)* 
^■"(r4 + 4a4)i' *"' dp "" 2fl^2 (4«* - ^) " 
Therefore the curve is concave toward the pole for values 
of r < a \/2, and convex for r > a V^. 

4. Find the direction of curvature of the logarithmic 
spiral r = a^. 
By Art 102, Ex. 2, 

mr dr "s/iv? + 1 



V = 



V^i^ + l' '^ d:p m 



which is always positive, and therefore the cuiTe is always 
concave toward the pole. 

SINGULAR POINTS. 

108. Singular Points of a curve are those points 
which have some property peculiar to the curve itself, and 
not depending on the position of the co-ordinate axes. 
Such points are : 1st, Points of maxima and minima ordi- 
nates ; 2d, Points of inflexion ; 3d, Multiple Points ; 4th, 
Cusps; 5th, Conjugate points; 6th, Stop points; 7th, 
Shooting points. We shaU not consider any examples of 
the first kind of points, as they have already been illus- 
trated in Chapter VIII, but will examine very briefly the 
others. :* 

109. Points of Inflexion. — A point of inflexion is a 
point at which the curve is changing from convexity to 
concavity, or the reverse ; or it may be defined as the 
point at which the curve cuts the tangent at that point. 

When the curve is convex, do^n"^^^, "^^^ "'^ (Jixt. 
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106), and when concaye downwards, -t4 is — ; therefore, 

dhj 

at a point of inflexion -r^ is changing from + to — , or 

from — to +, and hence it must be or (». Hence to 

find a point of inflexion, we must equate -y^ to or (» , 

and find the values of x\ then substitute for x a value a 
little greater, and one a little less than the critical value ; 

if -^ changes sign, this is a point of inflexion. 

EXAM PLES. 

1. Examine y =z h + {x — of for points of inflexion. 

.-. a; = o and hence y =^ h. 

This is a critical point, L e., one to be examined ; for if 
there is a point of inflexion it is at a: = a. For a; > a, 

^ is +, and for a; < o, -^ is —. Hence there is a point 

of inflexion at {a, i). 

2. Examine the witch of Agnesi, 

aPy = 4a2 {2a — y), 
for points of inflexion. 

There are points of inflexion at ( ± — — , -rr-i* 

3. Examine y = 5 + (a; — a)~^ for points of inflexion. 

There is a point of inflexioi^ at (a, b). 

4. Examine the lituus for points of inflexion. 

By Art. 107, Ex. 3, ~ is changing sign from + to — 
when r = « V2, indicating that the lituvxa c\vaca?;^^ ^V ^Oka 
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point from concavity to convexity,, and hence there is a 
gpint of inflexion at r = a V^. t , ., -! / ^ / ^^ 

jsf^ 110. Multiple Points. — A multiple point is a point v^ 
(y^ through which two or more branches of a curve pass. If ^ 
two branches meet at the same point, it is called a double 
pojint ; if three, a triple point ; and so on. There are two 
kinds : 1st, a point where two or more branches intersect, 
their several tangents at that point being inclined to each 
other ; and 2d, a point where two or more branches are 
tangent to each other. The latter are sometimes called 
points of osculation. 

As each branch of the curve has its tangent, there will 
be at a multiple point as many tangents, and therefore as 

many values of —- as there are branches which meet in 

this point. If these branches are all tangent, the values of 

-%- will be equal. At a multiple point y will have but one 

value, while at points near it, it will have two or more 
values for each value of x. In functions of a simple form, 
such a point can generally be determined by inspection. 
After finding a value of x for which y has but one value, 
and on both sides of which it has two or more values, form 

-,-• If this has unequal values, the branches of the curve 
ax 

intersect at this point, and the point is of the first kind. If 

-^ has but one value, the branches are tangent to each 
ax 

other at this point, and the point is of the second kind. 

When the. critical points arc not readily found by inspec- 
tion, we proceed as follows : 

Let f{x,y) = (1) 

be the equation of the locus ireci trom. Ta.<3i.\t«\a. TVwsa 
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dy __ 
dx 



du 
dx 

dy 



and as differentiation never introduces radicals when they 
do not exist in the expression differentiated, the value of 

-p cannot contain radicals, and therefore cannot have sev- 
eral values, unless by taking the form ^« 

Hence we have -^ = - or -y- = 0, and ^- = 0, from 

ax dx ay 

which to determine critical values of x and y. If these 

• //it/ tt ?/ 

values of x and y found from -7- = and ;t- = are real 

and satisfy (1), they may belong to a multiple point. If y 
has but one value for the corresponding value of x, and on 
both sides of it y has two or more real values, this point is a 

multiple point. We then evaluate -f-= -, and if there 

ax \j 

are several real and unequal values of -^ , there will be as 

many intersecting branches of the curve passing through 
the point examined. (See Courtenay, p. 190.) 



EXAMPLES. 

1. Determine whether the curve y = (x — a)Vx + b has 
a multiple point. 

Here y has two values for every 
positive value of a; > or < a. When 
X = or a, y has but one value, h; 
hence there are two points to be ex- 
amined. When a: < 0, y is imagi- 
nary; hence the branches do not 
pass through the point (0, 5), and '"'s* 2^* 
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therefore it is not a multiple point. When a? > or < a, ^ 
has two real values, and therefore (o, h) is a double point 

Therefore the point is of the first kind, and the tangents 
to the curve at the point make with the axis of x angles 

whose tangents are + V« and — a/«. 
2, Examine x^ + 2ax^y — ay^ = for multiple points. 

We proceed according to the second method, as all the 
critical points in this example are not easily found by inspec- 
tion. 

^ = 4a:(a? + ay) = 05 (1) 



dy 4.^3 -I- Aaxy 

dx~ Zay^ — 2ax^* 

Solving (1) and (2) for x and y, we find 

Ix = 0\ /a; = i«V6\ lx=— \a^f^ 

Only the first pair will satisfy the equa- 
tion of the curve, and therefore the ori- 
gin is the only point to be examined. 

Evaluating ^ in (3) for a; = and 

y = 0, and representinff ~ by », and -^ 

^ . dx ^ ^^ dx Fig. 26. 

byp\ for shortness, we have 



(3) 




CU8P& 
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dx 






when 



12a^ + 4ay + 4aa» , 

~ Gfltp^ + Qayp' — 4a 
_ ^_8ap 






6a^ — 4a' 
A ^ (6a^ — 4a) = 8ap ; 



when 



ix = 0\ 
\y = 0f 



.-. ^ = ^ = 0, +\/2, or-V2. 

Hence the origin is a triple point, the branches being in- 
clined to the axis of x at the angles 0, tan~^(V2), and 
tan"* ( — V2), respectively, as in the figure. (See Courte- 
nay's Calculus, p. 191; or Young's Calculus, p. 151.) 

3. Examine y^ — x^{l —x^) =0 for multiple points. 

Ans. There is a double point at the origin, the branches 
being inclined to the axis of x at angles of 45° and 135° 
respectively. 

4. Show that aj^ — a^ — aa^ = has no multiple points, 

111. Cusps. — A cusp is a point of a curve at which two 
branches meet a common tangent, and 
stop at that point. If the two branches 
lie on opposite sides of the common tan- 
gent, the cusp is said to be of the first 
species ; if on the same side, the cusp is 
said to be of the second species. 

Since a cusp is really a multiple point 
of the second kind, the only difference 
being that the branches stop at the point, 
instead of running through it, we exam- 
ine for cusps as we do for multiple ^mla', wsi^ \ft %E\5^g^- 




Fig. 27. 
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guish a cusp from an ordinary multiple point, we trace the 
curve in the vicinity of the point and see if y is real on one 
side and imaginary on the other. To ascertain the kind of 
cusp, we compare the ordinates of the curve, near the point, 
with the corresponding ordinate of the tangent; or ascertain 
the direction of curvature by means of the second derivative. 
In the particular case in which the common tangent to 
the two branches is perpendicular to the axis of rr, it is best 
to consider y as the independent variable, and find the 

values of -j- , etc. 
• dy' 

EXAMPLES. 

1. Examine y -=7? ±xi for cusps. 

We see that when a; = 0, y has but one value, 0; when 
a; < 0, y is imaginary ; and when a; > 0, y has two real 
values; hence, (0, 0) is the point to be examined. 

-^ = 2a; ± f a;5 = 0, when a; = ; hence the axis of x is 

a common tangent to both branches, and 
there is a cusp at the origin. 

-T^ = 2±ya;i is positive when a; = 0; 

hence the cusp is of the second kind. 

The value of -7^ shows that the upper 

branch is always concave upward, while the lower branch 
has a point of inflexion, when x = -^ ; from the origin to 
the point of inflexion this branch is concave upward, after 
which it is concave downward. 

The value of -^ shows that the branch is horizontal 

ax 

when X = ^f . From y = x^ — x^, we find that the lower 

branch cuts the axis of a; at a; = 1. The shape of the curve 

is given in Fig. 28. 




Fig. 28. 
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2. Examine {y — hf = (ar — ay for cusps. 

Ans. The point (a, ft) is a cusp of the first kind. 

3. Examine cy^^rzo^ for cusps. 

The origin is a cusp of the first kind. 

112. Coxijiigate Points. — A conjugate point is an iso^ 
lated point whose co-ordinates satisfy the equation of tho 
curve, while the point itself is entirely detached from every 
other point of the curve. 

For example, in the equation y =: {a ■\- x)Vx, if x is 
negative, y is, in general, imaginary but for the particular 
value a; = — a, .V = 0. Hence, P is a 
point in the curve, and it is entirely 
detached from all others. When a; = 0, 
y ^ 0, which shows that the curve p 

passes through the origin. For positive 
values of Xy there will be two real values \ Fig.29 

of y, numerically equal, with opposite 
signs. Hence, the curve has two infinite branches on the 
right, which are symmetrical with respect to the axis of i. 

If the first derivative becomes imaginary for any real 
values of x and y, the corresponding point will be conjugate, 
as the curve will then have no direction. It does not fol- 
low, however, that at a conjugate point -— will be imagi- 

nary; for, if the curve y =f{x) have a conjugate point at 

(x, y), from the definition of a conjugate point, we shall 

have 

/(a; ± A) = an imaginary quantity. But 

therefore, if either one of the derivatives is imaginary, the 
first member is imaginary ; hence, at a conjugate point 
some one or more of the derivatives is imaginary. 

Since at a conjugate point some of the derivatives are 
imaginary, let tho n^^ dcTivaiivc be ttic jirjst Wi'^Vx^'wsv*;^,^- 
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nary. Suppose the equation of the curve to be freed from 
radicals, and denoted by w =/(a;, y) == 0. Take the # 
derived equation (Art. 88, Sch.) ; we have 

du d^y d*u _ ^ 

dx docf^ • • • • ^2f ■" ' 

where the terms omitted contain derivatives of u with re- 
spect to X and y, and derivatives of y with respect to x, of 

lower orders than the nf^. If, then, -j- be not 0, the value 

d"v 
of -1-^ obtained from the derived equation will be real, 

which is contrary to the hypothesis; hence, y = is a 

necessary condition for the existence of a conjugate point 

But 

du dudy ^^^ 

dx dy dx ^ 

therefore, since -y- = 0, we must have -=- = 0. Hence, at 

dy dx 

a conjugate point we must have -y- = 0, and -r- = 0. 

Rem.— Owing to the labor of finding the higher derivatives, it is 
usually better, if the first derivative does not become imaginary, to 
substitute successively a ■\- h and a — A for x, in the equation of the 
curve, where a is the value of x to be tested, and h is very small. If 
both values ofy prove imaginary, the point is a conjugate point. 
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1. Examine ay'^ — o^ -^ ^ax^ — ba^x + 2a^ = for con- 
jugate points. 

du 

_ = _ 3a;2 + %ax - bd? = 0. (1) 

du ^ 

— = ^ayt=. 0. (2) 
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Solving (1) and (2), we get 

Only the first pair of values satisfies the equation of the 
curve, and hence the point (a, 0) is to be examined. 

dy^ _ __ 3ar^ — 2>ax + ba^ __ Qx — 8a 
dx"^ ^ "" ''lay ~ 2ap 



1 , Ix z= a\ 

= 9 when ( .); 

p \t/ =z 0/ 



therefore, ^ = —1; .'• i? = ± V— 1 = -r-' 

This result being imaginary, the point (a, 0) is a conju- 
gate point. 

2. Show that x^ — aa:^^ — axy^ + a^y^ = has a conju- 
gate point at the origin. 

3. Examine {c^y — x^Y = (a; — aY {x — ft)^ for conjugate 
points, in which ay^h. 

The point yb, -^j is a conjugate point. 

The first and second derivatives are real in this example ; hence the 
better method of solving it will be to proceed according to the Remark 
above given 

113. Shooting Points are points at which two or more 
branches of a curve terminate, without having a common 
tangent. ^ 

Stop Points are points in which a single branch of a 
curve suddenly stops. 

These two cLnsses of singular points but rarely occur, and 
never in curves whose equations are of an algebraic form. 
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X 



1. Examine y = 1 for shooting points. 



Here 



dy _ 
dx 



1 + er 
1 



= i + 

1 + e' 



JL 



X 



4:\a 



(l+e^) 



If a; is + and small, y is + ; if 
a; is — and small, y is — . When 
a; is + and approaches 0, y = 0, 

and -^ = ; when rr is — and ap- 

dx ^ 



proaches 0, y = 0, and 



t = i. 



dx 




Fis* 30. 



Hence, at the origin there is a shooting point, one branch 
having the axis of x as its tangent, and the other inclined 
to the axis of x at an angle of 45°. (See Serret's Calcul 
Differentiel et Integral, p. 267.) 

2. Examine y =^x log x. 

When a; is +, y has one real value ; when rr = 0, y = 0; 
when ic < 0, ^ is imaginary ; hence there is a stop point at 
the origin. 

3. Examine y = x tan"^ -• 

X 



X 



If 



-^ = tan-1 » , ., • 

dx X 7^ -\- 1 

a;=+Oor— 0, y = 0; 

dy TT IT 

— ^ = — or • 

dx % ^ 2 



Hence the origin is a shooting point, the tangent being 
inclined to the axis of x at angles tan~^ (1.5708) and 
tan-i (— 1.5708). 



_i 



4. Show that y = e " liaa a ato^ ^omi ^\. -tVi^ Qtv^n. 
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114. Tracing Curves. — We shall conclude this chap- 
ter by a brief statement of the mode of tracing curves by 
means of their equations. 

The usual method of tracing curves consists in assigning 
a series of different values to one of the variables, and cal- 
culating the corresponding series of values of the other, thus 
determining a definite number of points on the curve. By 
drawing a curve or curves through these points, we are 
enabled to form a tolerably accurate idea of the shape of the 
curve. (See Anal. Geometry, Art. 21.) 

In the present Article we shall indicate briefly the man- 
ner of finding the general form of the curve, especially at 
such points as present any peculiarity, so that the mind can 
conceive the locus, or that it may be sketched without 
going through the details of substituting a series of values, 
as was referred to above. 

To trace a curve from its equation, the following steps 
will be found useful : 

(1.) If it be possible, solve it with respect to one of its 
variables, y for example, and observe whether the curve is 
symmetrical with respect to either axis. 

{2,) Find the points in which the curve cuts the axes, 
also the limits and infinite branches. 

{S.) Find the positions of the asymptotes, if any, and at 
which side of an asymptote the corresponding branches lie. 

(4.) Find the value of the first derivative, and thence 
deduce the maximum and minimum points of the curve, the 
angles at which the curve cuts the axes, and the multiple 
points, if any. 

(5.) Find the value of the second derivative, and thence 
the direction of the curvature of the different branches, and 
the points of inflexion, if any. 

(6.) Determine the existence and nature of the singular 
points by the usual rules. 
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EXAMPLES. 

1. Trace the curve y = ^ » 

When x=:0, y = 0; /. the curve passes through the 
origin. 

For all positive values of a?, y is positive; and when 
a; = 00 , y = 0. For negative values of Xy y is negative, and 
when a; = — 00 , y = ; hence the curve has twp infinite 
branches, one in the first angle and one in the third, and the 
axis of X is an asymptote to both branches. 

rfy _ 1—Q? rf^ _ 2a; (a:^ — 3) 

rfa;"" (1 + 2:2)2^ ^ "~ (1 + a^)8 ' 

When a; = ± 1, -^ = ; .*. there is a maximum ordinate 

at a; = + 1, and a minimum ordinate at a; = — 1, at 
which points y = 1 and — J respectively. 

When a; = 0, -^ = 1 ; .*. the curve cuts the axis of x at 

an angle of 45°. 

Putting the second deriva- 
tive equaJ to 0, we get a; = 
or ± V3. Therefore, there 
are points of inflexion at (0, 0) 
and at a: = 4- \/3 and — V3, 
for which we have y = iV^, 
— iVS. From a; = — V3 
to a: = -|- Vs, the curve is concave towards the axis of a:, 
and beyond them it is convex. 

From this investigation the curve is readily constructed, 
and has the form given in the figure. 

2. Trace the curve y® = 2aa;^ — a;*. 

y z= X* (Jla -- x^ \ 





Fig. 31. 
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dx "" 3p" 



(^ ~ 9icS (2a - a;)i 



When rr = or 2a, y = ; .'. the curve cuts the axis of 
X at the origin and at a; = 2a. 
To find the equation of the asymptote, we have 



y 



= -^(^-¥)*=-^(^-|- )5 



therefore, y = — a? -|- fa is the equation of the asymptote, 
and as the next term of the expression is positive, the curve 
lies above the asymptote. 

Evaluating the first derivative for a; = 0, y = 0, we have 

dy _ ^ax — ^a^ _ 4a — 6a: ^ 
dx "" 3p ■" ^^dy ^ 



Qy 



dx 






(!)' = § = ^'^ ^^'^ ^ = y = 0; 
— y ^= ±^y when 2^ = 0. 



dx 



Hence, at the origin there are 
two branches of the curve tangent 
to the axis of y ; and the value of 

-^ shows that if y be negative as it 

approaches 0, -^ will be imaginary ; 

and hence the origin is a cusp of 
the first species. 

When a; ^ 4a, -^ = ; .*. there is a maximum ordinate 
^ dx 
at a; = fa. 

When a; = 2a, ^ = - ^ = - «>; .'• the curve cuts 
the axis of x, at the point x = 2a, at rigH angles. 
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Fatting the second derivatiye equal to oo, we get x-=z%u 
When X < %a, the second derivative is — , and when > 2a 
it is + ; hence the left branch is everywhere concave down- 
ward, and the right branch is concave downward from a; = 
to a; = 2a. At this last point it cuts the axis of x at right 
angles, and changes its curvature to concave upward; the 
two branches touch the asymptote at a; = + oo and — oo, 
respectively, L e., they have a common asymptote. 

In the figure, OA = 2a, OB = fa, OC = fa. 



3. Trace the curve y = a; ( ) 

\ X ~~ a / 



Let 



x=iO; 
X <ia; 



x = a; 



y is positive. 

y is negative. 
y = 0. 
y is positive. 
y=co. 
When xiB —,y is always negative. 

To find the asymptote, we have 



a; > a < 2a ; 

a; = 2a; 
X > 2a; 



xzzzao; 




Fig. 32. a 



y 



= X 



1 


3a] 


X 


1 


a 


h 


X J 



=4-l)('+i^^^) 



/, a 2a2 \ a2 
= x\l r- — etc. ) =z x^ a 

\ X X^ / X 



eta 



/. y =1 x — a is the equation of the asymptote. 

Hence, take OB = a = OD, and the line BD produced 
is the asymptote; also take OC = 2a. Then, since y = 0, 
both when a; = and x = %ay ^^ c,\xxn^ e^si^s^ ^i^a axis of x 
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# 

at O and 0. Between and B, the curve is above the axis ; 
at B the ordinate is infinite ; from B to C, the curve is 
below; from C to infinity, it. is above OX. Also, if x is 
negative, y is negative ; therefore the branch on the left of 
O is entirely below the axis. 

. di __ gg — 2ga; + 2^ ^ 

' ^?a; "~ (a; — of 

Let x-=ai .% -^ = CO ; and the infinite ordinate at the 
' ax 

distance a to the right of the origin is an asymptote. 

If a; = 0, ^ = 2; if x=:2a, -^ = 2; i.e., the curve 

cuts the axis of x at the origin and the distance 2a to the 
right, at the same angle, tan'^ (2). 

U a^ — 2ax + 2a^ or {x — ay + a^ — q, a: is impossible ; 
hence there is no maximum or minimum ordinate. 

Again, -t5 = — ^^ — 7 — ^=^^-^ — ^ 

^ do^ (x — of 

__ ~2aV 

.'. -7^ is + if a; < a, and is — if rr > a. 

But a; < a, y is + ; and a? > a < 2a, y is — ; and 
a; > 2a, y is + ; therefore, from to B, and B to C, the 
curve is convex, and from C to infinity, it is concave to the 
axis of X, 

K a; be — ,~ = 7 — ; — r^ is +, but y is — : therefore 
aa?^ {x -^ ay ^ 

the branch from the origin to the left is concave to the axis 

of X. (See Hall's Calculus, pp. 182, 183.) 

4. Trace the curve y^ = a^a^. 

The curve passes through the origin ; is symmetrical 
with respect to the axis of x ; has a cuBp of tke first kind at 
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the origin; both branches are tangent to the axis of a; ; are 
convex towards it ; are infinite in the direction of positiye 
abscissas^ and the carve has no asymptote or point of in- 
flexion. 

lis. On Tracing Polar Cnrve&— Write the eqnatioii, 
if possible^ in the form r =f(0) ; give to 6 such values as 
to make r easily founds as for example, 0, Jtt, tt, Jtt, etc. 

Putting -^ = 0, we find the values of 6 for which r is a 

maximum or minimum, i. 6., where the radius vector is 
perpendicular to the curve. 

Find the asymptotes and direction of curvature, and 
points of inflexion. After this there will generally be but 
little difficulty in finding the form of the curve. 

EXAMPLES. 

1. Trace the lituus r = -r* 

When e=zO,r = ao; when (? = 1 (= 57°.3),* rz= ±a; 
when ez=z2 (= 114°.6), r = ± .7a ; when ^ = 3, r = 
± .58a, etc. ; when ^ = oo , r = 0. 

dv T^ dv 

3^ = — ^r-5, and when -=- = 0, r = 0; hence, r and 6 

dO 2a^ do ' 

are decreasing functions of each other throughout all their 

values;! and the curve starts from infinity, when ^ = 0, 

and makes an infinite number of revolutions around the 

pole, cutting every radius- vector at an oblique angle, and 

reaching the pole only when ^ = oo . 

The subtangent r^^-= = 0, when r = oo; hence 

ar T 

the initial line is an asymptote (Art 105). 

.— — . 

* The unit angle is that whose arc is equal to the radioSf and is about 67*^39678. 
t If we consider alone the branch generated by the positive radius-vector. 
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$ = g^ (^ - ^) (gee ,^, 107, Ex. 3) ; hence there is 

dr (4«* + r*)* 
a point of inflexion at r = a V^ ; from r = to r = oa/^ 
the curve is concave toward the pole, and from r = ay/'Z to 
r = 00 it is convex. 

2. Trace the curve r = a sin 3d. 

r = 0, when = 0, 60^ 120^ 180°, 240^ and 300^ 
When d = 27r, or upwards, ttie same series of values recur. 

If = 30% 90% 150% 210°, 270% and 330% r^a.^-^a, 
a, — a, a, and — a, successively. 

— = 3a cos 30, showing that r begins at when = 0, 

increases till it is a when d = 30°, diminishes to as 
passes from 30° to 60°, continues to diminish and becomes 
— a when becomes 90°, and so on. 

dp 18aV— 8/^ 1.11. J.1- X 

-4- = i> which shows that 

dr (9«2 _ 8r2)* 

the curve is always concave towards the 
pole. There is no asymptote, as r is 
never oo , 

Hence the curve consists of three _. ,^ 

equal loops arranged symmetrically 
around the pole, each loop being traced twice in each revo- 
lution of r. A little consideration will show that the form 
of the curve is that given in the figure. (See Gregory^s 
Examples, p. 185 ; also Price's Calculus, Vol. I, p. 427.) 




3. Trace the Chordel r = a cosec 



(-1 



If = 0, TiTTy 2mr, 37^7^, 4?^7^, Swtt, etc., successively, 
?• =: 00 , a, 00 , — o, — 00 , a, etc. 

dr a 6 e a ,0/ 0\ 

^=-.^cosec-cot- = ^cosec^^(-cos^), 

which is negative from = to = nTr, positive from 
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6 = 717T to = 3nn, negative from d = 3nn to ^ = bmr, etc 
Hence we see that r begins at oo when = ; diminishes 
till it becomes a when 6 =z nn; increases as 6 passes from 
nn to 2n7T ; becomes oo when 6 = 2nn; when 6 passes 2w7r, 
r changes from -|- oo to — oo ; when 6 increases from 2im 
to 3;iTr, r increases from — oo to — a; when 6 increases 
from 3w7r to 4:nn, r diminishes from — a to — oo ; when 
passes 4/i7r, r changes from — oo to + oo . When in- 
creases beyond 47r, the same values of r recur, showing that 
the curve is complete. 




Fig. 34. 
d 



dr a 9 

-^ = TT- cosec^ t:— 
do 2n 2n 



I — cos ^ j = gives 6 = wtt, Snn, 

bmr, etc. ; i. e,, the radius- vector is a minimum at ^ = mr, 
3/^7^, 6nn, etc. 

The subtangent = r^-^ = — 



d 



cos 



2n 



= — 2na when ^ = ; 
and = 4- 2na when ^ = 27in ; 
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therefore the curve has two asymptotes parallel to the initial 
line, at the distances ± 2na from the pole. 

r^ %anr 

P = 



/. the curve is always concave towards the pole. 

Thus it appears that while B is increasing from to 2/iTr, 
the positive end of the radius-vector traces the branch 
drawn in Fig. 34 ; and while B increases from ^mr to 47j7r, 
the negative end of the radius-vector traces a second branch 
(not drawn), the two branches being symmetrical with 
respect to the vertical line through the pole 0. 

EXAMPLES. 

1. Find the direction of curvature of the Witch of Agnesi 

a^y = 4a2 (2a — y). 

The curve is concave downward for all values of y between 
2flr and fa, and convex for all values of y between fa and 0. 

2. Find the direction of curvature of y = J + (a; — a)K 

Convex towards the axis of x from a; > a to a; = qo ; and 
from a; = a — J^to a;=:— oo; concave towards the axis 

of X from a?<a to a; = a — ji. 

3. Examine y = (a — x)^ -|- ax for points of inflexion. 

There is a point of inflexion at a; = a. 

4. Examine y = x + 36a:2 _ ga;^ — a:* for points of in- 
flexion. Points of inflexion at a; = 2, a; = — 3. 
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5. Find the co-ordinates of the point of inflexion of the 
curve 



.= ±-^-_; y = A^ 



ae^ 



6. Examine r = ^^ .. lor points of inflexion. 
Here d^_ ^r(T^ ^^ 

There are points of inflexion at r = |« and r = fa. 

7. Examine y^ z=i(x-- Xfx for multiple points. 

There is a multiple point at rr = 1. 

8. Examine y^ = — \ ^ ^^"^ multiple points. 

There is a multiple point at the origin, and the curve is 
composed of two loops, one on the right and the other on 
the left of the origin, the tangents bisecting the angles be- 
tween the axes of co-ordinates. 

9. Show that aj* + x^y^ — G^a^^^ + c^%^ = has a multiple 
point of the second kind at the origin. 

10. Show that y = a+rc + &c2_j_^| has a cusp of the 
second kind at the point (0, a), and that the equation of the 
tangent at the cusp is ^ = a; + a, 

11. Show that ^ = aic2 _|_ /^s has a cusp of the first kind 
at the origin. 

12. Show that ay^ — t? -\- fe^ = has a conjugate point 
at the origin, and a point of inflexion at x-=z-~* 

o 
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13. Trace the curre y^ = (fi — a^. 

The curve cuts the axes at (a, 0) and (0, a). 
It has an asymptote which passes through the origin. 
The points where the curve cuts the axes are points of 
mflexion. 

14. Trace the curve y = «^±V^ sin X 

For every positive value of x there are 
two values of y, and therefore two 
points, except when sin a; = 0, in which 
case the two points reduce to one. 
These points form a series of loops like pig. 35. 

the links of a chain, and have for a 
diametral curve the parabola y = ax% from which, when x 
is positive, the loops recede and approach, meeting the 
parabola whenever ic = or tt, or any multiple of tt. But 
when X is negative, y is imaginary except when sin a: = 0, 
in which case y = aa?, so that on the negative side there is 
an infinite number of conjugate points, each one on the 
parabola opposite a double point of the curve. (See De 
Morgan's CaL, p. 382 ; also, Price's Cal., VoL I, p. 396.) 




T 
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CHAPTER XI. 

RADIUS OF CURVATURE, EVOLUTES AND INVO- 
LUTES, ENVELOPES. 

116. Curvature.— 7%^ curvature of a curve is its rate 
of deviation from a tangent, and is measured by the external 
angle between the tangents at the extremities of an indefi- 
nitely small arc ; that is, by the angle between any infini- 
tesimal element and the prolongation of the preceding 
element. This angle is called the angle of contingence of 
the arc. Of two curves, that which departs most rapidly 
from its tangent has the greatest curvature. In the same 
or in equal circles, the curvature is the same at every 
point ; but in unequal circles, the greater the radius the 
less the curvature ; that is, in different circles the curvature 
varies inversely as their radii. 

Whatever be the curvature at 
any point of a plane curve, it is 
clear that a circle may be found 
which has the same curvature as 
the curve at the given point, and 
this circle can be placed tangent 
to the curve at that point, with 
its radius coinciding in direction 
with the normal to the curve at 

the same point. This circle is called the osculating circle, 
or the circle of curvature of that point of the curve. The 
radius of curvature is the radius of the osculating circle. 
The centre of curvature is the centre of the osculating circle. 

For example, let ABA'B' be an ellipse. If different 
circles be passed through B mtloi tTaeii e-^xAjt^^ q>xl BB\ it is 




Fig. 36. 
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clear that they will coincide with the ellipse in very differ- 
ent degrees, some falling within and others without Now, 
that one which coincides with the ellipse the most nearly 
of all of them, as in this case MN, is the osculating circle 
of the ellipse at B, and is entirely exterior to the ellipse. 
The osculating circle at A or A', is entirely within the 
ellipse ; while at any other point, as P, it cuts the ellipse, 
as will be shown hereafter. 

117. Order of Contact of 
Cnryes. — Let y =f{x) and y 
= (t>(x) be the equations of the 
two curves, AB and aJ, referred to 
the axes OX and OY. Giving to 
X an infinitesimal increment A, and 
expanding by Taylor's theorem, we 
have, 

y,=f{x + h)=f{x)+ f {x) h + f" {X) I 
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Fig. 37. 





+ /'" (^) 2^ + etc. (1) 



y, = <p{x + h)=(l>{x) + <p'{x) h + 0" {x) - 

+ r {X) ^3 + etc. (2) 

Now if, when x •= a =z OM, we have f{a) =0 (a), the 
two curves intersect at P, i, e,y have one point in common. 
If in addition we have /' {a) = 0' (a), the curves have a 
common tangent at P, i, e., have two consecutive points in 
common ; in this case they are said to have a contact of the 
first order. If also we have, not only/ (a) = (a) and/' (a) 
= <t>' (a), but/'' (a) = <l>'' (a) ; i. e., in passing along one of 

the curves to the next consecutive point, -t4 (t. e., the curva- 

tnre), remains the same in both curves, aiiA. \Jcife \>kS^ ^\s^ 
10 
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is also a point of the second curve ; z. e., the curves hai 
three consecutive points in common ; in this case the ci 
are said to have a contact of the second order. K f{a)\ 

= ^ (a), /' (a) = 0' (a), f (a) = ^ («), /'" («) = «'" («W 
the contact is of the third order, and so on. It is plain 
that the higher the order of contact, the more nearly dql 
the curves agree; if every term in (1) is equal to the cor- 
responding term in (2), then yi = y%, and the two curveB 
become coincident. 

118. The Order of Contact depends on the ni 
ber of Arbitrary Constants. — In order that a curve mi 
have contact of the n^ order with a given curve, it follows 
from Art. 117 that w + 1 equations must be satisfied. 
Hence, if the equation to a species of curve contains w + 1 
constants, we may by giving suitable values to those con- 
stants, find the particular curve of the species that has 
contact of the n^ order with a given curve at a given point 
For example, the general equation of the right line has two 
constants, and hence two conditions can be formed, / (x) 
= (p (x) and/' (x) = 0' (x), from which the values of the 
constants may be determined so as to find the particular 
right line which has contact of thefii^st order with a given 
curve at a given point. I7i general, the right line cannot 
have contact of a higher order than the first. 

Contact of the second order requires three conditions, 
f(x) = (x), f {x) = 0' (x), and f (x) = 0" {x), and 
hence in order that a curve may have contact of the second 
order with a given curve, its equation must contain three 
constants, and so on. The general equation of the circle 
has three constants ; hence, at any point of a curve a circle 
may be found which has contact of the second order with 
the curve at that point ; this circle is called the osculating 
circle or circle of curvature of that point ; in general, 
the circle cannot have contact of a higher order than 
the second. The parabola cau \ia's^ Q,QrcL\afc\. ^1 ^^<^ 
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P^iird order, and the ellipse and hyperbola of the 
lurth. 
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In this discussion we have assumed that the given curve is of such 
.ture as to allow of any order of contact. Of course the order of 
^ contact is limited as much by one of the carves as by the other. For 
example, if the given curve were a right line and the other a circle, 
fhe contact could not in general be above the first order, although the 
■^ drcle may have a contact of the second order with curves whose 
•qoations have at least three constants. Also, we have used the 
phrase in general, since exceptions occur at particular points, some of 
which will be noticed hereafter. 

>. To find the radius of curvature of a given 
^eiirve at a given point, and the co-ordinates of the 
centre of curvature. 

> Let the equation of the given curve be 

y = / (^), (1) 

. and that of the required circle be 

I ^x' — mf + (/ — ^^)2 = r2 ; . (2) 

r it is required to determine the values of m, w, and r. 

Since (2) has three arbitrary constants, we may impose 
three conditions, and determine the values of these con- 
stants that fulfil them, and the contact will be of the 
second order (Art. 118). 

From (2), by differentiating twice, we have, 

a;'_m+(y'-w)^! = 0; (3) 

l + S.V(y'-«)S = 0. (4) 



d7^^ ' ^^ ^ d7l^ 

If (2) is the circle of curvature at the point (a;, ^) of (1), 
we must have, 

x' = x, y' = y; 

^y _ ^y ^^y' __ ^y 
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Substituting these values in (2), (3), and (4), we have, 

{x — my + (y — w)2 = r* ; 







i + ^-*-(y-«)^ = «- 



efa8 



1 + 



Therefore, 



y — n = — 






x^m 



{ 



1 + 



df\dy 
dx^) dx 



By (5), (8), and (9), we have 



r = ± 



From (9) and (8) we have 



m =: X 



( 



da^ 



1 + ^T 






( 



1 + 



da?) dx 



1 + 



» = y + 



dy^ 
d^ 



da? 



(5) 
(6) 



(8) 



(9) 



(10) 



(11) 



.^ 



(12) 



120. Second Method. — Let ds denote an infinitely 
small element of a curve at a point, and ^ the angle which 
the tangent at this point makes with the axis of x. Imagine 
two normals to be drawn at the extremities of this elemen- 
tary arc, i. e., at two consecutive 2)oints of the curve ; these 
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normals will generally meet at a finite distance. Let r be 
the distance from the curve to the point of intersection of 
these consecutive normals. Then the angle included be- 
tween these consecutive normals is equal to the correspond- 
ing angle of contingence (Art. 116), i. e,y equal to d(t>. Since 
d(t> is the arc between the two normals at the unif s distance 
of the point of intersection, we have 

(fe = r#, or r = ~ (1) 

Now this value of r evidently represents the radius of the 
circle, which has the same curvature as that of the given 
curve at the given point, and hence is the radius of curva- 
ture for the given point, while the centre of curvature may 
be defined as the point of intersection of two consecutive 
normals. 

To find the value of r, we have (Art. 56a), 

dx _^_^______ 

and hence ^ = -r-^ ; also, ds = Vdx^ + dy\ 

Substituting in (1), we have 



K.^ 



dx' 
which is the same as (10) of Art. 119. 

• As the expression (1 + -^A has always two values^ the 

one positive and the other negative, while the curve can 
generally have only one definite circle of curvature at nny 
powt, it will bo necessary to agree upon \\\\\vi\\ ^v^m\^\m V^i 
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taken. We shall adopt the positiye sign, and regard r as 
positive when the second derivatiye is positiye, ue.y when 
the carve is convex downwards. (Usage is not uniform on 
this point. See Price's Calcnlus, Vol. I, p. 435. Todhun- 
ter's CalculnSy p. 339, etc.) 

^ I 121. To Find the Radius of Ciinratiire in Temis 
of Polar Co-ordinates. 

We may obtain this by transforming (2) of Art 120 to 
polar co-ordinates, from which we find 






where N' is the normal See Art. 102, Eq. 9. [See (2) of 
Ex. 4, Art. 90.] 

122. At a Point where the Radius of Cnrvatnre 
is a Maximum or a Minimum, the Circle of Curva- 
ture has Contact of the Third Order with the Curve. 

Since r is to be a maximum or a minimum, we must 

have -r- = 0. 
dx 

Differentiating (2) of Art. 120 with respect to a:, we have 
dr 2\ dj^/ dx\dx^f da?\ d^r 

Tx = ^^^ ■■ = ""' 



2 




^dy/(^\ 



d^y _ dx\da^l ^.. 

*' dx^ ~~ dy^ 
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Differentiating (8) of Art. 119, we liave 

^ _ dx\dofi) 

'^ dx^ 

Hence the third derivative at a point of maximnm or 
minimum curvature is the same as it is in the circle of 
curvature, and therefore the contact at this point is of the 
third order (Art. 117). 

Cor. — The contact of the oscillating circles at the 
vertices of the conic sections is closer than at other 
points. iL 

123. Contact of DifEerent Orders.— Let y =f{x) 
and y = (a;) represent two curves, and let a;, be the ab- 
scissa of a point of their intersection ; then we have 

Substituting Xi±h for ic, in both equations, and sup- 
posing j/i and t/i the corresponding ordinates of the two 
curves, we have 

y. =f{x.± h) = f(x,) +/' (a:.) ( ± h) +f" (x,) ^^'^ 

y,=<l,(x,±h)=<f> (x.) + «' (a;,) {±h) + tj," {x,) i^^ 

+ <!>'" {^) ^-^^ + etc. (2) 

Subtracting (2) from (1), we get, for the difference of 
their ordinates, corresponding to Xi ± h, 

y. - y. = [/'{^^)-t>'{^^)] (±A) + [f"{^^) - n^^n ^' 



\ 
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Now if these curves have contact of the first order, the 
first term of (3) reduces to zero (Art. 117). If they have 
contact of the second order, the first two terms reduce to 
zero. If they have contact of the third order, the first three 
terms reduce to zero, and so on. Hence, when the order of 
contact is oddy the first term of (3) that does not reduce to 
zero must contain an even power of ± ^, and y, — y^ does 
not change sign with A, and therefore the curves do not 
intersect, the one lying entirely above the other ; but when 
the order of contact is even, the first term of (3) that does 
not reduce to zero must contain an odd power of ± h, and 
yt — y* changes sign with A, and therefore the curves inter- 
sect, the one lying alternately above and below the other. 

Cor. 1. — At a point of inflexion of a curve, the second 
derivative equals ; also, the second derivative of any point 
of a right line equals 0. Hence, at a point of inflexion, 
a rectilinear tangent to a curve has contact of the 
^second order, and therefore intersects the curve. 

CoR. 2. — Since the circle of curvature has a contact of 
the second order with a curve, it follows that the circle of 
curvature, in general, cuts the curve as well as 
touches it, 

CoR. 3. — At the points of maximum and minimum curva- 
ture, as for example at any of the four vertices of an ellipse, 
the osculating circle does not cut the curve at its point of 
contact. 

EXAMPLES. 

1, Find the radius of curvature of an ellipse, 

a2 + ^2 - •^• 
jj dy _ Wx dy^ __ ^fj^b^ofi 
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(i + m 



,. (Art. 120), r^^—^ 



= ^M — - (neglecting the sign). 



At the extremity of the major axis, 

' ^ a 



c? 



At the extremity of the minor axis, 

ic = 0, y = J, /. ^ = ^ 

2. Find the radius of curvature of the common parabola^ 

y^ = 2px. 

Here ^=^ ^^_^. 

dx y* da^ y^^ 

__ {y^ ■\-p^)^ __ (normal)^ 

"" p3 "" ^2 

At the vertex, y = ; .-. r =: p. 

3. Find the radius of curvature of the cycloid 

X z=i r vers~^ - — ^/'^ry — y^, 

T 

— dx y ^ . dy'^ 2r 

Here ^ = ,. "^ - ; .-. 1 + -f^ = — ; 

^y V2ry — f ^^^ y 

which e^aafe ^wice the normal (Art. 101,^^. ^V 
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4. Find the radius of curvature of the parabola whose 
latus-rectum is 9, at a? = 3, and the co-ordinates of the 
centre of curvature, r = 16.04; m = 13^, n=z — 6.91. 

5. Find the radius of curvature of the ellipse whose axes 
are 8 and 4, at a? = 2, and the co-ordinates of the centre of 
curvature. r = 5.86 ; m = .38, w = — 3.9. 

6. Find the radius of curvature of the logarithmic spiral 



r = a*. 



dr 
do 



= a^ log a ; 



dm 



= a*log2 a] 



7*2 + 2r2 log2 a — 1^ log2 a ^ ° ' 

(See Ex. 2, Art. 102.) 

7. Find the radius of curvature of the spiral of Archi- 

8. Find the radius of curvature of the hyperbolic spiral, 

^ r (a2 + r2)t 
K = r • 



modes, r = a0. 



B = 



r0 = a. 



a 



3 



124. Evolutes and Involutes. — The curve which is 
the locus of the centres of all the osculating circles of a 
given curve, is called the evolute of that curve ; the latter 
curve is called the involute of the former. 

Let Pi, Pa, P3, etc., represent a series of m-S-^*? 
consecutive points on the curve MN", and 
Ci, Cs, C3, etc., the corresponding centres 
of curvature ; then the curve Ci, Cg, C3, 
etc., is the evolute of MN", and MN is the 
involute of Ci, C2, C3, etc. Also, since the 
lines CiPi, C2P2, etc., are normals to the 
involute at the consecutive points, the 
points Ci, Ca, C3, etc., may \)ete^ax^^^ ^ ^^ Fi^38» 




V 



EQUATION OF THE EVOLUTE. 227 

consecutive ^points of the evolute ; and since each of the 
normals PiC„ P2C2, etc., passes through two consecutive 
points on the evolute, they are tangents to it. 

Let r„ rg, r^, etc., denote the lengths of the radii of 
curvature at Pi, Pg, Ps, etc., and we have, 

7*8 — Ti = PgCj — PiOi = PjCs — PjiCi = C1C2 5 

also n — n = P3C3 — PjC, = PjCa - PsOj = C2C3 ; 

and r^ — 7*3 = C3C4, and so on to r, ; 

hence by addition we have, 

r, - n = CCg + C2C3 -f . . • , a_,C,. 

This result holds when the number n is increased indefi- 
nitely, and we infer that the length of any arc of the 
evolute is equal, in general, to the difference between 
the radii of curvature at its extremities. 

It is evident that the involute may be generated fi'om its 
evolute by winding a string round the evolute, holding it 
tight, and then unwinding it, each point in the string 
will describe a different involute. It is from this property 
that the names evolute and involute are given. While a 
curve can only have one evolute, it can have an infinite 
number of involutes. 

The involutes described by two different points in th^ 
moving string, are said to he parallel; each curve being got 
from the other by cutting off a constant length on its- 
normal, measured from the involute. (Williampop^s Dif- 
ferential Calculus, p. 295.) 

125. To find the Equation of the Evolute of a 
Given Curve. — The co-ordinates of the centre of cuiTa- 
ture are the co-ordinates of the evolute (Art. 124). Hence, 
if we combine (11) and (12) of Art. 119 with the equation 
of the curve, and eliminate x and i/, there will result an. 
equation expressing a relation, betweeii m «ciA u, ^<^ ^'^-^v 
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dinates of the required evolute, which is therefore the 
required equation ; the method can be best illustrated by 
examples. 

The eliminations are often quite diflScult ; the following 
are comparatively simple examples. 



EXAMPLES. 

1, Find the equation of the evolute of the parabola, 

f = ^px. (1) 

Here ^=^; ^ = -^. 
dx y dx^ y^ 

Substituting in (11) and (12) of Art. 
119, we have, 

m =ix + y^-^ .^.^ = Sx + p; 

y^ y f 

m — p 



X 



3 



n = y — 



yl J^pi yZ __ yS^ 




Fig. 39. 



y 



f 



P 



2» 



y = — ^8/i». 



And these values of x and y in (1) give, 

Q 



(2) 



which is the equation required, and is called the semi-cubical 
parabola. Tracing the curve, we find its form as given in 
Fig. 39, where AO = p. 

If we transfer the origin from O to A, (2) becomes 
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2. Find the length of the evolute AQ', Kg, 39, in terms 
of the co-ordinates of its extremities. 

Let ON = a;, NQ = y ; ON' = «i, N'Q' = n. 
Then by Art 123, Ex. 2, we have, 

^ _ (y' + ;^)* 

Therefore, by Art. 124, we have. 
Length of AQ' = Q'Q -• AO = ^ tf^^ -P 
= {n^ + pi^ — ^. (Since ^ = p^n^, by Ex. 1.) 

3. Find the equation of the evolute of the cycloid, 



z 



= r vers"^ - — V2ry — ^. 



(1) 



• U 



Here 






y (tx^ y 

.-. m = a; + 2 V2ry — y^ and n = 

or a: = m — 2 V— 2r/j — /i^ and y 

which, in the equation of the cycloid, gives 

m=r vers~^| — ; 1 + V —^rn—n%{^) 

which is the equation of a cycloid 
equal to the given cycloid; the 
origin being at the highest point. 
This will appear by transforming 

X z=.*r versin"^ - + ^/%ry—y^j (3) 



-y; 



-w; 




Fig. 40. 



* Yersin'^ ^ to not refltrfeted to first quadnnt 
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(which gives points between 0' and X), to parallel axes 
through 0'. 

Denoting by m and n the new co-ordinates, the formula 
lor transforming from to 0' are 

a; = 7rr + m, y =: 2r + n; 

which in (3) gives 

irr + m z= r vers~M2 + -) + V2r{2r+n)—{2r-\-n)^ 
= r vers"* 2 + r vers"* ( ) + V— 2rn — n^; 

.% VI = r vers""* ( ) + V— 2rn -— n^ ; (4) 

which is the same as equation (2). Hence we see that the 
equation of the evolute, OA (2), is the same as that of the 
cycloid, O'X (4). That is, the evolute of a cycloid is an 
equal cydaid.* 

126. A Normal to an Involute is Tangent to the 
Evolute. — ^This was shown geoinetrically in Art. 124. It 
may also be shown as follows : 

Let {Xy y) be any point P of the involute (Fig. 40), from 
which the normal PQ is drawn, and let (/w, n) be the point 
Q on the evolute through which the normal passes. 

The equation of PQ is 

y-7i= -^(a:-w); (1) 

or a; — wiH- ^ (y ~ w) = 0. (2) 

Now when we pass from a point P to a consecutive 
point on the involute, Q also will change to a consecutive 



This property "wae flret d\ftCONeT^"Vi^ ^tsj^ctls,. 
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point of the evolute, therefore we differentiate (2) with 
respect to Xy regarding Xy y, m, n, as variables, and get 

^ dm ^ cPy . V . diV^ dy dn ^ ,«. 

Bat, since (m, n) is the centre of curvature corresponding 
to P, we have, by (8) of Art 119, 

which in (3) gives 

dm dy dn ^ dx _ dn ^ 

dx dxdx ^ dy "^ dm' 

and this in (1) gives 

J' - ^ = ^ (a^ - ^^) ; (4) 

therefore (1) or (4), which is the equation of a normal to 
the involute at P (x, y), is also the equation of a tangent to 
t^ evolute at Q '{my n), 

^^>--i27. Envelopes of Curves. — Let us suppose that in 
the equation of any plane curve of the form 

f{Xy y, a) = 0, (1) 

we assign to the arbitrary constant a, a series of different 
values, then for each value of a we get a distinct curve, 
different from any of the others in form and position, and 
(1) may be regarded as representing an indefinite number 
of curves, each of which is determined when the correspond- 
ing value of a is known, and varies as a varies. 

The quantity a is called a variable parameter, the name 
being applied to a quantity which is constant for any one 
curve of a series, but varies in changing from one curve to 
another, and the equation f{x, y, a) = 0, is said to repre- 
sent 9, family of curves. 

If we suppose a to change coutVtm.ovv^'^ ^ \. ^^^"^ 
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infinitesimal increments, the curves of the series represented 
by (1) will differ in position by infinitesimal amounts ; and 
any two adjacent curves of the series will, in general, inter- 
• sect; the intersections of these curves are points in the 
envelope. Hence an envelope may be defined as the locus 
of the intersection of consecutive curves of a series* 

It can be easily seen that the envelope is tangent to each 
of the intersecting curves of the series ; for, if we consider 
four consecutive curves, and suppose Pi to be the point of 
intersection of the first and second, P, that of the second 
and third, and Pg that of the third and fourth, the line 
P, Pg joins two infinitely near points on the envelope and 
on the second of the four curves, and hence is a tangent 
both to the envelope and the second curve ; in the same 
way it may be shown that the line PjPj is a tangent to the 
V envelope and the third consecutive curve, and so on. 

,^ ;> ! 128. To Find the Equation of the Envelope of a 
V ! ' given Series of Curves. 

Let f{x, y, a) = 0, (1) 

f{x, y, a-{-da) = 0, (2) 

be the equations of two consecutive curves of the series; 
then the co-ordinates of the points of intersection of (1) and 
(2) will satisfy both (1) and (2), and therefore also will 
satisfy the equation 

df{x, y, a) . ,„. 

da = ^' <^) 

and therefore the points of intersection of two infinitely 
near curves of the series satisfy each of the equations (1) 
and (3). Hence, to find the equation of the envelope, we 
eliminate a between (1) and (3), i. e,, we eliminate the varia- 
blo parameter between the equation of the locus and its first 
differential equation. 
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fit 

1. Find the envelope of y = oa: H — , when a varies. 

Differentiatiug with respect to a, x^ and yy being constant, 
we have 






•'• y = ± [Vwia; + VmS] or y® = Anxx, 
which is the equation of a parabola. 

2. A right line of given length 
slides down between two rectangular 
axes ; to find the envelope of the line 
in all positions. 

Let c be the length of the line, a 
and b the intercepts OA and OB; 
then the equation of the line Is 






(1) 




Fi&. 41. 



in which the variable parameters a and b are connected by 
the equation 

a2 + Z>2 = c2. (2) 

Differentiating (1) and (2), regarding a and b as varia- 
ble, we have 



dU'-^db z=z 0, or . ^da = ~^db. 

a* (r a* (r 

ada + bdb = 0, or — ada = bdb. 
Dividing (3) by (4), we have 



(3) 
(4) 






X y X y 

a ^ b __ a ^__1 



A a = (a;(^)i and h = {y&)^^ 
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which in (2) gives 



= ^; 



x^ + yi =. 



cy 



which is the equation required. 
The form of the locus is given in 
Fig. 42^ and is called a hypo-cydoidf 
which is a curve generated by a 
point in the circumference of a 
circle as it rolls on the concave 
arc of a fixed circle. 




Fig. 42. 



3. Find the envelope of a series of ellipses whose axes are 
coincident in direction, their product being constant 



Here 
Let 



a2 "^ P "~ ^* 

-^da + f-.^J = 0, or -^da = — j-.dl. 
a^ ¥ or Ir 

da db ^ da db 

h -T- = 0, or — = ^• 

a b a b 



Dividing (3) by (4), we have 



(1) 

(2) 
(3) 

(4) 



a? _y^ 



a* 



6« 



i, by snbstitating in (1). 



.'. from (2), 



and h—± ys/^'. 



<^y=±^> 



which is the equation of an hyperbola referred to its asymp- 
totes as axes. 

This example may also be solved as follows : Eliminating 
I from (1) and (2), we have 









BXAUPLSS. 






k 








in which 


we 


have only the variable parameter 


a. 




• • 




+ «^-0; .-. a»- 


ex 

y' 


which in 


(5) 


gives 







235 



(5) 



(6) 



-f + -f = 1; ••• o^y = ic. 

4. Find the envelope of the right lines whose general 
equation is 

y = mx+ {ahn^ + fi2)i, (1) 

where m is the yariable parameter. 

We find m = 



which in (1) gives - + C = 1 for the required envelope. 

Hence the envelope of (1) is an ellipse, as we might have 
inferred, since (1) is a tangent to an ellipse. (See Anal. 
Geom., Art. 74.) I 
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r 



1. Find the radius of curvature of the logarithmic cuitc 

X = log y. __ (yy^2 + y2)f 

2. Find the radius of curvature of the cubical parabola 
y^^akc. _ (9y4 4. ^4)1 

3. Find the radius of curvature of the curve 

y=a:« — a? + l 
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where it cuts the axis of y, and also at the point of mini 
mum ordinate. • 

At the first point, r = — | ; at the second, r = J. 

4. Find the radius of curvature of the curve 

[y* + (4a: + ^f]^ 



r = 



• ]/ 



5. Find the imlius of curvature of the rectangular hyper- 
bola Xy =:m\ /^2 ^ y2\i 

^^l ^* 6. Find the radius of curvature of the Lemniscate of 
Bernouilli r^ = a^ cos 20. ^y «^ 

7. Find the equation of the evolute of the ellipse 

aY + ihy^ =z aW. 

(am)t H- (*w)* = (c? - W)\ 

8. Find the equation of the evolute of the hyperbola 

ay — ^^a:^ = — c^i^- 

9. Prove that, in Fig. 39, OM = 40A = 4^, and MP 

10. Find the length of the evolute AP' in Fig. 39. 

Ann. (3* — !);?. 

11. Find the length of the evolute of the ellipse. (See 

Art. 123, Ex. 1, and Art. 124.) , , a^ — ^ 

Ans. 4 J — 

ah 

12. Find the length of the cycloidal arc OO'X, Fig. 40. 

Ans, Sr. 

13. Find the envelope of the series of parabolas whose 
equation is y^ = m {x — qh), m being the variable parameter. 
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14. Find uhe envelope of the series of parabolas expressed 

1 4- a^ 
by the equation y=.ax ^ — ^^ where a is the variable 

parameter. 

The result is a parabola whose equation is 

TMs is the equation of the curve touched by the parabolas de- 
scribed by projectiles discharged from a given point with a constant 
velocity, but at different incliuations to the horizon. The problem 
was the first of the kind proposed, and was solved by John Bemouilli, 
but not by any general method. 

15. Find the envelope of the hypothenuse of a right- 
angled triangle of constant area e?. __ c 

Si 

16. One angle of a triangle is fixed in position, find the 
envelope of the opposite side when the area is constant = c. 

17. Find the envelope of a; cos a + y sin a = ;?, in 
which « is the variable parameter. o? -\- y^ -=. p^, 

18. Find the envelope of the consecutive normals to the 
parabola y^ = 2px. 

Ans, 'f = rrp {x — j3)^, which is the same as was found 

for the evolute in Ex. 1, Art. 125, as it clearly should be. 
(See Art. 124.) 

19. Find the envelope of the consecutive normals to the 
ellipse a^y^ + IM = a^P, 

A 718. {ax)^ + {by)^ = {a^ — ¥)^, which is the same as 
was found in (7) for the evolute of the ellipse. 
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CHAPTER I. 

ELEMENTARY FORMS OF INTEGRATION. 

129. Definitions. — The Integral Calculus is the inverse 
of the Differential Calculus, its object being to find the 
relations between finite values of variables from given 
relations between the infinitesimal elements of those vari- 
ables ; or, it may be defined as the process of finding the 
function from which any given differential may have been 
obtained. The function which being differentiated pro- 
duces the given differential, is called the integral of the 
differential. The process by which we obtain the integral 
function from its differential is called integration. 

The primary problem of the Integral Calculus is to effect 
the summation of a certain infinite series of infinitesimals, 
and hence the letter S was placed before the differential to 
show that its sum was to be taken. This was elongated 

into the symbol / (a long 8), which is the sign of integror 

Hon, and when placed before a differential, denotes that its 

integral is to be taken. Thus, j^Mx^ which is read, " the 

integral of ^oi^dx,^^ denotes that the integral of ^oc^dx is to 
be taken. The signs of integratvoTi axi^ ^^Sfex^Ti^aa5c^<^s^ ^sa 
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inTerse operations, and when placed before a quantity, 
neutralize each other. Thus, 

/ d {ax) = ax, 
and d I axdx = axdx. 

130. Elementary Rules for Integration. — In the ele- 
mentary forms of integration, the rules and methods are 
obtained by reversing the corresponding rules for differ- 
entiation. When a differential is given for integration, if 
we cannot see by inspection what function, being differ- 
entiated, produces it, or if it cannot he integrated by known 
rules, we proceed to transform the differential into an 
equivalent expression of known form, whose integral we 
can see by inspectiony or can obtain by known rtdes. In 
every case, a sufiScient reason that one function is the 
integral of another is that the former, being differentiated, 
gives the latter.^ 

(i.) Since 

d{v + y — z) =z dv + dy — dz; (Art. 14.) 

/ {dv + dy ^dz) = ld{v + y — z)=:v-i-y — z 

= I dv + I dy — I dz. 

Hence, the integral of the algebraic sum of any 
number of differentials is equal to the algebraic sum 
of their integrals. 

(^.) Since 

d{ax ±b) = adx ; (Art. 15.) 



• While there is no quantity whose differential cannot be found, there \» a large 
dase of diflbrentialB whose integrals cannot be obtained ; either because there is no 
qnantlty which, being diiTercntiated, will giye them^ oi ^M&caxx^^ \Xi<& xsk&^o^ Vst 
tbelr integnUioD baa not yet been found. 
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I adx = I d {ax + b) =z ax ±b 

:= a I dx ±b. 

Hence, a constant factor can he moved frorrb one 
side of the integral sign to the other without affect- 
ing the value of the integral. Also, since constant 
terms, connected by the sign ±, disappear in differentia- 
tion, therefore in returning from the differential to the 
integral, an arbitrary constant, as C, must be added, whose 
value must be determined afterwards by the data of the 
problem, as will be explained hereafter. 

(3.) Since 

^ - [/(^)]" = « [/(^)]""* ^/(^) ; (Arts. 15 and 19.) 

••• fa [/(a;)]-! df{x) = fdl [/(a:)]- = | [/(a;)]- + o. 

Hence, whenever a differential is the product of 
three factors, viz, a constant factor, a variable factor 
with any exponent except — 1, and a differential 
factor which is the differential of the variable fax^tor 
without its exponent^ its integral is the product of 
the constant factor by the variable factor with Us 
exponent increased by 1, divided by the new ex- 
ponent.* 

It will be seen that the rule fails when 7^ = — 1, since 
if we divide by 1 — 1 = 0, the result will be oo . 

(4.) Since d {a log x) = ; (Art 20, Cor.) 

X 

I = I d{a log x) =z a log x. 



* The arbitrary conBtant is not mentioned since its addition is always ^nde^ 
Btood, and in tlie following tIltegTa\a^l7JVJ\^iftOTD:\^X^^^^^.<i»5l^^aya bo supplied 
when necessary. 



EXAMPLES. 241 

Hence, whenever a differential is a fraction whose 
numerator is the product of a constant by the differ- 
ential of the denominator, its integral is the product 
of the constant by the J^aperian logarithm^ of the 
denominator. 

EXAMPLES. 

1. To integrate dy = ao^dx. 

y =- J aMx =. J a- ^ ' dx ^=. —• [by (^)]. 

2. To integrate ^y = (a + ba^Yx^dx. 

The differential of the quantity within the parenthesis 
being ISaj^e^o;, we write 

y = f^{a + 5^y U^dx = ^^~^- [by (3)1 

This example might also be integrated by expanding the quantity 
within the parenthesis^ and integrating each term separately by (1), 
but the process would be more lengthy than the one employed. 

3. To integrate 

dy = a (ax^ + Ja^)i 2xdx + Ua? {ax^ + ha^)^ dx. 

y = fla {ax^ + b^)^ 2xdx + ^bx^ {ax^ + ba?)^ dx] 
= J'ic^ + ba^)i {2ax + dbx^) dx=\ {ax^ + bo^)^ [by {3)\ 

4. To integrate dy = ^» 

CL -|- uX 

Since the numerator must be bdx to be the differential of 
the denominator, we must multiply it by b, taking care to 
divide by b also ; hence, 

/adx a r bdx a, / . x \ ru //m 

11 



242 DIFFERENTIAL FORMS. 

131. Fundamental Forms. — On referring to the for 
of dififerentials established in Chap. II, we may write do 
at once the following integrals from inspection, the arbitri 
constant being always understood. 



1. 


y =^ J caS'dx 


'~ n+1 


2. 


fadx 


a 


■" "" (w — 1) ar-* 


3. 


Padx 

y-J X 


= a log x.* 


4. 


y — J a^loga dx 


= ax. 


5. 


y =^ J ^dx 


= €f^. 


6. 


y — J cosir dx 


= sin X. 


7. 


y ■=. 1 —mixdx 


cos X. 


8. 


y — J sec^a; dx 


= tan X, 


9. 


y =i 1 — eosec^ic dx 


— cot X. 


10. 


y = J secx tan x dx 


sec X. 



11. y z=z I — cosec^; cotana; dx = cosec x. 

12. y = / sin a; rfa: = vers a;. 

13. y = / — cos a; Ja; = covers a;. 

* Since the constant c to be added is arbitrary, log c is arbitrary, and we 
write tbe integral in the form 



/ 



a — = a\ogx ■v\ogc =\o%caf . 

X 
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14. y = / ,- = sin-i X. 

1K C dx 

15. y = I , = cos"^ X. 

^^- y^/lT^ = tan-la;. 

18. y = I — , = sec"* a?. 

19. y = / = cosec-i a?. 

20. y = / ^ = vers"* a;. 

*^ V2x — a;3 

21. y = / ;z = covers * x. 

These integrals are called the fundamental or elemeiitary 
forms, to which all other forms, that admit of integration 
In a finite number of- terms, can be ultimately reduced. It 
is in this algebraic reduction that the chief difficulty of the 
Integral Calculus is found ; and the processes of the whole 
subject are little else than a succession of transformations 
and artifices by which this reduction may be effected. The 
student must commit these fundamental forms to memory; 
they are as essential in integration as the multiplication 
table is in arithmetic. 

132. Integration of other Circular and Trigono- 
metric Functions by Transformation into the Fun- 
damental Forma 

dx 
1. To integrate dy = « 

We see that this has the general form ol Vlti^ ftiS^\^\>^3s.^ 
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of an ai'C in terms of its sine (see fonn 14 of Art. 131); 
hence we transform our expression into this form, as follows: 



y 






- dx 



"s/a^ — y^ 






To make this quantity the differential of an arc in terms 
of its sine, the numerator must be the differential of the 
square root of the second term in the denominator, which 

is - dx. Therefore we need to multiply the numerator by }, 

which can be done by multiplying also by the reciprocal of 
6, or putting the reciprocal of h outside the sign of integra- 
tion. Hence, 



- dx ^ ^ -dx 



y 






1 . , hx 
= Y sm"^ — • ' 
a 



2. To integrate dy =. — 



^a2 _ i^fi 



Here y = I , = / — 



dx 



Va^ — &2a48 t/ /' i^a^ 






1 r " a^^ 1 ,hx 

= T / , - =r = T COS^l 






dx 1 , .Ix 

= -^ tan""^ — • 






cZa: 1 1-1^^ 

+ J?x^ db a 
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6. y = /. 



9. 



dx 1 , &r 



/* ^ 1 - 5ar 

6. V = / , = - cosec"*— • 

P dx 1 .bx 

7. V = / — = = T vers-i — • 

/• 5a: 1 ,to 

8. y = / : — = T coTers~^ 



V2ote — 5^ * a 

einarrZa: Pdcosx 



/J PBmxdx /*( 

tan a; da; = / = — / 
«/ cos a: t/ 



cos x 

= — log cosa: = log sec x. 

/* . , Pcoaxdx , 
10. y = I cota; dz = / — ^ = log sin a;, 

— /* ^^ _ /* da; 

^ ~" t/ sin a; »/ 2 sin Ja; cos j^a; 

/•lsec2(4a;) da; , . , 
^ t/ cosa; t/ . /tt 



sin 



(i + ^) 



= log tan (j + ia;) [by (11)]. 

P dx Paed^xdx , 

13. y = I = / —7 = log tan a?. 

^ t/ sin a; cos a; «/ tan a; ® 

_^ r dx _ P{bvd? X + co^x)dx 
^ "" «/ fiin^a; cos^a; "~ J sin^a; cos^a; 

(since sin^a; + cos^a; =zl) = J (sec^a; + cosec^a;) dx 

= tan X — cot a:. 

15. y ^ J tan'a; dx ^ j (sec* a; — l)da; = tan a: — a;. 
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16. y = / cot^ xdx = I (cosec^ x — l)dx 

= — cot X — X. 

17. y = J cos^a: dx = J {\ -\- \ cos 2x) dx (by Trig.) 

= l^ + i sin %x. 
(See Price's Calculus, Vol. n, p. 68.) 

18. y = J&in^x dx =z ^x — i sin 2a:. 

REifABK. — It will be observed tliat in every case we reduce the 
function to a known form, and then pass to the integral by simple 
inspection or by the elementary rules. WTienever there ie any dovH 
as to whether the integral found he correct or not, it is toeU to differen- 
tiate U, and see if it gives the proposed differential, (See Art. 180.) 

EXAMPLES. 

1. dy = bx^ dx. 

Here y = / bx^dx = / b*x^-dx 

= ibx^ [by (3) of Art. 130]. 
xdx 



Va2 + x^ 






Mere t/ = / 


xdx 


= fi{a' + ^, 




fl2 + ic2 


= {a^ + 


X^)K 




3. dy 2x^ dx. 




y - ^x"^. 


4. dy — 2x^dx, 




y = |a^*. 


6. dy = —x'idx. 




y = 5ari 


dx 

e. dy = --. 
• yx 




tj — %^/x^ 



12 1 



dx 



INTEGRATING FACTOR. 247 

7. dy = — 5w2ar"idir. y = — J^Twa:^. 

8. dy = (|flajJ — |Ja;i) dx, y = or^ — &ri 

10. rfy=- (^^-^) rfo:. 

(Soar* — a;8)4 
Here y = J— {Saa^ '-Qfi)-i{2ax-'a^ 

= — i (3aa« — a;8)*. 

11. dy = (2ai: — a:^)* (a — xjdx. y = \ {2ax — a«)i 

133. Integrating Factor. — ^It has been easy, in the 
examples already given, to find the factor necessary to make 
the differential factor the differential of the variable factor 
[see (3) of Art 130] ; but sometimes this factor is not easily 
found, and often no such factor exists. There is a general 
Uaethod of ascertaining whether there is such a factor or 
ixot, and when there is, of finding it, which will be given 
ixi the two following examples : 

12. dy = 3 (4&r8 — 2cs*)i (4&c — ScaP) dx. 

Suppose -4 to be the constant fiEtctor required ; then we 
have 

y = y"-^ (4&r2 _ 2ca^)i {12Abx — 9Acx^ dx. 

If ^ be the required factor, we must have 

d {4:b3^ - 2«c») = (12^&i: — 9Aca^) dx, 

or Sbx — ecj^ = 12Abx — 9Ac3^y 

and since this result is to be true for every value of Xy the 
coefficients of tbe like powers of x mu&t \>e e^^ \ft %»t^ 
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other, from the principle of indeterminate coeflScients> giv- 
ing US two conditions, 

nAh — 8&, (1) 

and — ^Ac = — 6c, (2) 

or -4 = t, from (1), and -4 = f , from (2) ; 

hence | is the factor required, and we have 

y = A (4S«3 — 2ca:8)t (Sto — 6ca?^) dx 

13. c?y = {^ax — cc2)i (5a — x) dx. 
Let -4 he the required factor, then 

y = J -J {2ax — a^)i {6Aa — Ax) dx. 

•% rf (2aa; — x^) = (5^ a — Ax) dx ; 
or 2a — 2a: = 6Aa — ^a;. 

.•. 2a = 5Aa ; (1) 

and — 2 = — ^ ; (2) 

or A = i, from (1), and ^ = 2, from (2). 

These values of A being incompatible with each other, 
we infer that the differential cannot be integrated in this 
form. 

14. dy = (2S + Saa^ — Sa^s)"* (2aa; — 6x^) dx. 

y =:i{2b + Saa^ — 5x^)1 

15. dy = (3aa;2 + 4:ba^)i {2ax + 4thx^) dx. 

y = \ (3aa;2 + Ua^)i. 

16. dy^aMx\~ ^ = £j + a*. 

2V» ^ 
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17. dy = 5 {ho? - 2a:)i xdx - (Sa^^ - 2a:)* dx. 
Here y = f{bx^ — 2a;)i (5a; — 1) dx. 

y = J (5aj2 - 2a;)». 

134. A Differential may often be brought to the 

form required in (3) of Art 130, by transposing a variable 
factor from the differential factor to the variable factor, 
or vice versa. 

to ^ ^^^^ 

18. dy = 



X V^ax — x^ 
Here y = / {2ax — oFf^ 2aar^dx 

= f- {2ax-^ - 1)-* (- 2aa:-2) ^x; 

.. 3( = — 2 (2aari - 1)4 [by (3) of Art. 130] 
_ 2 V2aa; — a^ 



x 



^ ^ f wax 3/ 

19. dy = r • y = 



(2aa; — t?)^ a V2aa: — a?' 

rt^ , «a:^a; «a; 

20. dy = 3« y = 



(2Sa; + ar^)* J V2^a; + x^ 



^- , ac?a; 2a VoJ^+4^^ 

21. e?y = — ; - ' y = ^r • 

a; \/3^ + 4cr^ 3Sa; 

22. rfy = i*±-??-^-^ . [See (4) of Art. 130.] 

/d(a + bx + cx^) , , _ ^. 

^ £ — r— ^ = log (a + 5^ + ca?^). 
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2L dy = ^-T =• 

^ 3a:* + 7 

y = A log (3a:* + 7) = log (3a:* + 7)A. 

26. <?y = 5- — 5::5- y = log 



8« - 3«» ' * (8a - 3a«)l 

27. dy = (b — u^idx. 

( 

^^- ^^ = -ir+h' y = log (a +to»)'-. 

29. df/ = 2 log* x-^- y = i log* x. 

30. e?y = a^ log a^Za;. [See (4) of Art. 131.] 
Here y = J a^ log adx = / j^^ log a^ (2a:) = 

31. dy = Sa^^ log axdx. y = |a=^*. 

32. dy = ba^dx. y = —^ 

^ ^ 3 log a 

33. dy = beFdx. y = 5e*. 

34. dy = cos 3a:rfa;. [See (6) of Art. 131.] 

y = J sin 3a:. 

35. dy = cos (a^) xdx. y -= ^Bm {a0). 

36. dy = e^^ ^ cos xdx, y = e^^ *. 

37. dy z= — e^osa gin xdx. y = e^oBx^ 

38. dy = sin^ (2a:) cos (2a:) dx. 

Here y — C\ sm^ i^x") co^ (Jlx^ d (^^x\ = -^ sin^ ( 
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39. dy = cos^ (2a;) sin (^Ix) dx. y = — ^ cos* (2a;). 

40. dy = sec^ (xf x^dx. y = i tan {x)\ 

41. dy = sec (3a;) tan (3a;) dx. ^ = i sec (3a;). 

42. dy = sin (ax) dx. y = - vers (ax). 

43. dy = tan xdx. y = log sec x. 

44. 6Zy = sin Q sec^ 0c?0. y = sec 0. 

45. dy = --l^=. [See (14) of Art. 131.J 

V 1 — 4a;2 

y = sin~* (2a;). 

oxdx CL 

46. rfy = j =.' y = o sin-i (a;2\ 

. -, , a;te 

47. dy = 



V2~^^a;8 

a;i6Za; 



^^^« 2^ = /:75 



V2 • Vl — 2a;3 
!___ /• V2 . f a;it?a; 



V2.|*^ V2.VI — 2a;« 

_ /* rf V2 ^ , 
" *^ Vl - 2a;8 

.-. y = i sin~* a/2^. 

/7/|j 3a; 

48. dy = , . V = i sin~^ --=• 

49. dy = ^=Ji^. y = -l-_co^^{^J\ 



•v/a 

Vox -3? " \N a) 



<?a; 
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51. dy = 



52- dy = 



63. dy = 



64. dy = 



Mx 



4 + 9^ 
Qc^dx 

ddx 
^dx 



y = itaii-iy. 



y = ^ taii~i a;*. 



y = vers~^ 3a:. 



X V3a;2 _ 5 



Here y = / 



2rfa: 



../fie/ 



Vf^; 



X 



X V5 \/|a?^ — 1 V5*^ Vp V|a^ - 1* 



.-. y = 



2 



65. dy ^ — 



"^ sec-i (a; Vf) 
2^a; 



VSa;* — 2ar« 



. y = V^ cosec"! (a; Vf ). 



56. dy = 



67. eZy = 



68. dy = 



69. dy = 



60. dfy = 



61. dy = 



62. t/y = 



— 2a;"Wa; 
Vl4a;2 — 3 

3a;26Za: 
V4a;3 — 9a;^ 

— 6«6?a; 
a/6 — 9^2* 

8a;"?e?a: 



2 



y = —p cosec"^ (a; V^). 
V 3 

y = J vers 



-1 



9^ 

2' 



V2a;^ — 6a;t 



y = a covers"^ dx^. 



y = 4:V6 vers"^ (6a;i). 



1 — sin a; 
X -\- cos X 

xdx 
a;2— 4x-f3 



Ja:. y = log (x + cos a;). 



y = i tan~^ a:^. 



dx, aj = \q^ (^ — 6a:2 4. 9^^ J, 



V 
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66. dy = tan^ a; sec^ xdx. y = i tan^ a;. 

67. dy = ^ ^ y = logo; — a:? + -. 

68. e?3( = ^ /■ — y = 2 Va? + -7=- 

^ ya: va; 

69. rfy = ^ . y = ia:8 — a? + tan-i«. 



^ 1 + a? + a:^ 
Here y = / « . / — r 



2 



V3^i + |-(. + j)4T 



Vsj 



2 2 

tan"* (a: + i) —=' 



\/3 V3 

dx 

fit , ^ X ft y /O. MV 

y = - tan-1 - + - log (a? + a!»). 
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135. Trigonometric Reduction. — A yery slight ao- 
qnaintance with Trigonometry will enable the student to 
solve the following examples easily. After a simple 
trigonometric reduction, the integrals are written out by 
inspection. 

1. dy = tan* zdx. 

Here y = J tan* xdx = / (sec^ jt — 1) tan a^ 

= / [sec* X tan xdx — tan xdx^ 

= \ tan* X — log sec x. [See (9) of Art. 132.] 

2. dy = tan* ocdx. 

y = t tan* a: — tan a; + a;. [(15) of Art. 132.] 
8. dy = tan* xdx. 

y = } tan* x — \ tan* x + log sec x, 

4. dy z= cot* xdx. y z= — ^ cot* x — log sin ar. 

5. dy = cot* a;rfa?. y = — J cot* x + cot a; + ai 

6. dy = cot* a;rfa:. 

y =z ^ \ cot* a; + i cot* a; + log sin x. 

7. dy = sin* a;da:. 

Here y = J i {S sinx — sin 3a:) rfa: ; (from Trig.), 

.•. y = ^ cos 3a; — J cos a; ; 
or y = i cos* X — cos a;.* 

8. dy = cos* aj^Za:. y = sin a; — ^ sin* x. 



* By employing different methods, we often obtain int^rals of the sanw 
expression which are different in form, and which sometimes appear at first sigfai 
not to agree. On examination, however, they wiU always be found to differ onl] 
bf Bome constant ; otherwific tke^ co\ii\.<QLii'(A.\iV4« \)cl<& ««x&& ^^^\%''^!a\^ 
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9. dy = cos^ xdx. 

Here y = J (cos^ xf dx = J^ [1 + 2 cos 2x 

+ COS? 2a:] dx [See (17) of Art. 132.] 

= ia: + J sin 2a; + I y eos^ 2a;d (2a;) 

: ia: + } sin 2a; + I [a; + i sin 4a;] ; [by (17) of Art. 132.1 
.•• y = -^ sin 4a; + i sin 2a; + \x. 

10. dy = sin* a;da;. y = ^ sin 4a; — J sin 2a; + \x. 

11. dy = sin^ a;rfar. y = — cos a; + | eos^ ^ — i cos' a;. 

12. dy = cos' a;da;. y = sin a; — | sin** a; + -J sin' a;. 

13. dy = sin^ a; cos^ xdx. 
y = yfY cos 6x —■ ^ cos 2a;. (From Ex. 7.) 

dx 

14. Jv = -. 5— • y = 4 sec^ X + log tan x. 

^ sin a; cos« a; ^ « • & 

15. rfy = sin^ x cos^ a;rfa;. y = i cos' a; — | cos** a;. 

16. dy = cos' a; sin' xdx. 

y = — ^^|-^ (i — i cos2 x + i cos* a;). 

17. e?y = sin* x cos^ a;rfa; = (sin' x — sin^ x) cos a;da;. 

y = sin'' ^ (+ — i sin' a;). 

^ o , sin' X , 

18. dy = — 5— a^« 

^ cos' a; 

TT /*(1 — 2 cos2 a; + cos* x) sin a;rfa; 

Here y = I 4 

^ »/ cos' X 

= sec a; 4- 2 cos a; — ^ cos^ x. 

19. dy = cos'' xdx. 



X ■■' 



CHAPTER II. 

INTEGRATION OF RATIONAL FRACTIONS. 

136. Rational Fractions. — ^A fraction whose terms in- 
volve only positive and integral powers of the variable is 
called a national fraction. Its general form is 

^m _|. ^a;"^-! -j- C7S^-^ 4- etc. . . . f ^ 

a'z^ + b'x"^^ + c'ic»~2 + etc. ... f ' ^ ' 

in wWch m and n are positive integers, and a, J, . . •> 
a', b'f . , , are constants. 

When m is > or == tj, (1) may, by common division, be 
reduced to the sum of an integral algebraic expression, ftnd 
a fraction whose denominator will be the same as that of (1) 
and whose numerator will be at least one degree lower than 
the denominator. For example, 

= a^ -\- X — 



a^ — x^ -{- X -\- 1 a^ — x^ + X -\- 1 

The former part can be integrated by the method of the 
preceding chapter ; the fractional part may be integrated by 
decomposing it into a series of partial fractions, each of 
which can be integrated separately. There are three cases, 
which will be examined separately. 

137. Case I. — WTien the denominator can be re- 
solved into ti real and unequal factors of the first 
degree, 

f ix'\ dx 
For brevity, let . denote the rational fraction 

whose integral is required, and let (a:— a) {x—h) . . . (a;— i) 
be the n unequal factors o5 t\v^ ^etvom\Ti^Wt. ^%%N»a& 
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^ = -^ + -^ + -^...-^. (1) 

(l>{x) z — ax — bx^c x — l ^ ' 

^tere A, By C, etc., are confitants whose values are to be 
determined. 

Clearing (1) of fractions, by multiplying each numerator 
bj all the denominators except its own, we have 

f{z) = A {x—i){x— c). . . {x—l) + B (a;— o)(a;— c) . . . {x—l) 

+ etc + L (a;— a) (aj— J) . . . (a;— A;), (2) 

which is an identical equation of the (w— 1)^ degree. To 
find A, B, Of etc., we may perform the operations indicated 
in (2), equate the coefficients of the like powers of x by the 
principle of indeterminate coefficients in Algebra, and solve 
the n resulting equations. The values of A, B, 0, etc., thus 
determined, being substituted in (1) and the factor dx intro- 
duced, each term may be easily integrated by known 
methods. 

In practice, however, in this first case, there is a simpler 
method of finding the values of A, B^ etc., depending upon 
the fact that (2) is true for every value of x. If in (2) we 
make a; = a, all the terms in the second member will re- 
duce to 0, except the first, and we shall have 

/(a) = -4 (a — S) (a — c) . . . (a — Z), 

(a — b) (a — c) ... (a — I) <p' (a) 

In the same way, making x=:b, all the terms of (2) 
disappear except the second, giving us 

/(S) = B(b-a)(b-c)...(b — t), 

B _ fji) m_. 

" ^-(6-a)(b-c)...{h-V)~ (^^'S 
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Or, in general, the value of X is determined in any one 

T /It 

of the terms, =, by substituting for a; the corresponding 

root / of ^ {x) in the expression f/. \ i i. e., L = 4^(. 

EXAMPLES. 

In this example, the roots * of the denominator are found 
by Algebra to be — 1^ — 2, — 3. 

/. a;» + 6a:2 + iia; ^ 6 = (aj + 1) (.^ + 2) (a; + 3). 
Assume 



a:» + 6a;2 + lla; + 6 « + l ' a: + 2 ' a; + 3 

.% a;8 + 1 = -4 (a? + 2) (a? + 3) + ^ (a; + 1) (a; + 3) 

+ (7(x + l)(a; + 2). 

Making a; = — 1, we have 2 = 2-4, /. ^ := !• 
" a; = — 2, « « 5 == — ^, /• J5 = -6. 
;r = - 3, " « 10 = 2(7, /. (7 = 5. 

Substituting these values of -4, ^, C, in (1), and multi- 
plying by dxy we have 

2^ — y a;3 ^ 6ic3 + .11a; 4. 6 

/da; C J^_ I K / * ^ 

.•. y = log(a: + l)~51og(a; + 2) + 61og(a + 3) 

- W (^ + 1) (a: + 3)^ ^ 
"~ ^ (a; + 2)5 

* If the factors of the denominator are not easily Been, pnt it equal to 0, and 
M\ye the equation for x ; the first root may be found by trial, x miniis each of tbo 
geveral roots in turn wiU be the taclota. ^e K\^€ttt«b^| 
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2. Integrate dy = ^_^g ' 



^ - x — a 1 /x — a 



3. Integrate dy = ^ _ ^J^ 4 - 

, , a*— a;— 2 

4. Integrate dy = ^ ^ ^ 1 ^ - 

y = log {x - 1)» {x + 2)«. 

5. Integrate dy = ^:^. 2^ = ^^ log (^). 

138. Case II. — When the denominator can he re- 
solved into n real and equal factors of the first degree. 

fix) 
Let the denominator of the rational fraction ^^ con- 

tain n factors, each equal to a: — a. ^ ' 

Assnme 

m - ^ 4. -^— + ^_ 

{x) (x — a)' {x — a)"-' {x — a)""* 



Clearing (1) of fi-actione by multiplying each term by the 
least common multiple of the denominators, we have 

f{x) = A + B{x^a) + Oix-- ay 

+ ... L {x-^ay-^ (2) 

which is an identical equation of the {n — - 1)^* degree. To 
find the values of A, B, C, etc., we equate the coefficients 
of the like powers of x, as in the preceding Article, and 
solve the n resulting equations. The \«iv\ft^ q^ A^ B^G^ 
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etc., thus determined, being substituted in (1), and the 
factor dx introduced, each term may be easily integrated 
by known methods. 

In this case we cannot find the values of A, By C, etc, by the second 
method used in Case I, but have to employ the first. When both 
equal and unequal factors, however, occur in the denominator, both 
methods may be combined to advantage. 



EXAM PLES. 

1. Integrate dy = LzL__l-^. 
. 2-da^ A . B ^ C ,,. 

.-. 2 — 3a?8 = A + Bx+2B+Cx^+4.Cx-\'4:C. 

.-. J[ 4- 2j5 + 4C7 = 2. (2) 

B + ^0 =0. (3) 

(7 = - 3. (4) 

Solving (2), (3), and (4), we get . 

^ = — 10, ^ = 12, C^ = — 3. 

Substituting these values of A, B, and C in (1), and 
multiplying by dx, we have 

(2 — 3a ;^) dx __ __ lOdx 12dx _ ddx 

{x +"2)3~ "" "" (x + 2)8 "^ {x 4- 2)2 ~ a; + 2' 

__ /' {2 — Sa^) dx 
•'• y - J (X + 2)3 

^ ^^ -3 log (a; + 2). 



(a; 4- 2)2 x -\- 2 
2. Integrate dy = ^-__^^^^_. 
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Assame 



^^' - ^ +,^>+^,- (1) 



+ C(a;-2)2. (2) 

Here we may use the second method of Case I, as follows : 

Making x = 2, we find -4 = 6. 
" a; = 1, " " = 2. 

Substituting in (2) for A and C their values, and making 
r = 0, we find 

= — 6 + 2^ + 8 ; .-. B*= — 1. 
Substituting in (1), and multiplying by dx, we have 

— r (^^ + ^) ^^ 

y - J (a; _ 2)2 (a; - 1) 

__ r_Mx_ /* dx r 2dx 

"J (x-'2f,~' J x — 2^ J x^l 

^ -log(ic-2) + 21og(a;-l). 



a;-2 



6 ^ , (^-1)^ 

o T . X J (3a; — l)rfa; 

3. Integrate rfy = -(JTTs)?"' 

y=-^ + 3 1og(a:-3). 

. T X ^ ^ a^J_4a; + 3 , 

4. Integrate rf^ = ^-ZTe^T^-g^ ^^• 

y = log [a; (a; - 3^^^, 



( 
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139. Case III. — WTien some of the simple factors 
of the denominator are imaginary. 

The methods given in Arts. 137 and 138 apply to the 
case of imaginary y as well as to real factors ; but as the cor- 
responding partial fractions appear in this case under an 
imaginary form, it is desirable to give an investigation in 
which the coefficients are all real. Since the denominator 
is real, if it contains imaginary factors, they must enter in 
pairs ; that is, for every factor of the form a; ± a + SV— 1> 
there must be another factor of the form x ^a — Sa/^ * 
otherwise the product of the factors would not be real 
Every pair of conjugate imaginary factors of this form gives 
a real quadratic factor of the form (x ± aY + l^. 

Let the denominator contain n real and equal quadratic 
factors. Assume 

f{x) __ Ax + B Cx^D 

(x) ■" \(x ± a)2 + ^]» ^ \{x ± af + ft]*-i 

Kx-\- L 

^ {x± af + ^* ^^^ 

If we clear (1) of fractions by multiplying each term by 
the least common multiple of the denominators, we shall 
have an identical equation of the {^n — 1)^ degree. 
Equating the coefficients of the like powers of Xy as in the 
two preceding Articles, and solving the 2n resulting equa- 
tions, we find the values of A, By C, etc. Substituting 
tliese values in (1), and introducing the factor dx, we have 
a series of partial fractions, the general form of each being 

{Ax + B) dx 

w±wvw 

in which n is an integer. 
To integrate this expression, put x±a:= z* .\ xz=iz'^ay 

• Called conjugate Iraagiuar-y j'aclOT^. 
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dx = dzy {x ± ay = s^. Substituting these values, we 
have, 

r {Ax + B)dx _ r{Az T Aa + B) dz 

_ r Azdz r {B T Aa) dz 

^ J {f^V^Y'^ J {f + }^)n 

-1 "^ t/ i 



■" 2 (w - 1) (;e» + VY'^ ^ J {f + <^)»' 

(when A' = B^^ Aa); 

so that the proposed integral is found to depend on the 
integral of this last expression ; and it will be shown in 
Art. 151 that this integral may be made to depend finally 

EXAMPLES. 

1. Integrate % = ^. 

The factors of the denominator are 

(a; — 1) and (oj^ + a: + 1), 
therefore assume. 



x__^ _ A Bx -\- O 

Q?'^l~'x—l'^a?-\'X-\-l 



(1) 



x=z Aa?^ + Ax + A + Ba^ + Cx — Bx — C. 
A + B=:zO; A^B+C=zl; A ^ C = 0. 
A = i; B=-i; C = i. 

/' xdx _ A_^^ Al^Jzil^ 
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= ilog(.-l)-i/(^^j; (2) 

(by changing the form of the denominator.) 

Put X + i =z z, then a; — 1 = 2f — |, and dx = dz, and 
the second term of (2) becomes 

(g — f ) dz _ X r ^^ X A r ^^ 






^H-i 



1 22 

- -ilog (z2 +!) + -_ tan-1-^ (Art 132, 3.) 

V3 v3 

(by restoring the value of «). 
Substituting in (2), we have, 

y-\ [log (a; - 1) - J log {a« + a; + 1) 



+ V3tan-»^4^1. 



2. Integrate t?y = 



V3 



ir4 _J. a;2__2 



To find the factors of the denominator, put it = and 
solve with respect to o^ ; thus, 

a4 _j. ^2 __ 2 = 0, or a:* + a?^ = 2. 

/. a;2 = — i ± I = 1 or — 2. 
/. ir* 4- aj2 — 2 = (a?^ — 1) (a^^ + 2). 

Assume -x-; — 5 ^ = — — - H ^ A , ' . (l) 

a:4 + a;2 — 2 a; + l^a; — l^a^^ + 2 ^' 

Hence a^ = ^ (a; — 1) (a^ + 2) + 5 (a; + 1) (a« + 2) 

+ (^Cx V DH* - ^^ V* -V V\. (2) 
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We may equate the coefficients of the like powers of x, 
to find the values of -4, 5, (7, 2>, or proceed as follows : 

Making a; = — 1, we find A -= — \. 
^' a: = 1, " <^ 5 = f 

Substituting these values of A and B in (2) and equating 
the coefficients of a^ and aj^, we have 

6C7 = and 62> = 4 ; 
.-. (7=0 and 2> = f . 



- l\i . V2 



= '"^ fe-i)'^ f -- 



a; 



V^ 



EXAM PLES. 



, , (a; — 1) rZa; i (a? + 4)* 

„ - (2a5 + 3)<?a; , (a: - 1)» 

^- ^y = :^ + ^-2^ - ^ = '°^if^^^i- 

_ (2 + 3g — 4a:') <fa 
" 4a; — a:* 

y = log [a;* (2 + a;)* (2 - x)]. 
^ , (5a:-2)rfa! , (a; + 2)» 

12 
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y = alogx — ^-g— log (a» — «»). 

„ , (3a; — 5)rfa; , (a; — 4)J 

8- ^y = L»-6a; + 8 - ^ = ^°«(^3^4- 

^- ^y- (x- ay {X + a)* 

<af> + a? + ^) dx 
10. ^y = a: (a; - 1)M=»^ + 1/ 

y= - o/-.^_^^ + ^«g 



2(a;2-l) ^ (a; _ l)f (a; + 1)* 



11- «y - (a, + 2)2 (a; + 1)' 



y = jqrg + log {X + 1). 



a;<?a; 
13. «y - (a; _ 2)2 (a; + 3)2* 

J' = - 257^1:2 j - ^ ^*^S (^ - 2) - 25^^:^ 

+ t!t log (a; + 3). 

_ (jg' — 4a; + 3) dx 
■'•*• *y — a;8_6a;2 + Qx 

y = log tc (« - m^- 
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15- ''^^ = (:, + 2). (a: + 4)^' 



^ «« + 6a; + 8 ^ ^ Va; + 2/ 



16- ''^^ = (a: + 1) (a^ + 1) 



y = i tan-i a; + log ^^ti}i. 



-„ , _^ 

i^- '^y - a;3 _ a;8 + 2a: - 2' 



y = log -i '-r p tan-i — ;=< 



to J (a^ + x)dx 



y = i tan~i a: + log 



(3? + 1)^ 
-ly- ''^'-a^ + a^ + a' + l 

«^ J 9a:« + 9a! — 128 , 

20- ^y = a^-5^ + 3^ + 9 ^^- 

y = log l^fj^' + ^. 

2a;<?a; 

^^- "^ - (a? + 1) (a^ + 3)* 
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23. dy = 



39 
y = g- + log [(a; + 2)f (3, __ 2^|j^ 

ocdx 



y = log ril±M^+i)A~l 



(«^:^]i J + -h tan-« a; 



CHAPTER III. 

INTEGRATION OF IRRATIONAL FUNCTIONS BY 

RATIONALIZATION. 

140. Rationalization. — ^When an irrational function^ 
which does not belong to one of the known elementary 
forms, is to be integrated, we endeavor to rationalize it ; 
that is, to transform it into an equivalent rational function 
of another variable, by suitable substitutions, and integrate 
the resulting functions by known methods. 

141. Function containing only Monomial Snrds. — 

When the function contains only monomial surds, it can 
be rationalized by substituting a new variable with an 
exponent equal to the least common multiple of all the 
denominators of the fractional exponents in the given 
function. 

For eicample^.let the expression be of the form, 

dy = —^ -pdx. 

Put X = 2J»w»<»; 

dx = mnceii^^^~^dz. 
Hence dy = ^,^^^ ^ ^ ^^ mncc^^'-Hz ; 

whjcb is evidently rational. 
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1. Integrate dy = r dx. (1) 

1 — «« 

Put X7=i7fi\ 

then x^ = ^> a;i = ;2^, and dx = Gai'^efo; 

_ (1 — gs) %Mz 

... e;fy_ r:r^— 

= 6(2;« + 2* — 2^ + 2« — 2 + 1 — j-^— ) *5. 

Integrating by known methods, and replacing z by its 
value, we have 

m 

2. Integrate rfy = 



2a;i — a;* 
y = - 18[y + |- + ^ + 4a;l + IGa:* + 321og(2-a:i)1. 

142. Functions containing only Binomial Snrds 
of the First Degree. — When the function involves no 

surd except one of the form {a + ^r)**, it can be rationalized 
as in the last Article, by treating a + 5a: as the variable. 
And therefore can be integrated. 
For example, let the expression be of the form, 

, Tfdx 

ya + hx 

where n is a positive integer. 

Put a + &r = 2;2 ; 

then dx = —r- , ' « = — |— > ^^ofli af -=1 ^^ — ^^;-^. 
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, a;«da? 2 (2;^ — aY dz 

This may be expanded by the Binomial Theorem, and 

each term integrated separately. It is also evident that the 

expression 

af'dx 
p 
(a + fe)« 

can be integrated by the same substitntion. 

dec 
1. Integrate dy = — » 

XV 1 + X 
Put 1 + x = ;?i then dx = 22frf2? and a; = a? — L 

dx 2dz 



dy = 






(Art 137) ; 



or 



z—1 z+1 

, 2f — 1 , Vl + a; — 1 

« + i Vi + a^ + 1 



2. Integrate dy = 



(1 + 4x)i 
Put (l+4a:)=««; 

then *r = ^, ofi = ^^^, (l + 4ic)f = t5. 



64 



. , 1 (z^-^iydz 

•• ^y = i28 ^ 
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or 

N^ / 143. Functions of the Fonn y> whew n 

,/ is a Positive Integer. (« + ^^r 

Pat a + &»» = 28 ; 

then a^ = t- > a^ = — 5— > a^ = ^^ — i^-^- 

00 6" 

a?^^^dx _ (g8 — g)" rfg 

which may be expanded by the Binomial Theorem, and each 
term integrated separately. It is also evident that the 
expression 

(a + ha?)^ 
can be integrated by the same substitution* 

1. Integrate dy = 



Put 1 — x^ =z 2;2; then xdx = — zdz, a:^ = 1 — A 

.-. dy = —=^^= -(l^z^dz. 
V 1 — x^ 

.'. y = iz^-.z = i{l^ a^)i - (1 - a^)i. 

« T i. X 7 ^dx i^a+Sca^) 
2. Integrate dy = -. y = ^ ^. 

{a + cx^)i S(^{a + cx^)i 



144. Functio ns contain ing only Trinomial Surds 
of the Form Va -i-bx ±0^. 

There are two. cases, accox^\i\g ^ ^ \e» -v ^t — <. 
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Case L—When ofi is +. 

Assume Va + bx -f~^ = 2; — a; ; 

then a + to = 2^ — 2«a; ; .'. x =z 



^ — a 



b + 2z 

, _ 2(s?-\-bz-{-a) dz 
''^ - (J + 2zy 

A . / — rT — r-^A z^ — a z^ -\- bz + a 

and Va -\- bx + a^ = z— j--—^ = — j: -^ • 

ft + 22? 22J + ft 

The values of x, dx, and Va + fta; + a:^ being expressed 
in rational terms of z, the transformed function will bo 
rational, and may therefore be integrated and the z replaced 
by its value Va + bx + x^ + x. 

Case II. — When q(? is — . 

Let a and be the two roots of the equation 

a;* — fta; — a = ; 
then we have a^ — bx ^ a = {x — a) {x — (3); 

.*. a + bx — a^=—(x^ a){x — P) 

= (a; — «) (i3 — a;). 

Assume VcT+^x — a^ziz ^/{x ^ a) {(3 — x) 

= (a; — €c)z; 
.\ (x — a) (i3 — a;) = (a? — aYz^ 
or (i3 — a;) = (a; — a) z^; 

aZ^-{- P 



whence, x = 



s^-i-l' 






and 



Va + fta: - a;^ = (^rZT " ""j 



z^-i- 
_ (i3 — «) g 
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The values of .r, dxy Va -\- bx — a:*, being expressed i 
rational terms of z^ the transformed function will be rationa 

dx 
1. Integrate dy = 



V« + to 4- a^ 

Assume Va~+~to~+^ = ig — a;; 

then^ as in Case I, we have 

a + hx =: ^ — 2zx : .\ x = r ^« 

i + 2« 

2 (g^ + ^g + «) rfg 



rfa; = 



/ ? 5 s^ -{- bz + a 

_ 2 (a^ + fe + a)dz X {2z + 8) 
•■• "2^ - (J ^ 2^)2 j^ (2, + bz + a) 

2dz dz 



b + 2z b 

2+' 



y = /r^ = ^'s(^ + ^) 



4- z 

2 ^ 

= log X -\- X + Va + bx + x^ \. 

If ^ = 0, we have 

y = y-p.^ = log(a; + VoT^; 

and if « = 1, we have 

dx 



y 



/uX 
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Had we integrated the expression ^ — s" without dividing both 

cerms of it by 2, we would have found for the integral the following : 
y = log(6 + 2g) = log [6 + 2aj+2'\/a + 6a;+a;'], which differs from the 
above integral onlj by the term, log 2, which is a constant. (See 
Note to Art. 135.) 

doc 

2. Integrate dy = — 

wa + bx — a^ 

Let a and P be the roots ofa;*— fcc — a = 0; then, as in 
Case II, we have 



V« -{- bx -^a^ = ^{x — «) (i3 — a;) = (ic — «) z, 

_ 2{« — 3) zdz (g' + 1) _ _ 2dz 

/(fa; g^ /* dz 

= — 2 tan"^ « = — 2 tan"^ a / • 

yj X — a 

dx 
3. Integrate dy = 



Assume VT+rc+^2 ~ z—x, and we have, as in Case I, 

_ 2 (2? + z + 1) <?g (1 + 2z) (1 + 2^ ) _ ^dz 
'^"^ '^'^ (Art. 137). 



g—l z + 1 
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"^ xVl + x + a? -^ z-1 -^ z + 1 

^z + 1 ^ a; + 1 + vr+T+^ 
_ 3» 

145. Binomial DiflTerentials. — Expressions of the fonn 

dy = it''{a + bx*y dxy 

in which m, n, 2^ denote any numbers, positive, negative, or 
fractional, are called binomial differentials. 

This expression can always be reduced to another, in 
which m and n are integers and n positive. 

1st. For if m and n are fractional, and the binomial of the 
form 

ar4(a + hx^Y dx^ 

we may substitute for x another variable whose exponent is 
equal to the least common multiple of the denominators of 
the exponents of x, as in Art. 141. We shall then have an 
expression in which the exponents are whole numbers. 
Thus, if we put x = ^y we have 

x-^{a -f- hx^Ydx = 6sr^{a + b^ydz, 

in which the exponents of z are whole numbers, and the 
exponent of z within the parenthesis is positive. 

2d. If n be negative, or the binomial of the form 

a:'» {a + ixr'')p dx, 

we may put x = -, and obtain 

z 

x"' {a + Jar")p Jo; = — sT''-^ {a + Iz^y dzy 

in which the exponents oi z are whole, numbers, and the 
one within the parenthesis \s i^o^VVs^. 
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3d. If o; be in both terms, or the binomial is of the form 

of" {oaf + ba^ydx, 

we may take x^ oat of the parenthesis^ and we shall have 

sf"-^ {a + haf-^y dx, 

in which only ono of the terms within the parenthesis con- 
tains the variable. 

/ 

^ 146. The Conditions imder which the General 

Ponn p 

dy = or {a + hif'YdXy 

can be rationalized^ any or all of the exponents being frac- 
tional. 

(i.) Assume a + hoff" =: ^. 

p 
Then {a + &»»)« = «^. (1) 

Also X =; ( — "^—f i 

Multiplying (1)^ (2), and (3) together, we have 

dy =zaf^(a + baf')^dx = •^s^9^^(^^-^\ " dz, (4) 

an expression which is rational when — ^ is an integer, 
orO. ^ 

(^.) Assume a + baf = sflar. 

Then V = a(««-byK V$>| 
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:. a: = fli (25« — J)-*. (2) 

.-. or = €^{^'-'1)'^, (3) 

cfo = ^ ?a* («« - J)-*-i ;?;»-'<?«. (4) 

Maltiplying (1) by h, adding a, and taking ^ power, ve 
have ^ 

(a + i^Y =: cfl{sfl — b) ««p. (5) 

Multiplying (3), (4), and (6) together, we have 

ill 

an expression which is rational when h - is an in- 

teger, or 0.* * 

Therefore there are two cases in which the general bino- 
mial differential can be rationalized : 

1st. When the exponent of the variable without the 
parenthesis increased by unity, is exactly divisible by 
the exponent of the variable ivithin the parenthesis. 

2d. When the fraction thus formed, increased by 
the exponent of the parenthesis, is an integer. 

Rem. — These two cases are called the eondUions of integrabUity of 
binomial differentials,! and when either of them is fulfilled, the inte* 

gration may be efiected. If, in the former case, 1 is a positive 

integer or 0, or in the latter case, h - + 1 is a negative integer 

n q 

* The stadent will observe that Art. 143 is a particnlar case oi this Article, re- 
salting ftom making m an odd positive integer, and n = 2. 

t These are the only cases of the general form which, in the present state of 
analysis, can be made rational. When neither of these conditions is satisfied, the 

expression, if - be a Aractional index, is, in general, incapable of integration int 
SnJte number of terms. 



] 
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or 0, the binomial {^^ — a) or {eff — 6) will have a positive integral ex- 
ponent, and hence can be expanded by the Binomial Theorem, and 

each term integrated separately. But if, in the former case, 1 

is a negative integer, or in the latter, — '— + - + 1 is a positive inte- 
ger, the exponent of the binomial (z» — b) will be negative, and the 
form will be reduced to a rational fraction whose denominator is a 
binomial, and hence the integration may be performed by means of 
Chapter 11. But as the integration by this method usually gives com- 
plicated results, it is expedient generally not to rationalize in such 
cases, but to integrate by the reduction formiUcB given in the next 
Chapter. 

1. Integrate dy =: a:^{a -{- a^)^ dx. 

Here — — 1 = 2, a positive integer, and therefore it 

can be integrated by the first method. 
Let {a + x') = ^, 

Then {a + t?)^ = z. (1) 

ofi =1 (f — of, 
Q^dx^l^^ — afMz. (2) 

Multiplying (1) and (2) together, we have 
rfy = a;« (a + a;2)i (fo = I (z8 — dfMz. 

2. Integrate dy = — — r = ar*(l + ^Y^dx. 

2/ ( X ~f~ 2/1* 

Here^i+f + l = ^^-| + l = -l,aneg- 

ative integer, and hence it can be integrated by the second 
method. 
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Let {1 + x^) —zh?. 

Then a^ = («« - 1)'\ 

X— (^2-1)-*; 
ar< = (is2 - 1)2. (1) 

(l + a^) = l + («2_i)-i 

(1 + ^)-J = -j-1 (-J2 - \)\. (2) 

rfa;= ^{f^Vi-^zdz. (3) 

Multiplying (1), (2), (3) together, we have 
^2^ = ar*(l + a;2)-i(?a; = — («a — l)^^;. 

_ (ljh_^)i i (1 + a:«)t _ (1 + 0:2)* 

EXAMPLES. 

f 

_ (2a;* — 3a;t) rfa; /a^-i>ii\ 

1. rfy = ^ TT-^— (^^^- 1^1-) 

oa;« 

2/ = A^» - fa;*. 

^ , a;* -2a;*, 

2. d'u = 7- ax. 

^ 1 4- a;* 

y = ^xi-'2x — ^xi + 3a;* + 2a;* — 6a;* — 6a;* 
+ 6 log {xi + 1) + 6 tan-^*. 

2a;* -3a;*, 
3a;^ + a;^ 
y =z 12 (fa;* — Ja;* + ^a;!^^ - 9a;*) 
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4. dy = r dx. 



^- \x^ x^ x^ x^ , xi . , (^ IV 
y = 12 jn +-8-^-4 + 3-+ilog(l+a:*) 



5. dy = ^j^^. (Art 142.) 
(1 + x)^ 



V 









6. <?y = 



L vr 

dx 



xVcT^^Tx 



y = — log ^ ^ — . 

7. dy=: 5-^- -. 

(1 + a:)* + (1 + :r)t 

j^ = 2 tan-i (1 + a;)i 

I 

8. dy = 4(ar + -v/a; + 3 + \/x + 3)dx. 

y z=2 (a;+3)»— 12(a;+3) + f (a;+3)* + 3 (a;+3)i 

9. dy = ~~— . (Art. 143.) 

y = i(H- a«)t - 1(1+ a?)t + (1 + a?)*. 
10. ay = -. y = — 



(1 + a«)* * 3 (1 + a?)» 
11. rfy = J. M = —7 - ' 
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Let (1 + a^) = 2»x». 

Then a« = (2* — 1)->. 

x= (2»_l)-i; 

ar* = («« - 1)». (1) 

(1 + a:*) = 1 + (2» - l)-» 
= i^(r»-l)-». 

(1 + <i?)-4 = a-H** - !)*• (2) 

da;= -(2« -!)-*««?& (J) 

Multiplying (1), (2), (3) together, we have 
dy = x-*{l-\- a?)-^dx =—{;? — l)dz. 

y=-/{f-l)dz = z-iifi 
= (^ + ^)* _ ill±^ = (1±^(2^ _ 1). 

EXAMPLES. 



• • 



(2x^ — Sx^)dx f. . -.-V 
1. dy ^ ^ r-^ — (Art. 141.) 

hx^ 

^ ■ a;i — 2a:* , 

^ 1 H- a;* 

y = f ic* — 2a; — \x^ + Sa?* + 2a;i — 6a;* — 6a;* 

+ 6 log (a;i + 1) + 6 tan-^a;*. 

2a;* — 3a;* , 
3. dy-—-, :^dx. 

3a;^ + ^^ 
y = 12 (fa;* — Ja;* + ^a;TV _ 9a;*) 



JEXAMPLE& 281 









5, rfy = _^^. (Art 142.) 

(1 + a!)t 

6. ^2,= '^ 



a;Va + hx 



2 , V«T^— V^ 

y = "7= log ^=z:^ 

•V 7 ^ 

(1 + a:)t + (1 + x)^ 
y = 2 tan-i (1 + «)*. 

■ 

8. dy = 4(a: + V* + 3 + 'V^a! + 3)<ir. 

y = % (a;+3)»-13(a;+8) + f («+3)* + 3 {x+Z% 

9. rftf = ——— . (Art. 143.) 

V 1 + a? 

y = i(H- a^t - 1(1 + a?)i + (1 + a?)*. 

''• ''^ = (rT^f ^--3(l+a^)» 



(1 + «»)♦ "^/VV •» 
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12. dy = ^^ (Art 144.) 

Vl + x + a^ 

y = log(l + 2a; + 2 Vl + a? + a;^). 

(See Art 144, Ex. 1.) 

dx 



13. dy = 



VaJ* — a; — 1 
y = log (2a; — 1 + 2 V^^^^"^^^). 

14. dy =1 ^_ » y = — 2 tan"^/— --S 

^ V2^-.a;-a;3 ^ Va; + 2 

15. rfy = 



^IJ^X^X^ 






16. rfy = 



I Assunje \/^ -f a^ = z — a;, etc.) 
y = I log (da; H- ^/W+~¥x^. 

or -llog("-^^f+^) 
18. dy=^^^±-fi^. 

A 

y = log (a; + 1 + V^a; + a^^) — 



+ V2a; + a?' 



19. dy = 
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dx 



(1 + a?i) Vl — a:* 



II =r — - tan~* I — - i 

^ /2 Wl - ^f 



20. dy 



V2 
adx 



y = a log (a; + a + 'v/2aa; + a^. 

(Compare with Ex. 16.) 

_- , %dx , , V 

(Compare with Ex. 20.) 

23. rfy = «» (2 + 3iB8)i cfe. (Art. 146.) 

y = ^[^^^*- 1(2+3«^)* + 1(2+3^)*} 

24. rfy = a;» (a + &»«)* <fe. 

y = (« + *^)*(-^5F-)' 

25. dy = «* (a + ftc^)* da;. 

26. dy = a?{a — ar^)"* da?. 

y = — J (a — a;2)i (2a + a:*)- 

28. rfy = a (1 + «»)-»<fa;. ij = — ~ — -^ 
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Let y =1 J Qif'{a + hx^'Y dx =z J udv 

= %iv — y vdu ; (1) 
and put dv = af -* {a + Jaf )^ e?a; and u = af*-^^ 

Then v = ^. — -^ ; 

nb (i? + 1) 

and (?w = (m — w + 1) af^'^dx. 

Substituting these values of w, Vy duy dv, in (1), we have 

This formula diminishes the exponent wi by w as was 
desired, but it increases the exponent p by 1, which is 
generally an objection. We must therefore change the 
last term in (2) into an expression in which p shall not be 
increased. 

Now x"^-" {a + bx'')p+^ = rc"»-'» (a + fe")'' {a + baf) 
= ax""-"" {a + bx^y + bx"^ (a + bx^y ; 
which in (2) gives 

_ .(^L=Lii+l) a A».-« (a + jaf y die 
no{p + 1) t/ 

Transposing the last term to the first member and redu- 
cing', ive have 
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m -- n + 1 
"" wi (^ + 1) 

Therefore we have 



a Jaf^ {a + hary dx. 



y = jQiS^ {a + hTfy 



dx 



af»-*+^(a4- Jaf)^^— (m— n+ l)a CTSr^^a-^-Wfdx 
"" J (Tip + m + 1) ' ^ ^ 

wAfcA t5 the formula required. 

149. To find a formula for increasing the exponent 
of QC without the parenthesis by the exponent of oi^ 
within, in the general binomial form 

y = J ocr^ {a H- 6a?**)^ dx. 

Clearing {A) of fractions, transposing the first member 
to the second, and the last term of the second to the first, 
and dividing by (7?i — n + 1) a, we have 

/"a:"*-** (a + lafyp dx 

af«T«+»(a4.5af)^^— J(wp+wi + l) A'»(a+5af)^rfa; 

= (1) 

a (m — Ti + 1) ^ ' 

Writing — m for m — Uy and therefore — w + » f or w, 
(1) becomes 

y -=1 J or^ (fl + &af*)p dx 

ar'^+Xa + bafy+^ + h(in—np'-n—l) Car^-^Xa + loifydx 
^ - fl (m - 1) '^^^ 

e^>^fl^>$ ^> the formula requirecL 
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150. To find a formula for fliminiBhins the expo- 
nent of the parenthesis by 1, in the general bino- 
mial form 

y = Jod^ {a + hx'^y dx. 
Jx"^ {a 4- h7f)p dx z=z J 7f^(a + hoiT)^^ (a + laf) dx 

= ajijf' (a + &c")i^^ dx + hjixf'^ {a -f bafy-^ dx. (1) 

By formula (A), we haye for the last term of (1), by writ- 
ing m + n for m and p — 1 torp, 

fx"^^ {a + iT^y-^ dx 

afi+i {a + iTf^Y — (m + 1) a C x"^ (a + ba^y-^ dx 
"" b[n{p --1) -\- ?n + 71 + 1] ' 

which in (1) gives 

y = J x'''{a + baf^Y dx = a J x'^ia + ba^Y'^ dx 

ajwt+i (^ ^ i^Y ^ (r^n -\-l)a fx'^ia + bafY'^ dx ' 

+ , ^ 

(np -\- m + 1) 

Therefore, uniting the first and third terms of the second 
member, we have 

y = J x"" {a + b^^Y ^^ 

x^-^^ {a + bx^Y + «wi> /*^"' (« + b^r)^^ dx 

== ^ . (C) 

np -\- m -\- 1 ' ^ ' 

tvhich is the formula required. 
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151. To find a formula for increasing the exponent 
of the parenthesis by 1, in the general binomial form 



y 



= J oc!^{a + hx^)-^ dx. 



By transposing and reducing (C), as we did {A) to find 
{B), we have 

1*7^ {a + to')^^ dx 

aj»»+i (a + ba^y ^ {np -\- m + 1) fx"^ {a + bxf')p dx 
= ^ (1) 

Writing — p tor p — 1, and therefore — ^ + 1 tor p, 
(1) becomes 

y =z J x"" {a + baf)-^ dx 

af-^\a + Jaf»)-*»+^— (7w + n + l—np) faf'ia + boif)-^^^dx 
= 7 TY-^^^ ;C0) 

an (p — 1) ' 

wJiich is the required formula. 

Remark. — A careful examiaation of the process of reduction by 
these formulae, will give a clearer insight into the method than can be 
giv«n by any general rules. We therefore proceed at once to exam- 
ples for illustration, and shall then leave it to the industry and inge- 
nuity of the student to apply the method to the different cases that 
he may meet with. 

EXAM PLES. 

afdx 



1. Integrate dy = 



Va^ — x^ 

Here y z=: J x"" {a^ — ic^j-i (Jx^ 

a form which corresponds to 

/ a;"» (a + bof y d»» 



13 
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We see that by applying formula (A) we may diminisli 
m by 2, and by continued applications of this formula, we 
can reduce m to or 1 according as it is even or odd, so 
that the integral will finally depend upon 

, = sin"* - , when m is even ; 

or / — = — (a^ — a>^)i, when m is odd. 

Making m =: m, a = a^y 5 = — 1, ^ = 2, /? = — i, 
we have from formula (A), 



y = Jx"" {a^ — a^yi 



dx 



^m-2+i (^2 _ a5)i _ ^2 (^ _ 2 + 1) Cx'^-\a^ — a;8)'i dx 



- [^ (- i) + ^ + 11 

m 

{in — 1) a^ fx^-^ (a2 — x^yi dx 
+ ^ (1) 

When m = 2, {1) becomes 

When m = 3, (1) becomes 

V «^ — a;^ 

When 7W = 6, (1) becomes, by applying (A) twice in 
succoBBion, 
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^=f 






4*4 a' 






(which the student may show.) 

af^dx 



2. Integrate dy = 

V a^ + a;* 

Here y = y a;^ (a^ + rr^)"* cfa. 

Making m = m, a = aJ^, b = 1, n = 2, p =z — ^, 
we have from (A), 



y = / a-» (a2 + ar^)-* 



(fo 






By continued applications of this formula, the integral 
will finally depend on 

/-— = log ix + V^~+~^), when m is eyen, 

/xdx 1 

' = (a^ + a:2)i^ when m is odd. 

dx 



3. Integrate dv = — , 

Here V ^ J ^~"* (^' "" ^)~* ^^» 

from which we see that by applying {B) we may increase m 
by 2, and by continued applications of {B), we may reduce 
m to or 1, according as it is eyen or odd, making the 
integral finoJ]/ dejx^nd on a known loim. 
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Making m = m, a = a^^ 5 = — 1, w = 2, p = - i, 
(B) gives us 

y = Jx-^ (a^ — ofiy^ dx 

ar~^-i (a2 — ir2)i — (m + 1 — 2 — l)far^+\a^-'7^)^dx 
■" — a^ (m — 1) 

When m = 2, (1) becomes 

(since the last term disappears.) 

When 771 = 3, (1) becomes 

dx (a2_a;2)i 1 /. ^a; 



y 



"" e/ ^ ^/l2 ;^ "" 2/z22r« "^ 2/z8f/ ! 



2a^a^ "^ 2a3 ^^^ a; 

(Ex. 3 7 of Art. 146.) 
4. Integrate dy = (a^ — a;2)¥ dx, when w is odd. 
Here we see that by applying (C) we may diminish 

- by 1, and by continued applications of (C) we can reduce 

^ to — i, making the integral depend finally upon a 

known form. 

Making m = 0, a z= a^, b = — 1, n = 2, p = -^y (C) 
gives us 

y = J (a^ — x^)^ dx 

X («2 — a^y 4- naJ^ f{a^ — x^y~^ dx 

= irfi w 
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When w = 1, (1) becomes 

y = J{a^-3?pdx = -5^-^ — ^ + ^ Bin-i -. 

5. Integrate dy = ;;, when n is odd. 

Here y =z J {a^ — a^)-^ dx^ 

from which we see that by applying (Z>) we may increase 
the exponent ^ by 1, and by continued applications of {D) 

we can reduce h ^^ -~ i? making the integral depend 

finally on a known form. 

Making m = 0, a = a^, J = — 1, n = 2, jp = ^, (Z>) 
giyes us 

a; (a2 - ir»p^* -(3 - n) J {o? - a;^)"^^* dx 



2a2 



(1-) 



a; . ^ — 3 r dx 



4- 



— 3 r^_dx__^ .jx 
(» - 2) «« (a« - a;2);-i ^ {n-2)a^t/ (^2 - a«);-» ^ ^ 

When » = 3, (1) becomes 

/ dx _ a? 

6. Integrate dy z=. — /J =. 

V 2aa; — ar^ 

Here y =i J yf {2ax — a;2)-i dx = J x'^-i(2a—xyidXf 

which may be reduced by (J) to a known form. 
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Making w = 7?i — |, a = 2fl, J = — 1, w = 1, p = -1, 
(A) gives us 

V2aa; — a^ 

af^i (2a — a?)i — 2a (m — i) /*a^"* (2a — x^i dx 

— m 






When m = 2, (1) becomes 

/x^dx a; H- 3a /^ « 
— T- _ = ;z — V 2aa; — a^ 



V2aa; — a?8 

+ 



ia^f ^ 



V^ax — a^ 



2 * a 

7. Integrate <^?y = 



vnr 



a; 



2 



/a:« 1.5, 1 . 3 . 5 \ r^ — -. 1.3-5. , 



8. Integrate dy -. 



x^ Va + bx^ 

» = (- 5S + 3S) ^^»- 

9. Integrate dy = {1 -^ x^)i dx. 
y = Ja; (1 — a;2)S + |a: (1 - ar^)i + | sin"* x. 

dx 



10. Integrate dy = 



(1 + ^^)^ 



X 3 a; 3 , , 



LOGARITBMIC FUNCTIONS. Wi 



' 11. Integrate dy = - , 

12. Integrate dy = « 

1 • 3 \ /= 5 1 • 3 , 14- Vl — a?^ 



2; 



These integrals might be determined by one or other of 
the methods of Chapter III, but the process of integration 
by reduction leads to a result more conyenient and better 
suited in most cases for finding the definite integrals.* 

LOGARITHMIC FUNCTIONS. 

152. Reduction of the Form jX (log ocY ^^> ^ 
'Which X is an Algebraic Function of oc;. 

Put Xdx = dv and log* a? = w. 

/dx 
Xdx and du z=in log""* x — 

Substituting in / udv -= uv ^ J vdu, (Art. 147) 

we haye y = / Xlog" ocdx 

= log* X J Xdx — / w log""* X — / (Xdx) ; 

or by making / (Xdx) = X,, 

we have y = j X log* xdx 

— log*"* a>dx ; 

* Por « difcoMion of doOnite integnilB, %«« CV^.v^'^ * 
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which diminishes the exponent of log a? by 1, wherever it 

is possible to integrate the form / Xdx, By continued 

applications of this formula, when n is a positiye integer^ 
we can reduce w to so that the integral will finally 
depend on 

f-dx. 



ScH. — ^A useful case of this general form is that in which 
X = iC~, the form then being 



y = / af* log* xdx ; 



and the formula of reduction becomes 
Tf" log* xdx = ^ -^ log* X 



+ 

T-rr / af* 10ff*~* xdx. 

m 4- 1 1/ ^ 



+ 

by means of which the final integral, when w is a positiye 
integer, becomes. 

/ off^dx = --7- 

«/ m + 1 

EXAMPLES. 

1. Integrate dy :=: x^ log^ xdx. 

Making m = 4, and w = 2, we have 

y := I x^ log2 xdx 

= ^^-if:^logxd=c (1) 

Making m = 4 and n = 1, we have 

fx* log X (fa; = ^ip - \f^dx {= f). 
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vhich snbstitated in (1) gives xxa 

CrA lna8» Hrr ^'^'^t^ 2 J S? lOg X 1 a*\ 

y = J ^\otx dx = —^ g^— g g.-j 

= ^(log»a;-|log« + A)- 

2. Integrate dy = — - ° 

xdx 
Put = dv and log x =: u; 

'S/a^ + y? 
then V = v^+^ and du = — • 

= (^2 + Q^Y log a; — / — , — / , 

= {a^+a^)i logx + a log h+J}^^±A _ v^+^. 
(See Ex. 17, Art 146.) 

1 Qgr 2? dx 

3. Integrate rf^^ = jfzf^y' 

y = 5;^ log a; - log (1 + a;). 

153. Reduction of J 



Qc^ dx 



1 rfa5 

Put af»+i = u, i— ^j = rfv; 

log* a; a; 

then du = {m + l)Qf'dx 

and V = 



— (ai — V) log'"^ X 
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/oif^dx _^ af"'*'^ w + 1 p Tfdx 

iog''^ "" "" (w— l)log"-^a; "^ (n—iy log^' . 

by means of which the final integral, when w is a positive 

integer, becomes 

/x'^dx 
log X* 

beyond which the reduction cannot be carried, for when 
w = 1 the formula ceases to apply. We may, however, ex- 
press this final integral in a simpler form ; thus. 

Put z = af-^^ ; 

then dz = (m + l)af'dx and log z = {m + 1) log x. 

r ^rdx __ p dz 
J log a; "" «/ log z^ 

an expression which, simple as it appears, has never yet 
been integrated, except by series, which gives only an 
approximate result. 

Ex. 1. Integrate dy •=. ^ — ^- • 

Here m = 4 and n'=.%\ therefore the formula gives us 

/7:!^dx ^ aP noc^ dx 

log2 X "" log X J log X 

Put « = a;5 ; then dz = bxMx and log 2; = 5 log x\ 



therefore 



x^dx P dz 



J loer x~^ J 



log X ~^ J log z 

Now put log z = u; then z = e" and dz = e^'du. 

r dz __ Pe^du 
J logz ~~ J u 
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= logt^ + w + |+^, + etc. 

= log (log a^) + loga^ + ^^log^a^ + "^32-+®^ 



• • 



y 



=/ 



\o^ X 



+ 5 |^log(loga^) + loga;6 + 1^^ 



logic ' L_ &v & ^ ' & ^ 22 






(See Strong's Calculus, p. 392 ; also, Young's Int. Cal.,. 
pp. 52 and 53.) 
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154. Redaction of the Form / a*~« oc^ dx. 

Put a"* dx = dv and a;* = w ; 

then V = — T and rfw = nx'^^dx. 

m log a 

.-. V = / a'^af 6?a; = — z = / a"**ic*-' dx. 

^ «/ m log a m log a «/ 

By successive applications of this fonnula, when ?j is a 
positive integer, it can be finally reduced to 0, and the in- 

a^dx = — = • 

m log a 

Only a very few of the logarithmic and exponential func- 
tions can be integrated by any general method at present 
kno^vn, except by the method of series, which furnishes 
only an approximation, and should therefore be resorted to 
only when exact methods fail. 
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m 

EXAMPLES. 

1. Integrate dy = aP^a^dx. 

Here m = 1 and w = 3 ; therefore, from the above for- 
mula, we have 

y = J aP^dx 

= ^ i / a^Mx\ (by repeating the process) 

a^a^ 3 ia^x^ 2 /• ^ , \ 

log a log a ylog a log a -^ / ' 

(by repeating the process) 

a^T? Sa^a^ 6 / a^x 1 \ 

log a log2 a log2 a Viog a log^ a / 

= _^ /^ _ J.^ , _6? 6_V 

log a \ log a log2 a log^ a/ 

2. Integrate rf^ = x^e^dx. 

— ^p- , when m ia B, posi- 
tive Integer. 

Put x~^ dx -=1 dvy a^ = u; 
then V = r and du = a* log a dx. 

7/1 — 1 ^ 

~^ "" "" (m — 1) a;^-^ "*" m^"l •/ af""* ' 
by means of which the final integral becomes 

Pa^dx 
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which does not admit of integration in finite terms, but 
may be expressed in a series, and each term integrated sepa- 
rately. (See Lacroix, Calcnl Integral, Vol. II, p. 91.) 

Ex. 1. Integrate dy = — ^• 

By the formula just found, we have 
^dx e» /*<^dx 



0^ ^ X J X 
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156. Cases in which sin*^ Q cos*^ ddd is ixumediately 
Integrable. — The value of this integral can be found im- 
mediately when either m or n, or both, are odd positive 
integers; and also when m + n is an even negative 
integer, 

1st. Let m = 2r + 1 ; then 
ysin"» e cos" Bde =1 J* {An Bf"^^ cos" 6 dB 

= y (1 — cos2 By COS* B sin B dB 

= — y (1 — cos8 By cos" 6 d* cos B, 

an expression in which the binomial (1 — cos^^)*^ can be 
expanded, and each term integrated immediately. In like 
manner, if the exponent of cos B be an odd integer, we may 
assume n=:2r + 1, etc. 
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2d. Let m + M = — 2r ; then 

= y tan** ^ (sec B)^ dB 

= y tan'" 5 (1 + tan2 d)'^^ rf. tan ^, 

each term of which* after expansion^ can be immediately 
integrated. 

EXAMPLES. 

1. dy =.An^eQo^ede. 

Here y = J^An^B qo^B dB 

= f%m^B{l — sin20)rf.Bind 

= isin»0 — isin^a 

^ , sin2 (9 ,^ 

2. ^^ = — T7. dB. 

Here y= f—^dB= rta.n^ B sec^ B dB 

= i tanS B. 

3. dy = sin^d cos*(9 rfd. 2^ = — ^ cos^^ + | cos^l?. 

4. dy = sin^ cos^ B dB. 

y = — ^ cos^^ (sin* + i sin^^ + |). 

6. e?;y = sin^^ cos'^^ dB. y = ^ cos^^ — \ cos^ft 

6. ^^ = ^^6?^. y = itan80 + itan«A 

7. dy = — 



sinO cos'^6 
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„ _ P se c*g de _ r {l + tan^ 6)^ fierce de 

^^""^ y ^ J tan ^ COST'S - J l^T^ 

= log (taD d) + tan2 e + \ tan* S. 

8in« ^ cos* B 

Let a; = tan 0; 

1 a; 

then cos = . , sin ^ = 



and dB = 






1 + arJ' 



^ «^ 8m*ecos*e '^ a;* 

»• tantfl 

10. dy = ^^^. y = tane + ftan^^ 4 |taii«^. 

157. Fonnnlse of Redaction for 

y sin»~ COS** dS. 

When neither of the above mentioned conditions as to m 
and n is fulfilled, the integration of this expression can be 
obtained only by aid of successive reduction. 

We might produce formulae for reducing the expression 
sin*" cos" 6 directly;* but, as it would carry us beyond 
the limits of this book, we prefer to effect the integration 
by transforming the given expression into an equivalent 
algebraic form, and then reducing by one or more of the 

* See PricCf Lacroiz, WiiliamBoiif Todhxintet, CoxnXj^TkK!] ^ ^\k.. 
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1. 


dy — sin« BdB. 


Put 


sin B — X, 


then 


dB- {l^a^y^dx. 



.: y = J Bin* 6dB = Jafi (1 — «»)-* dx 
(a? 53? 3.5a;\ ., .., , 3-5 . , 

= --^(8in«0 + jsm3d + _sin0)+^-^0. 
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formulaB (^), (5), ((7>, (2>). Thu^, put sin ^ = a;, then ' 
sin"» B = xr, cos ^ =: (1 — a^)i, cos* d = (1 — a^)?, and 
dB = {l^ a^yi dx. 

.-. y = y sin* ^ cos" BdB = y a:~ (1 — a?)~^dx. 

or we may put cos B = x, and get 

//» 111-1 

sin" d cos" ^(^ = y — af (1 — «8)"^&;; 

either of which may be reduced by the aboye formulae. 

This process will always effect the integration when m 
and 71 are either positive or negatiye integers, and often 
when they are fractions. The method is exhibited by the 
following examples. 



2. 


, dB 
^y - sin^ B 


Put 


sin 6 z= X, 


m 


d6 = ^1 - 9?V^ dx. 



w 
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CO8 0/ 1 3 \ 1-3, ^ ,^ 

= — r We + a^ii^J + 271 ^''g *^ *^- 

/ • , 1 + COS 6^ , sin ^ - , ■ .. 

(since — log ; — 2 — = log ^r-; ;r = log tan W.) 

^ ^sind ^1 + cos^ ^ *^' 

3. ^y = sin* OdO. 

COS d 

y = ^ (8in8 <? + } sin 0) + p. 

(See Ex. 10, Art. 135.) 

4. dy = cos* W^. 

sin e cos^ ^ . « . ^ /I , q/j 
y = J h I Sin ^ cos B + ^. 

' ^ (See Ex. 9, Art. 135.) 

58. Integration of sin*» B eos*^ cJd in tenns of 
the sines and cosines of the multiple arcs, when m 
and n are positive integers. 

The aboTe integrations have been effected in terms of the 
powers of the trigonometric functions. When m and n 
are positiye integers, the integration may be effected with- 
out introducing any powers of the trigonometric functions 
by converting the powers of sines, cosines, etc., into the 
sines and cosines of multiple arcs, before the integration is 
performed. The numerical results obtained by this pro- 
cess are more easily calculated than from the powers. 

Three transformations can always be made by the use of 
the three trigonometTiQ formulso* 



t i 
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(i.) sin a sin 8 = J COB (a — J) — ^ COB (a + }). 
(^.) sin a cos J = J sin (a + J) 4- J sin (a — J). 
{S.) cos a cos J = ^ cos (a + *) + J cos (a — J). 

EXAMPLBS. 

1. dy = sin* Q cos» BdB. 

Here sin* B cos* = sin ^ (sin B cos*^)^ 

= sin ^ (J sin 2^)2 [by (2)] 

= } sin ^ (sin2 W) 

= isin^(i-^^?i?) [by(l)] 

= J sin — J sin cos 4^ 

= t sin d ^ i (t sin 50 - t sin 3^) 

[by (2)] 
= I sin d — -i*u- sin 50 + ^ sin 30 

,\ y = Ain* cos2 BdQ 

= y (I sin 0^0 — ^ sin 5W0 + ^V sin 30J^) 

c= — ^ cos + ^ cos 50 — ^ cos 30. 

2. rfy = sin* cos^ 0ti0. 

y = — ^ cos 20 + yJt cos 60. 

3. dy = sin* 06?0. 

y = ^ cos 30 — f cos 0. 

4. dy = cos* 0d0. 

y = ^ijj sin 36 + I ewi 0. 
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159. Redaction of fhe Form 




J 05** COS ax dx. 


Put 


w — a:". 


a,Tid 


dv = cosaxdxl 


• 

then 


du = waf*~^ dxy 


and 


1 . 
v = - sin ax. 
a 


.\ y /a?»cosaa? 


dx = -of" sm ax / af^^ 

a a^ 


Again, put 


u = af^S 


and 


dv = sin axdx; 


then 


du = {n — 1) af^^ dx. 


and 


1 

V = cos aa:. 

a 



I a^^ &maxdx =z af*~^ cos ax 

«/ a 

H / af^^ cos axdx. 

a- «/ 

.•. y =: J x^ cos axdx = - of sm ax 

( x^^ cos ax H / af "2 cos ax dx] 

a\ a a ^ / 

a^* (aa; sin aa; + w cos a£) n (n — 1) /•^,^„ , 

= ^ 3-^- ' ^ — 5 — - I af^^oosaxdx. 

The formula of reduction for / »» sin ax dx can be 
obtained in like manner. 

EXAMPLE. 

1. dy =: ofi cos x dx. 

y = a:^Bin X -t- 3a:* cob x — 6x rax x — ^ e«?s. x* 
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160. Redaction of the Form 

/ e^ cos** 05 dx. 

Put U = COS* Xj 

and dv = ef" dx\ 

then rfw = — w cos*"* 2; sin 2; eZr, 

and t; = — . 

a 

/^ . -f ^ cos* a? 
&"coB*xax = 

+ - / e" cos*"' a; sin a; rfa;. (1) 

Again, put w = cos*"* x sin a;, 

and dv = e"rfa;; 

then rfw = — (t^ — 1) cos""* a; sin* a; dx 

+ cos* a; &;, 

and v = — . 

/ e" cos""' a; sin a; da; 

1 1 /* 
= - e*** cos*"' a; sin a; / e^l — (n — 1) cos""* x sin* x 

+ COS" x] dx 

=z - ef" COS*"' a: sin a; + ^ — ^— / ef" cos*"* a; da; 
a at/ 

/ c" cos* a: da:. (Since sin* a; = 1 — cos* a:.) 

Substituting in (1), and transposing and solving for 
/ &"' cos" X dx, we get 

/n. « J ^ cos"-' a; (a cos a; + w sin a;) 
e*" cos" a; aa; = V": — 5—^ ^ 
a^ + n^ 

a* + w* *^ 
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which diminishes the exponent of cos x by 2. By con- 
tinued applications of this formula, we can reduce 7i to 
or 1, so that the integral will depend finally on 



/ 



(Tdx =z —^ when n is eyen ; 



or I ef^QOQzdXy when n is- odd. 

(2) gives the value ot I ef^ cos x dx without an integra- 
tion, since the last term then contains the factor n — 1 
= 1 — 1 = 0, and therefore that term disappears. 

The reduction of I e(^ sin"a;rf-c can be obtained in like 
manner. 

EXAMPLES. 

1. dy = ef^ C08X dx. 

y = ^ (« cos a? + sin x). 

2. dy = ef" co&^xdx, 

c" cos x(a cos ar + 2 sin x) , 2 ^ 

ft =: i _! i J . — . 

^ 4 + a* ^ 4: + aJ^ a 

lei. Integration of the Forms 

/(ac) sin"* x dx^ /(oc) tan~* x dx^ etc. 

Integrals of these forms must be determined by the 
formula for integration by parts (Art. 147) ; the method 
is best explained by examples. 



EXAMPLES. 


1. dy = sin"* x dx. 


, 


Put dv = dXy 


and u = sin"* x; 


en V = X, 


and du = —, 



Vv-* 
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r xdx 



I 



= X sin"^ X 



= X sin"* a; + (1 — «*)i 



- sfitsxr^xdx 

-. , ' , (x^dx , da; 

Put av = r-- — i = aa; — 



l + a!3"" l + ar»' 

and «^ = tan"* x ; 

then V z= X — tan~* x, 

dx 
and du = j-p^. 

.-. y = a: tan-i a; - (tan-i a:)2 - /(j^^ - *^^) 

= x tan-i a; — (tan"* xf — ^ log (1 + a;2) + ^ (tan"* a;)^ 
= X tan-i a: — i (tan"* xf — ^ log (1 + x^). 

3. rfy = x^ sin~*a; dx. 

7? . 



y = g- sin-i a: + t (a;a + 2) vT— ^. 

4. dy = sin"* a; r V = 1 (sin*** a;¥. 

^ (l-a^)i ^ YV A 

162. Integration of dy = 



a + 6 cos B 

_ r ^ 

^ "" «/ a + Z> cos 
_ /> de^ 

a ( COS* X + avu^ - \ -V b Vc.c>«^ -^— 8in2 -I 
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dJd 



(a + *) cos8- + (a — J) gin*- 



=/ 



sec^ H de 



a + b + (a — 8)tan2^ 



rf«tan;r 



a + * + (a — *)tan25 



When « > J, 

2 



^-[c-^j''-a 



(by Ex. 3, Art. 133. > 
When a < J, we have, from (1), 






J + a — (6 — a) tan^ ^ 

A 

3^ VJ + a -f VJ — a tan ^ 

log 



vb + a — vb — a tan - 

(by Ex. 5, Art. 137). 

do 
The integral of — . , . — ;: can be found in like manner 

to be 

^ a sin ^ + 5 cos ^ 

tan"i — , when a > J ; 



(a* - S*)* („2 _ j»)i cos t 
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12. ay = r« 

(1 - 2?)* 

13. ay = 



A/2aa; — a:* 

2^=-l4+4r3^+i:3:2^+s:3:2^7v^^^=^ 

4«3*2 a 

14. % = loga; {fo, y = a;(log a; — 1). 

15. dy = a? log^x dx. y = ^a^ (log* a; — f log a; + 1). 

17. dy =. X logS a: rfa;. 

y =^2 ^^^^ "" T ^^^^^ "^ T" ^^^^ "■ ^^' 

18. dy := 7^ log a; rfa;. y = j- log a: — — • 

19. dy = , — y = 



a: log2 a; ^ log a; 

20. dy = -^ y =: --r (log^a: + 41oga; + 8). 

x^ x^ 

21. dy= ^"^^ 



logs X 

^ 5^ 25 

2 lo^ ■" 2 log a; "*" 2 



y = - Ti^;^ ■- o-^^. + ^ |_l^g O^g ^) 



1 1 "1 

+ log a:5 + _ iog2 a;5 + __ ^gs ^^ i 
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23. dy = QMxP^dx. y = i (x — = J. 

^ ^ log fl \ log a/ 

24. dy = jr^^rfa^ y = e* (o.^ — 2ic + 2). 

25. dy=z~ y=-^(r^{x^ + 2x + 2). 

26. dy^—^^ 



+ Jlog^a.- +etc.| 



27. % = ^^-7^- y = log(^ + ^--). 



+ 1 

28. ^y = ef ^dx, y = c«'. 

^r. J ^xdx ^ 

[Put (1 + a:) = « ; then a: = a? — 1, rfic = dte, etc.] 

_. , mi^ede .. , .„. . 

31. dy = 5-5— (Art. 156.) 

y = sec ^ + 2 cos ^ —- ^ cos^ 0. 

32. dy zzzAn^Bco^^edB. y == f sin* — f sin* ^. 

33. rf^^ = E^l^. y = I cos« 0-2 cos*a 

COS»0 

34. ay = » — . y = 3 sin* — if sin* 0. 

sin* e 
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sin« e de 



y = - 5-^-^ (sin* + 4 sin2 — 8). 



3 COS0 

36. dy = . .^ ^-Q» 

^ sin* cos^ 

_ 1 4 cos 8 cos 

^ "" cos sms e ~" 3 sinS "" 3 sin"5' 

37. dy=z—^-^. y = 2tan*(?(l + itaIl20)• 

sin* B cos^ ^ 

, sini ^ rfd , e J. ft /I 

38. dy = T — y'= I tan^ ^. 

cos*0 

39. dy=i . ,f^ ,^ * y = -8cot20-|cot82(?. 

^ sm* cos* ^ 

40. rfy = sin* e cos* d0. (Art. 157.) 

y = ?!?!i(cos30+icos0) - ^/(sin30 + |sin(?) 

41. dy = -r— ^ 2li' y = sec + log tan ^• 

^ sm ^ cos^ (? ^ ° 2 

42. dy — -, 



sin cos* 



2' = 3^s^+3^fl + ^"g*"^l' 
43. dy = 8in8 co8« 6 dd. 

y= _2!J^(gm'0+^sin5e+Asin8e+Tft-sme) 
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44. dy = sin* B dS. (Art 158.) 

y = A sin 40 — i sin W + |ft 

45. (Zy = cos* dd. 

y = 5^ sin 40 + } sin 20 + |0. 

46. dy = sin« d0. . 

y = ^ (— I sin 60 + I sin 40 — V sin ^^ + 100). 

47. dy = it* sin a; rfa;. (Art. 159.) 

y = — a:* cos a: + 4a.'8 sin a; + 12a:2 ^os a; 

— 24a; sin a; — 24 cosa;. 

48. dy = er sin^a; dx. (Art. 160.) 

e"* sin a; , . .. . 2ef" 

y = -7— — s- (fl sin a; — 2 cos x) + 



4 + a« ^ ^ ' a(4 + a2) 

49. dy =: eT sin'^ a; e^a;. 

y = -^ (sin^ a; + 3 cos^ a; + 3 sin a; — 6 cos x). 

a sin kx -\- k cos ^a; 



oO. dy = e""^ sin ia: rfa:. y = — 

51. dy = — -^ (Art 161.) 

Vl —25^ 



(a2 + *^) e~ 



Put dv = _ and w = sin'^a;: then 

t; = — i (a?J + 2) Vnr^ (by Ex. 1), etc. 
y= -i(a?» + 2)VT::^.sin-ia; + ^ + |a;. 

52. dy = —- sin"* x, 

Vl — x^ 

y = [~i(a:8+t^)Vl-a^+^ sin-la;] sin-* x^^-V-^x^. 
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64. dy = —=^=- (See Fonnnla 43, p. 345^ 

y = ^(3-2a; + a?)* 

+ i log [ar - 1 + (2 - 2a; + a^ij 



CHAPTER V 

INTEGRATION BY SERIES — SUCCESSIVE INTEGRA- 
TION INTEGRATION OF FUNCTIONS OF TWO 

VARIABLES — AND DEFINITE INTEGRALS. 

163. Integration by Series. — The number of differ- 
ential expressions which can be integrated in finite terms is 
very small ; the great majority of differentials can be inte- 
grated only by the aid of infinite series. When a differen- 
tial can be developed into an infinite series, each term may 
be integrated separately. If the result is a converging 
series, the value of the integral may be found with sufficient 
accuracy for practical purposes by summing a finite number 
of terms; and sometimes the law of the series is such that 
its exact value can be found, even though the series is infi- 
nite. This method is not only a last resort when the 
methods of exact integration fail, but it may often be em- 
ployed with advantage when an exact integration would 
lead to a function of complicated form ; and the two methods 
may be used together to discover the form of the developed 
integral. 

EXAMPLES. 

1. Integrate dy = in a series. 

By division, 

— ; — = + -11 k + ^te. 

a -^ X a a^ a^ a* 

r dx r(i X x^ 7? , V , 
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But y*-^ = log (a + «). [Art. 130, (4).] 
... log(« + a.) = ?-i^ + ^-^ + etc 

2. dy = x^ (1 — 1^^ dx. 

E^Kmding (1 — a^)^ by the Binomial Theorem, we have 

/I -9\i , a? a:* a^ 6a^ . 
(l-a?)i=.l-^-^-^-^-etc 

... y=/a.i(i-|_|*_^_||_etc.)cto. 

= fc* — 4^2;* — Jja^ — Tiir*^ — T^t^ — etc- 

y = fiT^ = **"■' "^ t^^ ^^^' ^^^^^ 

7? a^ x^ ^ x^ . 
= *-3 +5-7 +9"**^ 

4. e?y = 



[Art. 144, (1)] 
__ a^ 3a^ 3-52;'^ 

- ^ "" 2^3 + 2:1:5 ■" 2.4.6.7 + ^*^- 

5. rfy = x"^ {x — l)t dx. 
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164. Snccessive Integration.— By applying the rules 
previously demonstrated for integration, we may obtain 
the original function from which second, third or n^ dif- 
ferentials, containing a single variable, may have been 
derived. 

If the second derivative -j^ = X be given, when X is 

any function of a?, two successive integrations will be 
required to determine the original function y in terms of x. 
Thus, multiplying by dx^ we have 

ax 
or d(^ = Zdx. 

Integrating, we get 

Multiplying again by dx and integrating, we get 
y = J Xydx + J G^dx = Xs + CxX -f- Cj. 

Similarly, if we had -r^ = X, three successive integra- 
tions would give 

y = Xs + C, s- + Cso; + C, and so on. 

Generally, let there be the n^ derivative 

d-y _ y 

dvr^ 
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hence^ by integrating we have 

Again, we get from this last equation, 
d (^) = X,dx + C,dx ; 
and by integrating, 

Also from this we obtain 



9 

d (-^^) = ^^ + CiX dx + C^i 
and integrating. 

And continuing the process we get, after n integrations, 

//Mi 
dry ::= J Xd^ 

=^ -^n + ^> -100 TT: TT + ^s 



1.2.3... Oi-1) • '1.2.3... (7i — 2) 

+ . . . . t7„— lic + Ca. (x) 

The symbol / Xdy?" is called the w^ integral of Xrfaf, 

and denotes that n successive integrations are required. 
The first term X„ of the second member is the n^ integral 
of Xdx'\ without the arbitrary constants ; the remaining 

part of the series is tlie t^^uW. ol mtvoducing at each 

integration, an arbitrary coi\e>l«biv\,. 



DEVELOPMENT OF INTEGRALS. 323 

^->^165. To Develop the n** Integral J Xdx^ into 
a Series. — By Maclaurin's theorem, we have 

+ (/^^^) 1.2.3 .T(«-i) + (^>i.!i.r...» 

"^ Wa;/1.2...(» + 1) 
in which the brackets 

are the arbitrary constants 

for that is what these expressions become respectively, 
when X = 0, 
By Maclaurin's theorem, we have 

which may be converted into (1) by substituting for 
aP, x^y x^, aPy etc., in (2), the quantities 

~, etc*, 



1.2...W' 2.3... (7i + 1)' 3.4. .. (7i + 2y 



♦ fljiice ^ /*X(to» =y Xda?^ 
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and prefixing the terms containing the arbitrary constants 
as above shown, viz., 

n n n p 



y --»1.2' ^"1.2.3... (71-1) 

(See Lacroix, Calcul Integral, Vol. II, pp. 154 and 155.) 



EXAMPLES. 

1. Develop / — 

Here X = (1 - x^Y^ 

= l + i^ + i^a- + |^^a^ + etc. 

Substituting in this series for a^, x^, 7^y «•, etc., the 
quantities 



iC* 




a;« 


0^ 


a;J» 


etc.; 


1.2.3.4' 


3. 


4.5.6' 5. 


6.7.8' 


7-8-9.10' 


and prefixing 












C 


1 

4> 


Cs Y > ^8 


1.2' ^> 


1.23' 




we get 












/»* dT:^ 


a 


.+ Csf + 


^^1.2 + 


^'1.2.3 




•^ Vl iB2 




+ 




1 


a^ 


1.3a^ 


1 


1. 


2.3.4 ' 2. 


3.4.5.6 


' 2-4-5-6- 


7.8 1 


+ 




1.3.5a;io 


.1- ofp 


1 


1 ■■ 

1, 


2. 


4.6.7.8.9. 


10 + ^"'^ 





2. Integrate d^y = 6a da^. 
Dividing by da^ we have 
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••• f^&) = f^^' 



= daa^ + CiX + Cf. 



or ^ = eax+a. 

Multiplying by dz and integrating again, we have 

dy 
dx 

Multiplying again by dx and integrating, we haye 

3. Integrate d^ = sin a; co^xdsf. 
Put sin a; = iE ; 

.-. dz = Qo^xdx^ 
and d^ = cos^ x da? ; 

from which we get 

sin* a? ^ . ^ 

.% y = — g— + Ci sm « + (/f 

4. Integrate d^ = as^dofi. 



5. Integrate /Py = ^sr^da^. 



y = log re + ^- + C^ + C; 



6. Integrate ^ = cos « (&*• 



y = COB X + ^ -V ^ A^ C^ ^ ^ V. 
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166. Integration of Fanctions of Two or More 
Variables. — ^Differential functions of two or more yari- 
ables are either partial or total (Art. 80). When partial, 
they are obtained from the original function either by 
differentiating with respect to one variable only, or by 
differentiating first with respect to one variable, regarding 
the others as constant; then the result differentiated with 
respect to a second variable, regarding the rest as constant, 
and so on (Art. 83). For example. 



are differential funcrtions of the first and second kinds 
respectively, in which «^ is a function of the independent 
variables x and y. From the manner in which the 
expression ^hi j,, . 

was obtained (Art. 83), it is evident that the value of u 
may be found by integrating twice with respect to x^ as in 
Art. 165, regarding y as constant ; care being taken, at 
each integration, to add an arbitrary function of y, instead 
of a constant. 

167. Integration of ^y ^^ = /(a?, y\ 
This equation may be written 

dy \dxf '' ^ ' !" 

dxc 
It is evident that ^- must be a function such that if we 

ax 

differentiate it with respect to y, regarding x as constant, 

the result will be / (x, y). 

Therefore we may write 

^ = ff(x,xs\dy. 
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Here^ also, it is evident that u must be such a function 
that if we differentiate it with respect to x, regarding y as 
constant, the result will be the function 

Hence, u = J \ J fip^y y)dy \dx. 

Therefore, we first integrate with respect to y, i*egarding 
X as constant,* and then integrate the result with respect to 
Xy regarding y as constant,* which is exactly reversing the 
process of differentiation. (Art. 83.) 

The above expression for u may be abbreviated into 

J ff {«» y) dy dx or fff {x, y) dx dy. 

We shall use the latter form ; f that is, when we perform 
the ^-integration before the ir-integration, we shall write dy 
to the right of dx. 

It is immaterial whether we first integrate with respect to 
y and then with respect to x, or first with respect to x and 
then with respect to y. (See Art. 84.) 

In integrating with respect to y, care must be taken to 
add an arbitrary function of Xy and in integrating with 
respect to x to add an arbitrary function of y. 

In a similar manner, it may be shown that to find the 
value of u in the equation 

dhb ., . 



dx dy dz 
we may write it 

u = J J J f{x, y, z) dx dy dz, 

* Called the y-integration and a;-integratlon, respectively, 
t On this point of notation writers are not quite nnif orm. See Todhnnter^e Cal., 
p. 78; also Pdce'e CaJ., Vol II, p. 881. 
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which means that we first integrate with respect to «, regard- 
ing X and y as constant ; then this result with respect to y, 
regarding x and z as constant ; then this last result wiUi 
respect to x^ regarding y and z as constant^ adding with the 
^^-integration arbitrary functions of x and y, with the 
^-integration arbitrary functions of x and z^ and with the 
ic-integration arbitrary functions of y and z. (See Lacroix, 
Calcul Integral, Vol II, p. 206.) 

EXAMPLES. 

1. Integrate cPu = lo^yda^ 

Here ^VT) ~ b^dx, 

du 

du = \hi^dx +f(y) dx. 
/. u = ^bxh/ +f{y) x + (t> (y). 

2. Integrate dJ^u = ^x^ydxdy. 

Here ^(^) ~ ^x^ydy. 

du 

/. -^^^S%^ydy^^f-^i^(x\ 

du = a;ytZa; + (a;) rfa:. 
.-. u = ^0^32^2 + /0 (a;) da; +/(y). 

3. Integrate d?u = 3a;y8 J^; c/y. 

u = ixY + f<l> (x) dx +f{y). 

4. Integrate d^u =: ac(^y^ dx dy, 

u = ^^^ \ H (A dx +f{y). 
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168. Xntegratioii of Total DUEereatiatai of tlie HzBt 
Order. 

H I* = f{x, y), 

we have (Art 81), 

in which -j- dx and -r- {^y are the partial differentials of u ; 
also, we have (Art. 84), 

cPu dhi 



dx dy dy dx* 

d_ idu\ __ d_ /du\ . . 

dy \dxl "" dx \dyl' ^ ' 

Therefore, if an expression of the form 

du = Pdx + Qdy (2) 

be a total differential of u, we mnst have 

di'-'^' dy" ^' 

and hence, from (1), we must have the condition 

dy -^ dx' ' ^^^ 

which is called EuUr^s Criterion of Integr ability. When 
this is satisfied, (2) is the differential of a Unction of x and 
y, and we shall obtain the function itself by integrating 
either term ; thus, 

u^fJPdx+f{y\ (4) 

in which f(y) must be determined so as to satisfy the con- 
dition 

dy - ^- 
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Remabk.— ^inoe the di£RBrential with respect to a; of eveiy term of 
n which involves x must contain (2ir, therefore the integral of Pd^will 
l^ve all the terms of u which involve x. The differential with respect 
to ^ of those terms of u whidi involve y and not x, will be found only 
in the expression Qdy. Hence, if we integrate those terms of ^ 
which do not involve x, we shall have the terms of u which involve y 
only. This will be the value of f{y), which added with an arbitral 
constant to fPdx will give the entire integral. Of course, if eyeiy 
term of the given differential contain x oi dx^ f{y) will be coDstant 
(See Church's Calculus, p. 274) 

EXAMPLES. 

1. du = ^3?\^dx -\- ^^xMfHy, 

. Here P = ^^\ Q = dx^K 

:. ^ = l2a^y^ and ^ = 12ii«^. 

Therefore (3) is satisfied, and since each term contains x 
or dx, we have from (4), 

u = f\3i?yHx = 7^y^ + (7. 

2. du = j+{2y^^^dy. 

(3) is satisfied, therefore from (4) we have 

Since the term 2ydy does not contain x, we must have, 
from the above Remark, f{y) = /2ydy = y% which must 

X 

be added to -, giving for the entire integral, 

X 

y ^ 

3. du = ydx -h xdy, ii^ =: xy + C. 

4. du = {Qxy — y^) dx + (3x^ — 2xy) dy. 
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5. du = i^taxy — Zhsh/) dx + {aa^ — fet") rfy. 

u = aa;^ — Jya;' 4- C. 

The limits of this work preclude us from going further in 
this most interesting branch of the Calculus. The student 
who wishes to pursue the subject further is referred to 
Gi-egory*s Examples; Price's Calculus, Vol. II; Lacroix's 
Calcul Integral, Vol. II ; and Boole's Differential Equations, 
where the subject is specially investigated. 

169. Definite Integrals.— It was shown in Art. 130 
that, to complete each integral, an arbitrary constant C 
must be added. While the value of t^is constant G remains 
unknown, the integral expression is called an indefinite in- 
tegral ; such are all the integrals that have been found by 
the methods hitherto explained. 

When two different values of the variable have been sub- 
stituted in the indefinite integral, and the difference between 
the two results is taken, the integral is said to be taken 
between limits. 

In the application of the Calculus to the solution of real 
problems, the nature of the question will always require 
that the integral be taken between given limits* When an 
integral is taken between limits, it is called a definite 
integral.* 

The symbol for a definite integral is 

/ f{x) dx, 

which means that the expression f(x) dx is first to be inte- 
grated ; then in this result I and a are to be substituted 
successively for x, and the latter result is to be subtracted 
from the former ; 5 and a are called the limits of integra- 
tion, the former being the superior, and the latter the 
inferior limit. Whatever may be the value of the integral 

* In the Integral Calcnlns, it is often the moBt difficult part of the work to pass 
trom the indeSnIte to the definite integral* 
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at the inferior limit, that value is included in the value of 
the integral up to the superior limit Hence, to find the 
integral between the limits, take the difference between the 
values of the integral at the limits. 

In the preceding we assume that the function is continu- 
ous between the limits a and by L e,, that it does not become 
imaginary or infinite for any value of z between a and b. 

Suppose i< to be a function of x represented by the equa- 
tion 

then du =;= f (x) dx. 

Now if we wish the integral between the limits a and d, 
we have 

u = f''f'(x)dx=/{b)-f{a). 

If there is anything in the nature of the problem under 
consideration from which we can know the value of the 
integral for a particular value of the variable, the constant 
C can be found by substituting this value in the indefinite 
integral. Thus, if we have 

du = {abx — bx^)^ {ab — 2bx) dx, 

and know that the integral must reduce to m when a; = a, 
we can find the definite integral as follows: 

Integrating by known rules, we have 

w = f {abx — bx^)i + Cy 

which is the indefinite integral ; and since w = m when 
a: = a, we have 

?w = + (7; /. C =:my 

which substituted in the value of u gives 

u :=^\ (abx — }yj^^ -V m* 
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EXAMPLES. 

1. Find the definite integral of rft^ = (1 + ^ax)^dXf on 
the hypothesis that w = when a; = 0. 

The indefinite integral is 

Since when a; = 0, w = 0, we have 
which substituted in the indefinite integral, gives 



27a ^ r 4—/ 27a 
for the definite integral required. 

2. Integrate du = ^T^dx between the limits 3 and 0. 

/>8 r "18* 

Here ^ = y ^^^^ = 2a^ =54. 

Z. u z=i I Tfdx = — — - = — — -. 

/loo r" "ico 

4. w = / e-rfa; = — e-* = — (0 — 1) = 1. 

t/0 a^ H- a;* a |_ aj^ 2a 

. /»« rfa; ir. _ia;"l« tt 

^^ u := I » . ^ = - tan-1 - = — . 
t/o a^ + a;* a |_ aj^ 4a 

* This notation signifies that the integtaX \&VA\i^\a3B£^\i\^\Ni^«(\.^^XsDa:!^s^'^ 
sod 0. 
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1 ff 

= - [tan~^ 00 — tan~^ (— oo )] =t- 

n^ dx r • i^~l^ ^ 

Rrmark. — It should be observed here that the value of the infini- 
tesimal element corresponding to the superior limit is eocdu^My while 
that corresponding to the inferior limit is ifieluded in the definite in- 
tegral ; for, were this not the case, as — becomes equal to oo 

when x = a, the integral of Ex. 8 between the limits a and would 
not be correct ; but as the limit a, being the superior limit in Ex. 8, 
and that which renders infinite the infinitesimal element, is not 
included, the definite integral is correct. (See Price's Calculus, 
Vol. IJ, p. 89.) 

9. u = f^(a^ — aP)idx, (See Ex. 4, Art. 151.] 

10. u=L I ^__ . (See Ex. 7, Art. 151.) 

l-3»5'7r 
~ 2.4.6.2* 






T 42 



11. u =: I sin'o; cos^x rfa; = 



3.5.7.11 



170. Change of Limits. — It is not necessary that the 
increment dx should be regarded as positive, for we may 
consider x as decreasing by infinitesimal elements, as well as 
increasing. Therefore, >Ne \i2k.N<ei 
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/V (z) (& = ^ (o) - ^ (J) = - [* (5) - <i> (a)] 



= — / ^' {x)dx. 



That is, i/ m;^ interchange the limits, we change the 
sign of the definite integral. 

Also, it is obvious from the nature of integration (Art. 129), that 
pc ph pe 

and so on. Hence, 

/ coBxdiB= I cioaxdx+ I Ci0^xdx-\- / fsoiaxdx 

t/O Jo J\n Jhw 

+ I co&xdx 

/%\it pn 

= / co^xda + I cosaj(?a; = 0. 

t/O J kit 

f'(:x)dx= / f'(x)dx+ / f'{x)dx, (1) 

a J -a t/o 

Let x= —x; then da= — dx, and the limits and — a become 
and + a ; therefore we have 

/>0 y»0 pa 

/ /'(aj)(te=- / /'(-aj)da;= / /'(-a;)(te, 

which in (1) gives 

/a pa pa 

f'{x)dx=^J f'{-x)da + J f'(x)dx 

= n If' (-«) dx + f (x) dx\. (2) 

Now If /' i-x) = -/' (xl (2) becomes. 



(?) 



(4) 
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But if /' (-«) =/' (aj), we have 

which in (1) gives C^ f (a?) (te = 2 f^f (a?) (to. 

The following are examples of these principles. 

1. u z= I cos sc e?2;. 

Here /' (— ^) = /' (^) = <^s x. 

,•. w = / eosa? <fo = 2 / cosa; eSi; = 2. 

2. u = I smxdx=:0. [Since/' (—a?) = — /' (x).] 
8. t^ = /"""{a^ - a;2)it?a; = 2 ^{0^ — a:3)irfa; = ^. 



4. W 



= / siRx dx =z I miX dx + I mux dx 

== 2 / si 



sin a; 6?a;. 




Since / sin a; da; = / sin a? d!a? = 2. 
I. u ^= / cosx dx=z I QOBxdx+ I cosa?rfa; = 0. 

Since / cosa;dfa; =: — / cosa^efo;. 



/•I xf^dx ^ n^ x^dx - , 

= / —7== = ^ / -7 = ii^* 

«/-! Vl — a;3 «/o Vl — a?» \ ^ 



(SeeEx. ^, ^^.^^"^^ 



J ' 
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1. Integrate du = by series. 

— ? ^ l'3gg l'3'5 a^ , 

*^ ■" a "^ 1.2.3a8 "*■ 2.4.5a» "^ a.4.6.7a^ "^ 

But f—^L= = sin-i - (by Ex. 14 of Art 131) ; 

therefore, 

. _j a? _ ir ir« l»3a:g l-3»5a;^ . 

^'"^ a~a + 2r3^8 + 2:4:5^+2.4.6.7a^"^®^^ 

dx 

2. Integrate df^^ = 



**~ 1-2.5 "^2.4.9"" 2.4.6.13 "^^^^ 

3. Integrate du = — ^— (1 - ^i 
^ Vl — a;^ 

By the Binomial Theorem, 



l-e^ 1.3^a:« 



Vnr^ = l-ie^o^--^ -^7^ -etc. 

Multiplying by — , and integrating each term sep- 

Vl — a^ 

arately (see Ex. 1, Art 151), we have 
w = /— ^=(l-^)i 



= sin~i X + 



+3 



iea r| a/1 - a« - t sin-» a; J 



w 



838 MXAMPLB8. 

/i'4'b LVD 4«o /{•4'D/ 

1-3.5 . - -| . i 

2 

4. Given ePy = -^rfa;^^ to find y. (Art. 164.) 

y =z log a; + iC,3>^ + C^ + Ci. 

6. d^y = a:*rfa;8. ^ — ^^J + j^Oia:^ +(722; + ^ 

7. d^y = /Sz;2t?a;a. j^ = ^8a^ + C,x + (7,. 

8. rf'^y = cosx sin^a; rfa:^, 

y = ^ cos^a; + C, cosic 4- Ci. 

9. d^y = cos a; e?a:*. 

y = cosx + ^CiO^ + J-Caa:^ 4- C^x 4- C4. 

10. 6^y = e^dx^. y = ^-{^ ^0,x^ -\- 0^ + G,. 

11. d^y = (1 + a;2)-4d?a;4. (Art. 165.) '. 



2 ' '2.3 ' 2. 3.4 
x^ 1.3a;8 



2.3.4.5.6 ' 2.4.5.6.7.8 
1.3.5a:io 



2.4.6.7.8.9.10 



4- etc. 



I 



12. dj^u = ax^yHxdy. 

^ = ^^y^ + f<)>(x)dx 4-/(y). 

13. c/i^ = (2x^/2 4- 9a;2y 4- %7^) dx 4- (2a;2^ 4- ^ofi) dy. 
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14. u = 



y %2 - 0?^)* dx = ^y ''(a« - x^)i dx. 

(See Art. 170.) 



u = 



3.5 

a. 4.6 



0%. (See Ex, 7 of Art. 162.) 



ih. u 






«« ;c*t?a; 



V2a^--^ 



V/ = 



7«5.3 
4.3.2 



C^TT, 



16. - = /'-«(i-#^- = 3:^iTia- 

^""2 ""4^ 2~22:42^2""^^p:68 2'"^^^' / 



18. t^ 



xdxdy 
«/o iz^ + .V* 






,. (Art. 167.) 



We first perform the ^-integration, regarding x as con- 
stant, and then the a;-integration. 



u = /'*'' f- tan-i ^Ta; dx. (Art. 132, Ex. 3.) 



• . 






16 



pa px py 

19. u =1 I I I xyz dx dy dz 

20. u = J J J dx dy dz = x* 
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21. u = J*' f''r*dddr = ^- 

p\ir p%a COS 9 

22. w = / / 7*de dr = \c^n. 

For the convenience of the student, the preceding for- 
mulae are summed up in the following table. 

/ 

A 

I • 

TABLE OF INTEGRALS. 

CHAPTER I. \ ^ 

Elemeih^aey Forms. (Page 238-.) 

1. J(dv + dy^dz) = v + y — t. (130)* 

2. fa:^dx = -^^ • (131) 

^ Padx _ a 

J ~^ ~ "■ {ri — 1) a;"-^* 



. Padx , 

4. J — = a\ogx. 

5. / a* log adx -=. (f. 

6. / ^t?a; = e*. 

7. y cos xdx ■=. sin a?. 

8. / sec^ xdx •= tan a:. 

9. / 



sec X tan xdx ^^ sec ir. 



* The arbitrary cohbUhV \a \meLW«XocA. v^eft Kx\A^:> 
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29. C—^=z = a log lx+a+V^ax+^). Ex. 20. 

30. f{cfi+a?)^dx 

= 1 (a«+a:8)l+|'iog [a;+(a8 +««)*]. Ex. 35. 

CHAPTER IV. 
SuccESSiVB Eeductiok. (Page 285.) 

31. / udv =z uv — I vdu. (1^*^) 

32. f^ {a + baf^y dx ^ (148) 
ar-^+*(fl + Ja;")^i— (m— w+l)a faf^(a + hoirYdx 

' ft (WJ9 + m + 1) ^ ' 

33. y ar"* (a + lory dx (149) 

ar-*«+Xa + 4af*)«'+i + *(m— n^-w— 1) Cx-'^'^Xa-^haf'ydx 
: -a(m-l) -(^^ 

34. J^af" {a -{- bary dx (150) 

af»+^ (a + &if*)i» + «»/? /'a;"* (a + J^)**-^ e?a; 

= — '. (0) 

np -}- m + 1 

35. J'af^ {a + Sa:")-^ dx (151) 
a^+^(a + Ja^)-*+^ - (m + w + 1 — np) /*ii:'"(a + baf')-^+^dx 

36. Jxr^a^-^QP^yidx 



^j4»-l 



w ^ ' m 
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37. J^af" {a^ + ofl)'i dx 



dx. 



88. / ^ 






"■ (w — l)a2a-*-» "^ (w — 1) a* t/ af»-2^^8 _ ^ji' 
. f(c?-^QFfdx 



X {cfi -^oFf + na^ C(a^ — a;^)' Va? 



40 



• / 



71 + 1 



(a2 - ic2)5 

a^ 7i— 3 r dx 



7^— 3 /* d 



41, / — 

42. / ^"^^ 



Va + ^a; + ca;^ 



= af^i ^a -\-hx -\- (^ n — 1 a P t^-Hx 






2?j— 1 h r tT-Hx * 



■/ 



271 Cf/ ^ct-]-bx + ca^ 



♦ See Price"' a CaVcu\\ift ,N o\. W, ^ , ^. 
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43. f 

dx 



oi^dx 
a/« + hx + cx^ 






+ bx-^cx^ 



P xdx 

44. / ■ 

•^ Va + hx + coo^ 
^a-\-hx-\-ca^ h C 



rfa; 



^Qf'dx 
log" a; 



45. / a:^ log" xdx 

= — — - log" X ^ / Of* log"-i xdx. (152) 

*>• /i „ 

"" "" (w — 1) log"-^ ic "^ n — lJ log"-^ a;* '^ ^ 

47 /"-^ 
J log i? 

1 1 

= log (log z) + \ogz + ^ log2 z + ^^log^ai+etc. 

48. A"'^ dx = -^^ v^— fdrx*'"^ dx. (154) 

t/ m log a mxoga^ ^ ' 

fa^dx _ a^ Jog a_ f a^dx . . 

*y- J -^ - ■" (m - l)a:^-i "^ m - 1*/ a^"^* ^ ^ 

50. y^sin"* cos" cZd 

= — Al — cos2 ^y cos" ^rf cos 0, (156) 



♦ Bee Price'B CalciduB,\o\. 11, ^.^. 
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37. faf'ia^ + ofiY^dx 

m ^ ' m J ^ 

dx 

— — (fl^ — a^)* , m — 2 r dx 

"■ (w — l)aV^' (w — 1) fl^ t/ a-«-2^^sj _ ^)i' 

39. f(a^-^a?fdx 



38. / ?^ 



a; (a2 — ar»)^ + na^ f{a^ — a^y^'dx 



40 



• / 



71 + 1 



(a2 _ a4j)5 

a; 7i— 3 /* dx 



z_ 7^— 3 /* d 

41, / — 

af^^ /^r 5 (2m — 1) a /* af'-Wa; 

= \%ax — ^-\- ^ — I 



42 



■ / 



^ 7W t/ V2aa;-a;2 



Va-f^S + c^ 



r= af^^ V«-t-^ + cic^ w — • 1 « /* af-^dx 









■/ 



271 cJ ^/a-\-lx-\-(^ 



♦ See Price's Ca\cu\ua,No\. \\, v-^- 
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43. f 

V t* -r t/**/ -r ^^ 

dx 



"s/a -\- hx -\- cx^ 



:=.Va^hx^cx%--l^+ (s^-ljy :^ 



+ bx+cx^ 



44. / ^^ 



Va -{- hx + coi^ 

\/a-^lx-^c^ I r d^ 

c %c^ Va + bx-^cx^ 



-i[-hM'-i^s/^^f} 



C 

45. / af log" xdx 

= — — =• log" X ^ / of" log"-i xdx. (152) 

w + 1^ m + lt/ ^ ^' 

t/ log"a; 

■~ "" {n — 1) log'*-^ » "^ n^lJ log»-i a;* '^ ^ 



logl 



1 1 

= log (log z) + log is; 4- ^2 log2 2; + ^-^2 logs ^+ etc. 

48. foTT^dx = -^- ~ — farx*''dx. (154) 

t/ m log a m Jog a «/ 

p g^dx ^ log g p oj^dx .^ . 

^^* y rc^ ■" "■ (771 — 1) a:»»-i "^ rn-'W x"^'^' ^ ^ 

50. J'sinr^e COST e do 

= — ^(1 — cos2 ^)r (jQgn ^^ (j^g 0^ (15e) 

♦ See Price's Calculua, Vol. 11, P- ^- 
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LENGTHS OF CURVES. 

171. Length of Plane Curves referred to Rectan- 
golar Axes. — Let P and Q be two consecutive points on 
the curve AB, and let {x, y) be the 
point P ; let « denote the length of 
the curve AP measured from a fixed 
point A up to P. Then 




PQ = ds, PR = dx, EQ = dy, 

Therefore, from the right-angled 
triangle PRQ we have 

ds = ^/dx^ + dy'^'y 

hence, s = J'Vdx^ + df = /* (l + ^ ^^• 

To apply this formula to any particular curve, we find 

the value of -^ in terms of x from the equation of the 

curve, and then by integration between proper limits 8 
becomes known. 

The process of finding the length of an arc of a curve is 
called the rectification of the curve. 

It is evident that if y be considered the independent 
variable, we shall have 



$ 



=/Kg)'* 



The curves whose lengths can be obtained in finite terms 
are very limited in number. We proceed to consider soma 
of the simplest applications: 
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(when w = 2r + 1) ; 
01 = y*tan'« (1 + tan* sy^H tan 0, 

(when wi + w = — 2r) ; 

/ nr-\ 
a;"* (1 — u^y^dXy (when a? = sin 6). (157) 

51. I Qf^ Qo% ax dx 

= — %^\P^ sm oa? + ?i cos aa;) ^^ — j— ^ / a:*"* cos ax cte. (159) 

r n r ^ n J ^ cos"-* a; (a cos a; + 7j sin x) 
62. / e**' cos" xdx = \ 5-^ ^ 

53. Ain-> xdx = z sin"* a; + (1 — a:*)*. (161) 

54 ^ '^^ 






+ Z> cos 



vfcp *-" [C— D' & <"^^^ «>*)• (^'^> 



1 , rVf> + ci + Vi—a tan sn , , ,. 

, = log ,-L_ ,-^ = -„ \, (when a<b) 



55. rXdaf =C.+ C,_, ? + CL, t4 + • • ^1 1-9^^ 

«/ 1 I'/i l«2'0.(7i-- 



(«-l) 



+ (X) ^.?— „ + (¥) 



af^^ 



l'2'3...n \dx/ 1'2'3 .. . {n + 1) 



^n+2 



(d^X\ ^ , , 
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LENGTHS OF CURVES. 

171. Length of Plane Curves referred to Rectan- 
golar Aze8.-^Let P and Q be two consecutive points on 
the curve AB, and let {x, y) be the 
point P ; let « denote the length of 
the curve AP measured from a fixed 
point A up to P. Then 

PQ = t?«, Vnz=dx, B,Q=:dy, 

Therefore,, from the right-angled 
triangle PRQ we have 




ds = Vdx^ + dy^; 

hence, s = J'Vdx^ + df = f {^ -^ ^ ^^- " 

To apply this formula to any particular curve, we find 

the value of -^ in terms of x from the equation of the 

curve, and then by integration between proper limits 8 
becomes known. 

The process of finding the length of an arc of a curve is 
called the rectification of the curve. 

It is evident that if y be considered the independent 
variable, we shall have 



'=/('+£)'* 



dfl 

The curves whose lengths can be obtained in finite terms 
are very limited in number. We proceed to consider some 
of the simplest applications: 



850 ttBcnncATioN oi' thb ellipse. 

Hence, for the length of a quadrant^ we have (emoe the 
limits are and r), 



= p sin-i ?T = iTTT, 



which involves a circular arc, the very quantity we wish to 
determine. The circle is therefore not a rectifiable curve ; 
but the above integral may be developed into a series, and 
an approximate result obtained. 
By Ex. 1, Art. 170, we have 

^ "" |_^ V ^ 2.3r8 + 2.4.6r« + 2-4.6. Tr^ "^ ^^Vjo 

= ^1 + 2:3 +27476 +2^7677 + '^7> 

1 13 36 

••• i^ = ^ + 2:3 + 27475+2747677+^^- 



By taking a sufficient number of terms, reducing each to 
a decimal, and adding, we have n = 3. 141592653589793 +. 
For the approximation usually employed in practice, n is 
taken as 3.1416, and for still ruder approximations as d\. 

175. The BUipse.— From f = (l—e^) (a^—x^), we have 

To find the length of a quadrant, we must integrate be- 
tween the limits and a ; hence, 

dx 



=r(-?)' 



sF-% 



RECTIFICATION OF THE CYCLOID. 
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This integration cannot be eflfected in finite terms, but 
may be obtained by series. 

Put - = «; then dx:=zadz. When x=za, 2f = l, and 

when a; = 0, « = ; therefore the above integral becomes 

— »2\ *^ 22.42 22.42.62 7^ 

(by Ex. 17, Art 170), which is the length of a quadrant of 



the ellipse whose semi-major axis is a and eccentricity e. 



176. The Cycloid.— From x — r vers"^ - — "^^ry-^y^y 

we have 

dx __ y 

dy "~ \/2ry — f 
.\ s = V2r I (2r — y)~i dy 

= 1-2 (2r)i (2r — y)* = 4r, 

which is I the cycloidal arc; v 
hence the whole arc of the cy- 
cloid is 8r or 4 times the diam- 
eter of the generating circle. 

If we integrate the above ex- 
pression between y and 2r, we get 







Fig. 44. 



s = A/2r /* (2r — y)"* cZy = 2 (2r)i (2r — y)* 



= 2V2r(2r — y) = arc BP. 

But BD = VBAxBC = A/2r (2r - y) ; 

.'. arc BP = 2 times chord BD.* 

♦ TbiB rectiAcatioTL was discovered by "Wt«ix. See Qix^^'Qit'^'^^'^'OiBEssi^'we*^'^. *ax» 



\ 
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INVOLUTE OF A CIRCLE. 



177. The Catenary.— A cateoary is the curve assumed 
by a perfectly flexible string, when 
its ends are fastened at two points, 
A and B, nearer together than the 
length of the string. Its equation is 



y = !(«.- +.-:-). 




Hence, 

dy 
dx 



= |(^' -«-•-); 



ds 



Fig. 45. 
=1 -le^ + e~^)dx. 



If s be measured from the lowest point V, to any point P 
(x, y), we have 

p 

178. The Involute of a Circle.— (See Art. 124) Let 
C be the centre of the circle, 
whose radius is r ; APR is a 
portion of the involute, T and 
T' are two consecutive points 
of the circle, P and Q two 
consecutive points of the in- 
volute, and the angle ACT. 
Then TCT' = PTQ = d<t>, 
and PT = AT = r(/). 

.% ds = PQ = r0c?0 ; 




Fig. 46. 



If the curve be estimated from A, (7=0, and we have 

8 = ir(p^. 
For one circumference, = 27r ; ,*. s = ^r (27r)^ = 2r7r2. 
For n circumferences, ^ = ^mx \ : , s = V ^ut^V = 2rnV. 
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179. Rectification in Polar Co-ordinates.— If the 

curve be referred to polar co-ordinates, we have (Art. 102), 

hence we get * = ^ l*^ + ^ **» 

or « = /(l + ^*'''-- 

180. The Spiral of Archimedes. — ^From r:=aBy we 
have 

de_i 

dr "" a 



r (a« + i^)\ a ,^^ (r + ^/a^ + r^l 



2^^gl ^ ^/^ 



2a 

(cc ft Arti 172 ), from which it follows that the length of any 
arc of the Spiral of Archimedes, measured from the pole, is 
equal to that of a parabola measured from its vertex, r and 
a having the same numerical values as y and p. 

181. The Cardioide. — The equation of this curve is 

r = a(l + cos d). 

dv 
Here -is = — a sin ^, 

dd 

and hence 8 = J[a^ (1 + cos Bf + a^ sin^ &\^ dS 



COS ^ c?^ = 4a sin 5 4- (7. 
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If we estimate the arc s 
from the point A, for which 
= 0, we have 

« = 0; .-. (7=0. 

Making = Tr for the 
superior limit, we have 

« = 4a sin I = 4a, ^^^ „^ 

which is the length of the arc ABO; hence the whole 
perimeter is 8a. 

182. Lengths of Curves in Space.— The length of 
an infinitesimal element of a curve in space, whether plane 
or of double curvature, from the principles of Solid Geom- 
etry (see AnaL Geom., Art. 169) is easily seen to be 

Hence, if s denote the length of the curve, measured from 
some fixed point up to any point P {x^ y, z)y we have 



J Vdx^ 



-f dy^ 4- dz^ 



= /[> - m- (1)7^ 



If the equations of the curve are given in the form 

y = f{x) and z = <p {x), 

du dz 

we may find the values of -j- and -j- in terms of a:, and 

then by integration s is Igiown in terms of x, 

* The student who wants further demonstration of this, is referred to Price's 
Cal., Vol. I, Art. 341, and Vol. II, Art. 164; Be Morgan's Dif. and Integral Cal., 
p. 444 ; and Homersham Coz?e IntegraiV C«\.> ^. %. 
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183. The Intersection of Cycloidal and Parabolic 
Cylinders. — To find the length of the curve formed by the 
intersection of two right cylinders, of which one has its 
generating lines parallel to the axis of z and stands on a 
parabola in the plane of xy, and the other has its generating 
lines parallel to the axis of y and stands on a cycloid in the 
plane of xzy the equations of the curve of intersection being 

X 

y» = 4pir, « = a vers"* - + w^ax — ofi. 

a 



Here ^ 




dx 

Estimating the curve from the origin to any point P, we 
have 



8 = f{p + 2a)i—, =z2{p + 2a)i V^. 
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1. Rectify the hypocycloid whose equation is 

xi + yi = flt. 

A718. The whole length of the curve is 6a. 

2. Eectify the logarithmic curve y = bef". 

Ans. « = a log ^ + y^~+~p + C. 

3. Eectify the curve ^ = _ between the limits 
a; ;= 1 and a? = 2. ~ 

Arts. 8 •=. \q^ ^ft -V ^""^N* 
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4. Rectify the evolute of the ellipse^ its equation being 



© 



'+ (?)• = 1. 



Put X :=z a COS* ^, y = P sin' 0; 

then (fa; = — 3a cos^O sin 6 dO^ 

dy = Spsm^Ooo&ddd; 

= -ie/o (-2- + -2- ^"^ ^^) ^^^«^^ 

a® — j38 

therefore the whole length is 4-5 ^• 

° a^ — (P 

If j3 = «, this result becomes 6«, which agrees with that 
given in Ex. 1. (See Price's Calculus, Vol. II, p. 203.) 

5. Find the length of the arc of the parabola x^+y^ = a* 
between the co-ordinate axes. 

Put X -=. a cos* 0, y = « sin* B ; 

.'. 8 = ^a I (cos* + sin* 6)^ sin B cos B dB 

= — -^ f'^'n + cos2 2/9)i d cos 20 

a/2 •^o ' 

= a + -^log(V2 + l). 

V2 

6. Find the length, measured from the origin, of the 

curve / L\ 

a^ = aHl — e-j. 



Ans, 5 = a log ( _ 1 — x. 
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7. Rectify the logarithmic spiral log r = between the 
limits n and r,. Ans. 5 = (1 + m?)* (r, — ro). 

8. If 100 yards of cord be wound in a single coil upon an 
upright post an inch in diameter, what time will it take a 
man to unwind it, by holding one end in his hand and 
traveling around the post so as to keep the cord continually 
tight, supposing he walks 4 miles per hour ; and what is the 
length of the path that the man walks over? 

Ans. Time = 61^ hours ; distance = 204y^ miles. 

9. Find the length of the tractrix or equitangential 
curve. 

K AB is a curve such that PT, 
the length of the intercepted 
tangent between the point of 
contact and the axis of x, is 
always equal to OA, then the 
locus olE P is the equitangential 
curve. 

Let P and Q be two consecu- 
tive points on the curve; let 
{x, y) be the point P, and OA = PT = a. Then 




Fig. 48. 



PQ 
PR 

ds 
dy 



a 

y 



a 

y 



(the minus sign being taken since y is a decreasing function 
of 8 or x). 

Hence, s ^ --a J -^=— alogy 
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This example furnishes an instance of our being able to 
determine the length of a curve from a geometric property 
of the curve, without previously finding its equation. 

The eqtiation^ of the tractrix may be found as follows : 

PR PM 



hence 



• • 



X 



EQ"" MT' 

dx ^a^ _ y2 

7 






ydy 



y^/aJi — y8 t/o ^aJ^ — f 



= a log -^—^ — - - («^ - y')*- 

(SeeEx. 17, Art. 146.) 

This curve is sometimes considered as generated by attaching one 
end of a string of constant length (= a) to a weight at A, and by 
moving the other end of the string along OX ; the weight is supposed 
to trace out the curve, and hence arises the name Tractrix or Tractory. 
This mode of generation is incorrect, unless we also suppose the fric- 
tion produced by traction to be infinitely great, so that the weight 
momentum which is caused by its motion may be instantly destroyed. 
Price's Calculus, Vol. I, p. 315. 

10. A fox started from a certain point and ran due east 
300 yards, when it was overtaken by a hound that started 
from a point 100 yards due north of the fox's starting-point, 
and ran directly towards the fox throughout the race. Find 
the length of the curve described by the hound, both hanng 
started at the same instant, and running with a uniform 
velocity. Ans. 354.1381 yards. 

This example, like the preceding, may be solved without finding 
the equation of the curve. 
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11. Find the length of the helix^ estimating it from the 
plane xy^ its equations being 

^ = a cos 0, y == a sin 0, z = ctp. 

Ans. 8 == (a2 + 6*2)i0. 

12. Find the length, measured from ^ = 0, of tlie curve 
which is represented by the equations 

a; = (2a — I) sin ^ — (a — J) sin* 0, 
y = (2S — a) cos — (^ — a) cos* ^. 

Ans. 8 = |(a + J)^ + i(a — J) sin0 cos0. 

13. Find the length of the curve of intersection of the 
elliptic cylinder aV + ^^ = «^^^> with the sphere 

«* + y* + 2* = «'. 

Ans. 2710. 



) 



-CHAPTER VII. 

AREAS OF PLANE CURVEa 

184. Areas of Curves. — Let PM and QS be two con- 
Becutive ordinates of the curve AB, and let {x, y) be the 
point P ; let -4 denote the area included ^ 
between the curve, the axis of a;, and 
two ordinates at a finite distance apart. 
Then the area of the trapezoid MPQN 
is an infinitesimal element whose breadth 
is dx and whose parallel sides are y and ' 
y + dy\ therefore we have 







ydxy 



since the last term, being a differential of the second 
order, must be dropped. 

.'. A =L I ydXy (7^^ 



\y 



the integration being taken within proper limits. If, for 
example, we want the area between the two ordinates 
whose abscissas are a and b, where a > i, we have 



A 



pa 

= Jy dx. 



r 



d^ 



(1) 



In like manner, if the area were included between the 
curve, the axis of y, and two abscissas at a finite distance 
apart, we would have 

A^ pxdy, (2) 

where c and d are the y-\\ia\t^. 



QUADRATURE OF THE CIRCLE. 



3G1 



185. Area between Two Curves. — If the area were 
included between the two curves AB and aJ, whose equa- 
tions are respectively y =zf(x) and y 
y = (x), and two ordinates CD and 
EH, where OD = J and OH = a, 
we should find by a similar course of 
reasoning, 

A = r[fi?)—<t> (a?)] dx. ' Fig. 50. 

The determination of the area of a curve is called its 
Quadrature, 

186. The Circle. — The equation of the circle referred to 
its centre as origin, is y^ = a^ — a^ ; therefore the area of 
a quadrant is represented by 




dx 



A = r\a^ — a^)i 

rx(a* — Q^)i . «» . .XY /o -n A A^ ^^^x 

= — ^^ — 5 — ^ + 5" sm-i - (See Ex. 4, Art. 151.) 
L /o A ajQ 



ahr 



"" 4 ' 
therefore the area of the circle = na^. 

Also, if OM == X, the area of OBDM 
becomes 



A = y %2 — a^)i 



dx 



rx (a^ — a^)i a^ . , an* 
= ^-L + ^- s.n-' -. 




Fig. 51. 



This result is also evident from geometm ciO\\svij5iT?^Wi& 
16 
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QUADRATURE OF THE PARABOLA. 



X 



for the area of the triangle OMD = - (a« — Qi?)^y and 



a" 



X 



area of the sector ODB = -r sin~^ - 

2 a 

Remark.— The student will perceive that in integrating betwi 
the limits x = and a; =: a, we take in every elementary slice P 
in the quadrant ADBO ; also integrating between the limits x = 
and X =: x-=i OM, we take in every elementary slice between 01 
and MD.* 

187. The Parabola.— From y^ = 2pa?, ^ 
we have h 

y = V2^. 

Hence, for the area of the part 0PM, 

we have 

A = V^ / x^dx = \V^^) i' c-y i^yO ri I ^ 
^0 — ^41 Fig. 52. 

Therefore the area of the segment POP', 

cut off by a chord perpendicular to the axis, is \ of the 

rectangle PHHT'. 

188. The Cycloid. — From the equation 

a; = r vers"^ - — V^ry — ^, 




we have 



V 2ry — y2 



.-. A 






yHy 



^^ry — f 

(See Ex. 6, Art. 151) = \ the area of the cycloid. Since 
integrating between the limits includes half the area of 
the figure. 

* The student Bhould pay cloae aAXAwXAoti Vti ^s^rj ^s^sa \ft th^a limits of the 
Xotc^fration. 
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lerefore the whole area = 37rr*, or three times the area 
e generating circle.* 

19. The Ellipse. — The equation of the ellipse referred 
I centre as origin, is 

jfore the area of a qnadrant is represented by 

A =-J*\a^ — x^idx 

= - — (See Art 186) = iabn. 

efore the area of the entire ellipse is nab. 

K). The Area between the Parabola y^ = ax 
the Circle j/^ = 2ax — ac^. — These curves pass 
iigh the origin, and also intersect at ^ 
)oints A and B, whose common abscissa 
Hence, to find the area included 
een the two curves on the positive side 
le axis of x, we must integrate between 
limits X == and x z= a. Therefore, 
.rt. 185, we have 




A = f\{2ax - (i^)i - {ax)^ dx 




•-'0 

na 



Fig. 63. 



= -^ — 1^2 ; (See Ex. 6, Art. 151.) 
)h is the area of OPAP'. 



[*hi8 quadrature was first discovered by Hoberval, one of the most distin- 
id geometers of his day. Galileo, having failed in obtaining the qaadratnre 
)metric methods, attempted to solve the problem by weighing the area of the 
against that of the generating circle, and arrived at the conclusion that the 
r area was nearly, bnt not exactly, three times the latter. About 1628, 
val attacked it, but failed to solve it. After studying the ancient Geometry 
: years, he renewed the attack and effected a solatlon in 1634. (See Salmon^g 
- Plane Carres, p. 266.) 
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THE SPIRAL OF ARCHIHEDE8. 



191. Area in Polar Co-ordinates. — Let the curye be 
referred to polar co-ordinates, being tie pole, and let 
OP and OQ be consecutive 
radii-vectores, and PR an 
arc of a circle described with 
as centre ; let (r, d) be the 
point P. Then the area of the 
infinitesimal element OPQ Fig. 54-. 

= OPE + PEQ ; but PRQ is 

an infinitesimal of the second order in comparison with 
OPE, when P and Q are infinitely near points; conse- 

2 




quently the elementary area OPQ = area OPE = 



Hence if A represents the area included between the curve, 
the radius-vector OP, and the radius-vector OB drawn to 
some fixed point B, we have 



t 
I J 



A = \ fi^dJO. 



c^^ 



=*/' 



r^dd. 



<^.-^ 



e 



192. The Spiral of Archimedes. — Let r = h- ^ 

ATT 

its equation. Then 

^ = TT / r^dr = ^TTT^ + CI 

If we estimate the area from the pole, we have -4=0 
when r = 0, and /. C = ; hence, 

A = ^rrr% 

which is the value of the area passed over by the radiun- 
vector in its revolution lto\». its s.ta.rtm^ at c to any value, 
as r. 



If ^ and a are the values of B corresponding to the points 
B and C respectively, we have 
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K we made B = 27r, we haye r = 1 ; therefore 

which is the area described by one reTolution of the radius- 
vector. Hence the area of the first spire is equal to one- 
third the area of the measuring* circle. 
If we make = 2 (27r), r = 2 ; therefore 

A = f TT, 

which is the whole area described by the radius-vector 
during two revolutions, and evidently includes twice tlie 
first spire + the second. Hence the area of the first two 
spires = f tt — Jtt = Jtt, and so on. 

,aAI^ ' EXAMPLES. 

/I. Find the area of y = a; — ic^ between the curve and 
the axis of x. Ans. ^. 

The limits will be found to be a; = 0, x = +1; also a; = 0, 
» = - l.t 

2. Find the area of y = ic^ — l^x between the curve 
and the axis of x. Ans. j^bK 

8. Find the area of y =. 7? — aa? between the curve and 
the axis of x. Ans, ^aK 

4. Find the whole area of the two loops of a^y^ 
= a?» (a2 — ofi). Am* iaK 

5. Find the area of xy^ = a^ between the limits y ^== b 
and y = c. ^^-^ — c 

be 

6. Find the whole area of the two loops of a^^ 
= a^b^x^ — bl^. Ans, ^b, 

* See Anal. Geom., Art 168. 

t The Btvdent should draw the figure in e^ery cue^ and determine the limits of 
the integraiioDB. 
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7. Find the whole area of a^ = a^ (2a — x). (See 
Arts. 150 and 188.) Ans. -nc^. 

8. Find the whole area between the GisBoid jf^ = 



2a —a? 



f 



and its asymptote. (See Art. 103.) 

9. The equation of the hyperbola is ah^ — 1M = — a*^; 
find the area included between the curve, the axis of x, and 

an ordinate. xy ah , (x + ^/x^ — a\ 

Ans. f-^log( ^ ). 

10. The equation of the Witch of Agnesi is 

Q^y = 4a^ (2a — y) ; 

find the area included between the curve and its asymptote. 

Ans. 4tdhT. 

11. Find the area of the catenary VPMO, Fig. 45. 

Ans, ^ (e« — e~« ) = a {y^ — cP)^. 

12. Find the area of the oval of the parabola of the third 
degree whose equation is cy^ = {x — a) {x — by. (See 

10 /y/^ 

13. Find the area of one loop of the curve 

ay^ = x^ {a^ — x^)h 

Ans, ^'. 

14. Find the whole area between the curve 

x^y^ 4- aW = a^y^ 
and its asymptotes. Ans. 27raJ. 

15. Find the whole area of the curve 

Q'+ (If = •• 
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16. Find the area included between the parabola f = ^px 
and the right line y =zax. 

These two loci intersect at the origin and at the point whose ab- 
scissa is —^ ; hence the aj-limits are and ^ ; therefore. Art. 185, 

Pa* 0p8 

A = J {^/^-ax)dx = ^^, Ans, 

17. Find (i) the area included between the parabola 

the right line passing through the focus and inclined at 45° 
to the axis of a;, and the left-hand double oi"dinate of inter- 
section. (See Art. 185.) 
Also find (2) the whole area between the line and parabola. 

(1.) Here the oj-limits are found to be | ( V^ + 1)'^ and | ( V3-l)* 5 
hence we have 



f(V^i)' 



L Jp^ 



^f(i^+i)» 



Ana. ipW^' 

18. Find the whole area included between the four infi- 
nite branches of the tractrix. Ans. na^* 

19. Find the area of the Naperian logarithmic spiral. - 

Ans. Jr^. 

20. Find the whole area of the Lemniscate r^ = a^cos 26. 

Atv.%**^« 
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21. Find the whole area of the curve 

r := a (cos 20 -f sin W). 

Am. TTfl^. 

22. Find the area of the Cardioide. (See Art. 181.) 

Am. |7rfl?. 

23. Find the area of a loop of the curve r r= a cos vB, 

Ans. 7-» 

24. Find the area of a loop of the curve 

r.= a cos nB + b An nS, 

c^ + Vrt 



Ans. 



•• — • 



4 n 

25. Find the area of the three loops of the curve 

r = a sin 3d. (See Fig. 33.) 

Ans, -7—. 

4 

26. Find the area included between the involute and the 
evolute in Fig. 46, when the string has made one revolution. 

Am. ^rhfi* 
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AREAS OF CU.RVED SURFACES. 




193. Surfaces of Revolution. — If any plane be sup- 
posed to revolve aronnd a fixed line in it, every point in the 
plane will describe a circle, and any curve lying in the plane 
will generate a surface. Such a surface is called a surface 
of revolution ; and the fixed line, round which the revolu- 
tion takes place, is called the axis of revolution. 
• Let P and Q be two consecutive 
points on the curve AB ; let {x, y) be 
the point P, and s the length of the 
curve AP measured from a fixed point 
A to any point P. Then MP = y, 
KQ = y+%, and PQ = tZ5. 

Denote by 8 the area of the surface 
generated by the revolution of AP 
around the axis OX; then the surface generated by the 
revolution of PQ around the axis of x is an infinitesimal 
element of the whole surface, and is the convex surface of 
the frustum of a cone, the circumferences of whose bases 
are 2,-ny and itir (y+dy), and whose slant height is PQ = ds ; 
therefore we have 

since the last term, being an infinitesimal of the second 
order, must be dropped. Therefore, for the whole surface, 
we have 



Ffg. 55. 



8 = 2njyds = 27r J yVda^ + dy% 



f-j 
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the integral being taken between proper limits. If for 
example, we want the surface generated by the curve be- 
tween the two ordinat^es whose abscissas are a and b, where 
a> b, we have 

In like manner it may be shcyvn that to find the surface 
generated by revolving the curve round the axis of y, we 
have 

S := 2'rT J xds. J Jsj 

194. The Sphere. — From the equation of the gener- 
ating curve, Q^\ y^ z=,i^y we have 

y^if^^)\ and %=-p 

.-. S = 2TrJy(l + - j dx = 2njrdx = 2nrx + C. 

Hence, tlie surface of the zone included between two 
planes corresponding to the abscissas a and b is 

8 = 2n I rdx = 2'nr (a — J) ; 
^ b 

that is, the area of the zone is the product of the circum- 
ference of a great circle by the height of the zone. 

To find the surface of the whole sphere, we integrate 
between + r and — r for the a;-limits ; hence we have 



>S' 



/r 
dx = 2nr [^ — (— ^)] = 47rr2.; 
— r 



that is, the whole surface of the sphere is four times the 
area of a great circle. 

Remark. — If a cylinder be circumscribed about a sphere, its convex 

surface is equal to 2;r7' x 2r = 4Tr^ which is the same as the surface 

of the sphere. If we add 27Tr^ to this, which is the sum of the areas 

of the two bases, we shaW liaive Ioy IW \<\v.vAvi ^vijti^'cfe vA SJv^fc <j:5\\s5As«. 
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6 Tr*. Hence the whole surface of the cylinder is to the surface of the 
sphere as 3 is to 2. This relation between the surfaces of these two 
bodies, and also the same relation between the volumes, was discovered 
by Archimedes, who thought so much "of the discovery that he ex- 
pressed a wish to have for the device on his tombstone, a sphere 
inscribed in a cylinder. Archimedes was killed by the soldiers of 
Marcellus, B. c. 212, though contrary to the orders of that general. 
The great geometer was buried with honors by Marcellus, and the 
device of the sphere and cylinder was executed upon the tomb. 140 
years afterward, when Cicero was questor in Sicily, he found the 
monument of Archimedes, in the shape of a small pillar, and showed 
it to the Syracusans, who did not know it was in being ; he says it was 
marked with the figure of a sphere inscribed in a cylinder. The 
sepulchre was almost overrun with thorns and briars. See article 
•' Marcellus," in Plutarch's Lives, Vol. Ill, p. 120. 

195. The Paraboloid of Revolution. — From the 
equation of the generating curve y^ = '^px, we have 

y=^W^> and | = iy^|- 
.-. 8 = 2nJ^ V^ (l + ^^dx = 2nVpjQ (p + 2x)idx 

= [in Vp(p + 2a:)*][= f rr Vp [{p + 2x)i - /] , (1) 

which is the surface generated by the revolution of the 
part of the parabola between its vertex and the point 

(^> y)' 

We might have found the surface in terms of y instead 
of X, as follows : 

dx ^ y 
dy'~'p' 
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which result agrees with (1), as the student can easily 
yerify. 

.A.;- 196. The Prolate Spheroid (See Anal. Geom., Art. 
/^ 191). — From the equation of the generating curve 

y^ = (1 - ^2) (a2 — «2), 

we have 

27r yds = 2tt Vl — e^ y^TT^ ds 



= ^TTy/l^e^y/a^^eh?dz (Art 175.> 

therefore for half the surface of the ellipsoid, since th^ 
a;-limits are a and 0, we have 



S=2.lefJ{^l-a?fdx 



a 



X 



\g^ I ail 



2 _^ ex 



+ ^r-x sm 



2 '262 a 

(See Ex. 4, Art. 151.) 

= 7r&2 J sm 1 e. 

e 

197. The Catenary. — From the equation of the gen- 
erating curve, 
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we have for the soiface of revolution around the axis of x 
between the limits x and 0, 

8 =.^v j yds = itaj (e» + e~») ds 
= ^m f'{e' + e'^dx (by Art 177) 

= 'J' (y« + «^)> (where s = VP, Fig. 45.) -i 

/•> 
198. The Snz&ce generated by the Cycloid when 

it revolves aronnd its axis. — From its equation 



X 



y = r vers-i _ _|_ A^^rx — x^, (1) 



we have 



dx V 



2r — X 



X 



(2) 



/. 8=2nfyds = 2nfy^^dx. (4) 

Put n = y, dv = \/ — dx; 

.'. du = dy, and » = 2 '^Zrx ; 
therefore (by Ait 147) we have 
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J y\/ —dx = %y ^/Wx — 2 V^y Vxdy 
= 2y V2/i — 2 V^f\^^r — a; rfa; [by (2)] 

= 2 V2iS (r yers-i - + V2ra; — a?) + f \/2r (2r — a:)? 

[by (1) and integrating.] 

which in (4) gives 

8 = 87r2r8 _ iy^yrr^ = Snr^ {n — |). 

199. Surfaces of Revolntion in Polar Co-ordz-^ 
nates. — If the surface is generated by a curve referred to 
polar co-ordinates^ its area may be determined as follows : 
Let the axis of revolution be the initial line OX, see 
Fig. 64, and from P (r, 6) draw PM perpendicular to OX. 
Then PM = r sin 8, and the infinitesimal element PQ 
= ds will, in its revolution round OX, generate an infini- 
tesimal element of the whole surface, whose breadth = ds 
and whose circumference = 2nr sin 0. Hence, 

S = Ajrr_sin^ ds* = 27r J*r sin (r^ + ^^dO, Ay 

(Art. 179) 

the integral being taken between proper limits. 

200. The Cardioide. — From Art. 181, we have 

ds = a{2 -\- 2 cos 6)i dd = 2a cos ^ dd. 



♦ This expression might Yia"ve "beeix oXjita^e;^ «X craKa\s^ «Q\»\!sSai5cB!^\sa. Ajtrt. 193^ 
forffy Hb value r sin 6. 
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For the surface of revolution of the whole curve about 
the initial line, we have w and for the Umits of 9, there- 
fore we have 



-/: 



Z-nr Bin 6 (U 



= 4ffa' / (1 + C08 9) cos ^ bid 6 
= 16iT(^ J COB* 5 ain ^ <i^ 



= [-^^< 



""•sl= 



' 201. Any Carved Surfaces. — Double Integration. — 

,Let (x, y, z) and (« + dx,y -^ dy, a + ds) be two c 
tive pointa p and q on the sur- 
face. Through p let planes be 
drawn parallel to the two planes 
XX and yz ; also thi-ough q let 
two other planes be drawn par- 
allel respectively to the first. 
These planes will intercept an 
infinitesimal element pq of the 
curved surface, and the projec- 
tion of this element on the 
[done of xy will be the infini 
tesimal rectangle PQ, which = dzd 

Let S represent the required area of the whole surface, 
and dS the area of the infinitesimal element pq, and 
denote by «, ft y, the direction angles* of the normal at 
p {x, y, z). Then, since the projection of dS on the 
plane of xy is the rectangle PQ ^ dx dy, we have by Anal. 
Geom., Art. 168, 

dx dy = dS cos y. (l) 




* Se« Anal. Ocom., h. 
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Similarly, if dS is projected on the planes yz and «r, 
we have 

dy dz = dS cos a ; (2) 

dz dx = dS cos i3, (3) 

Squaring (1), (2) and (3), and adding, and extracting 
the square root, we have 

dS = (d:^df + dfdz^ + dzM3?\^ 

(since cos* a + cos^ (i + cos' 7 = 1, 

AnaL Geom., Art. 170). 

the limits of the integration depending upon the portion 
of the surface considered. 

202. The Surface of the Eighth Fart of a Sphere.— 

Let the surface represented in Fig. 56 be that of the 
octant of a sphere ; then being its centre, its equation is 



Ilence, 





a? + y' + 


0« = a2. 


dx 


X 


dz y 
dy z 


8- 


- fA^ -t^tt- 




J J v«^ 


a dx dy 

— ^ — y^ 



Now since pq is the element of the surface, the effect 
of a y-integration, x being constant, will be to sum up 
all the elements similar to pq from 11 to Z ; that js, 

jErom y z=z Oto y = Ll = yi=^'s/ct^— -^S ^xi^'Ctka^^s^^ 
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gate of these elements is the strip HpZ. The effect of a 
subsequent ^^-integration will be to sum all these elemental 
strips that are comprised in the surface of which OAB 
is the projection, and the limits of this latter integra- 
tion must be a; = and x = OA = €u Therefore, 
we have 

o _ /*** /»iri a dxdy 
"" «/ «/ ^/a^ — ai — y« 

_ pa />yi a dxdy 

= / \adx sin""^ - | "• 
= / i^^ddx = 



na^ 



EXAMPLES. 

. ■ •- 

/ 1 • ■■ 



,^ ' 1. Find the convex surface of a right circular conOi 
whose generating line is ay — Sa; = 0. 

Ans, nh ^c^ + ^. 

Remabk. — It is evident that the projection of the convex sur- 
face of a right circular cone on the plane of its base, is equal 
to the base; hence it foUows (Anal. Geom., Art. 168) that the 
convex - surface of a right circular cone is equal to the area of its 
base multiplied by the secant of the angle between the slant 
height and the base. Thus, calling this angle cc, we have in 
the above example. 



which agrees with the answer. 

2. Find the area of the surface generated by the revolu- 
tion of a logarithmic curve, y = e*, about the axis of Xy 
between the y-limits and y. 

Am. n {y {). J^ f)\ \\^^\^ \\^\^f^. 
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3. Find the area of the surface generated by the revolu- 
tion of the cycloid (i) about its base, and (2) about the 
tangent at the highest point. 

Am. (i) ^na^; (^) ^^mK 

4. Find the area of the surface generated by the revolu- 
tion of the catenary about the axis of y, between the 
2;-liniits and x. Ans. 2n[xs — a(y — a)]. 

By Art. 177, « = |(e^ - e"«) ; 

.-. 8 = 2^ / xds = 27r a» — / sdx , 
from which we soon obtain the answer. 

6. Find the area of the surface of a spherical sector, the 
vertical angle being 2a and the radius of the sphere = r. 

Ans. 47rr2 (sin ^ i • - 

6. Find the area of the surface generated by the revolu- 
tion of a loop of the lemniscate about its axis, the equation 
being r2 = a'- cos W. Am. na^ (2 — 2*). 

Here find rds — a^dd ; .*. etc. 

7. Find the area of the surface generated by the revolu- 
tion of a loop of the lemniscate about its axis, the equation 
being r^ = a^ gjn 2d. Ans. 27TaK 

8. A sphere is cut by a right circular cylinder, the radius 
of whose base is half that of the sphere, and bne of whose 
edges passes through the centre of the sphere. Find the 
area of the surface of the sphere intercepted by the cylinder. 

Let the cylinder be perpendicular to the plane of xy ; 
then the equations of the cylinder and the sphere are 
respectively y^ = ax — x^ and x^ + y^ -^ z^ =: d^. It is 
easily seen that the y-limits are and "^ax — x^ z=: y^^ and 
the x-]im\ts are and a. T\iet^io^fe, ktV. 'Jt.^Y,^^ Vs»^;^ 
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f 



~ «/ «/ v^a2 — a;2 _ 



= a (a 



+ x) sin~^ ( ) — Vox 

' \a -\- xi 



a 

(Art. 147) 



=^G--4 



Therefore, the whole surface = 2a^ {n — 2). (In Price's 
Calculus, Vol. II, p. 326, the answer to this example is 
a^(n — 2), which is evidently only half of what it should 
be.) 

- 9. In the last example, find the area of the surface of the 
cylinder intercepted by the sphere. 

Eliminating y, we have z = Va^ — ax for the equation 
of the projection on the plane xz of the intersection of the 
sphere and the cylinder. Therefore the 2:-limits are and 
Zi = V^— aXy and the a:-limits are and a ; hence, Art. 
201, we have 

[dx^df + dfdz^ -\- dz^da^]i = [l + (^)V (Jf)^^^^^^^ 

ft fj/g /Jv 

for an element of the surface of the cylinder. 



c __- ? r^ r^^ dxdz _a^ r^dx _ 2^ 
2 1/ t/o \/ax — 01^ 2*Jq x^ 



dxdz a^ r^ dx 

\/" 

therefore the whole area of the intercepted surface of the 
cylinder is 4a^. (See Gregorys Examples, p. 436.) 

10. The axes of two equal right circular cylinders inter- 
sect at right angles ; find the area of the one which is inter- 
cepted by the other. Axv.^. "^o?*. 



\ 



380 EXAMPLES. 

Let the axes of the two cylinders be taken as the axes of y and z, 
and let a = the radios of each cylinder. Then the equations are 

a!» + e« = a«, a^ + y* = a«. 

11. A sphere is pierced perpendicularly to the plane of 
one of its great circles by two right cylinders, of which the 
diametera are ^qual to the radius of the sphere and the axes 
pass through the middle points of two jradii that compose a 
diameter of this great circle. Find the surface of that por- 
tion of the sphere not included within the cylinders. 

Ans. Twice the square of the diameter of the sphere. 

12. Find the area of the surface generated by the revolu- 
tion of the tractrix round the axis of z. Ans. 4:na\ 

13. If a right circular cone stand on an ellipse, show that 
the convex surface of the cone is 

I (OA + OA') (OA.OA')* sin «, 

where is the vertex of the cone, A and A' the extremities 
of the major axis of the ellipse, and a is the semi-angle oi 
the cone at the vertex. (See Eemark to Ex* 1.) 



\ 



CHAPTER IX. 

VOLUMES OF SOLIDS. 

203. Solids of Revolution. — Let the curve AB, Fig. 55, 
levolve round the axis of x, and let V denote the volume 
of the solid bounded by the surface generated by the curve 
and by two planes perpendicular to the axis of x, one 
through A and the other through P ; then as MP and NQ 
are consecutive ordinates, the volume generated by the revo- 
lution of MPQN round the axis of x is an infinitesimal 
element of the whole volume, and is the frustum of a cone, 
the circumferences of whose bases are 2Try and 2Tr(y-f-rfy), 
and whose altitude is MN = dx ; therefore we have 

by omitting infinitesimals of the second order. Hence, for 
the whole volume generated by the area between the two 
ordinates whose abscissas are a and b, where a^hy we 
have 

F= C^TTyMx. i 

In like manner, it may be shown that to find the volume 
generated by revolving the arc round the axis of y, we have 



= 7r/; 



xhly, j 



204. The Sphere. — Taking the origin at the centre of 
the sphere, we have y^ -^a^ — q?\ therefore we have 



= *7ra8 



^ —a |_ J— a 

for the whole voJume of the spliexe. 
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Cor. 1. — To find the volume of a spherical segment be- 
tween two parallel planes, let b and c represent the distances 
of these planes from the centre ; then we have 

CoR. 3. — To find the volume of a spherical segment with 
one base, let 7* be the altitude of the segment; then i = a 
and c = a — A, and we have 

V =L-n r (a^- x^) dx = Tth^a - f). 
^ a-h ^ Of 

CoR. 3. ^TTflS = f of ira^ x 2« = f of the circumscribed 
cylinder. (See Art. 194, Remark.) 

205. The Volume generated by the Revolntion of 
the Cycloid about its Base. 

Here dx = ^^^ (Art. 176) ; 

and integrating between the limits y = and y=:2r, we 
find for the whole volume 



= 2n f 

I/O 



2r 



y^dy 



^/2ry — y'^ 
= 2Tr 4r r^^ —t ^ (by Ex. 6, Art. 151) 

= i/rTT (fr^rr) (by Ex. 6, Art. 151) 

We have SttV = |^ (2r)2 x 2-nr, 

Hence, ^/z/^ volume generated hij the revolution of 
the cycloid about its hase is equal to fjve-ei^hths the 
circitinscribing cylinder. 
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^""206. The CisBOld when it rerolTSS rotmd its 
^Asymptote.— Here OM = a;, MP = 



OA = 8o, MA = 2a — a:, HD = d;/ ; 
hence an iDfinitesimal element of the 
whole volume is generated by the revo- 
Intion of PQDH about AT, and is 
represented by jt (2a — xfdy. 
The eqaatioQ of the Cissoid ie 




, (3<i — z) (Sot — a^U , 

hence, between the limits a: = and a: = 2(i, we have 
V = %Tij' (2a — ^-^^dy = %^ f^{Za—z) {%ax~x^^ dx 



'f 



*> 6a^ — 5a3? -\- o? , 

. — a 

's/^ax — ^ 



-. %^a^ ^ (■ 

(bjEx. 6, Art. 151). 

) 207. Volume of Solids botmded by any Cnrred 

Snxfoce. — let {x, y, z) and 
{x-^dx, y+dy, z+dz) be two 
consecutive poiuU E and P 
within the space whose volume 
ig to be found. Through E 
pass three planes parallel to 
the oo-ordiuate planes xy, yz, 
and zx; also through F pass 
three planes parallel to the 
first. The solid included by 
these six planes is an infinitesi- 
mal rectangular parallelopipo- '' 

don, of which K and F are two opposite angles, and the 
rolume IB dzdi/dz; the aggregate oSBiV'On.iiaawii\^t'^'^^'^^''^ 




Fig. 58. 
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the limits assigned by' the problem is the required volimw 
Hence, if V denote the required volume, we have 



V= J J J dxdydz, 



the integral being taken between proper limits. 

In considenng the effects of these successive integrationg^ 
let us suppose that we want the volume in Fig. 58 contained 
within the three co-ordinate planes. 

The effect of the 2;-integration, a: and y remaining con- 
stant, is tlie determination of the volume of an infinitesimal 
prismatic column, whose base is dxdy, and whose altitude 
is given by the equations of the bounding surfaces ; thus, in 
Fig. 58, if the equation of the surface is z=/(a:,y), the 
limits of the 2;-integration are /(a;, y) and 0, and the volume 
of the prismatic column whose height is Vp is f{Xy y) dx dy ; 
hence the integral expressing the volume is now a double 
integral and of the form 



V = fff{x, y) dx dy. 



If we now integrate with respect \x> y,x remaining con- 
stant, we sum up the prismatic columns which form the 
elemental slice 'H-plmq, contained between two planes per- 
pendicular to the axis of x, and at an infinitesimal distance 
(dx) apart. The limits of y are hi and 0, U being the y to 
the trace of the surface on the plane of xy, and which may 
therefore be found in terms of x by putting z=:0 in the 
equation of the surface ; or, if the volume is included be- 
tween two planes parallel to that of xz, and at distances yo 
and yi from it, yo and yi being constants, they are in that 
case the limits of?/; in the same way we find the limits if 
the bounding surface is a cylinder whose generating lines 
are parallel to the axis of z. In each of these cases the 
rcBult of the ^/-integration is the volume of a slice included 
between two planes at an m^m^^OTa^ $C\^\axi^<i %.\Nart, the 
length of which, measured i^axaW^l \.q >i)£^^ ^^^^ ^'^ '\i. S& ^ 
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function of its distance from the plane of yz ; thus the limits 
of the y-integration may be functions of x^ and we shall 
lave 

V = ///{xiy) dxdy = fF{x) dx, 

^here F{x) dx is the infinitesimal slice perpendicular to 
the axis of a; at a distance x from the origin, and the sum 
of all such infinitesimal slices taken between the assigned 
limits is the volume. Thus, if the volume in Fig. 58 be- 
"tween the three co-ordinate planes is required, and OA = a, 
then the a:-limits are a and 0. If the volume contained 
l)etween two planes at distances Xq and x^ from the plane of 
-yz is required, then the a:-limits are Xq and a;,. 

EXAMPLES. 

1. The ellipsoid whose equation is 

a2 "^ ^ "^ ^ "" • 

1 2 ~ ^2/ 

and 0, which call Zi and 0; the limits of y are LZ = 

(xW 
1 J and 0, which call yi and ; the a;-limits are a 

and 0. 

First integrate with respect to z, and we obtain the infini- 
tesimal prismatic column whose base is PQ, Fig. 58, and 
whose height is Vp. Then we integrate with respect to y, 
and obtain the sum of all the columns which form the 
elemental slice Uplmq. Then integrating with respect to x, 
we obtain the sum of all the slices included in the solid 
OABC. 



/»0 PVx /»2i 

.-. V= 8 / / / dx dy d* 



17 
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=^XT('-S-fi*^* 



2. The volume of a right elliptic cylinder whose axis 
coincides with the axis of x and whose altitude = 2a, the 
equation of the base being 

c 1 

Here the 2;-limits are 7 (^ — y^r ^°d 0, which call 0, and 

; the ^-limits are b and ; the a:-limits are a and 0. 

pa pb pzi 

.-. V=8/ / / dxdydz 

I/O t/Q ^0 



dx 







= 8-7- I dx =: 2abcn. 
4 t/o 

(See Price's Calculus, Vol. II, p. 356.) 



3. The volume of the solid cut from the cylinder a^ + y^ 
= a^ by the planes 2; = and z =1 x tan cc. 

Here the 2:-limits are x tan a and 0, or Zi and 0; the 
^-limits are {a^ — a^)^ and — {a^ — or^)^, or yi and — y, ; 
the a^'limits are a and 0. 
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.•. F = / I I dx dy dz 

=z / / (x tan a) rfa; dy 
t/o «/-yx 

= 2 tan a / x{a^ — a^)idx = icfi tan «. 
«/o 

4. The volume of the solid common to the ellipsoid 
^ + ^ + - = 1 and the cylinder a^ + t^=ilf^. 

and 0, or z^ and ; the limits of the it-integration are 
(J2 _ y2>^i and 0, or a:, and 0; the y-limits are and ^.* 

.% F = 8 / / / dy dxdz 
«/o */o */o 






1 _ ^ _ ^ 
'2 J2 



a" 



i 



dy rfa; 






X 

2 



Or 

8 ft A 






1T1-1 



sm 



X 



4-S) 



y*\i 



_io 



^•-y'H 



= J/*{ (J^ - y')*[«^ - ^S^ - (** - y*) J 



* In this example, thi^ order of integration is simpler than it would be to take 
Jt with reaped to y and then x. 
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(See Mathematical Visitor, 1878, p. 26.) 

208. Mixed System of Co-ordinates.— Instead of 

dividing a solid into columns standing on rectanguUf 

bases, so that zdxdy is the 

volume of the infinitesimal 

column, it is sometimes more 

convenient to divide it into 

infinitesimal columns standing 

on the polar element of area 

ahcd z=z r dr dd, in which case 

the corresponding parallelopipedon is represented by 

zr dr ddy and the expression for V becomes 




Fig. 59. 



V = ffzr dr dOy 



taken between proper limits. From the equation of the 
surface, z must be expressed as a function of r and 6, 



EXAMPLES. 



1. Find the volume included between the plane z = 0, 
and the surfaces x^ -{- y^ z= ^az and y^ = %cx — :)^, 
7^ -\- y^ 7^ ^ 



Here z ■= 



= -r- ; hence the ^-limits are 7— and 0. 
4a 4ft 4a 



The equation of the circle y^ = 2cx — x^, in polar co-or- 
dinates, is r = 2c cos 6 ; hence the r-limits are and 



n 



2c cos 0, or and r, ; and the 6'-limits are and - 



.'. r=2 / -r-dOdr 

Jo Jq 4:a 



2c^ n\^ 

a f/o 



2(^ 



cos* Odd = — -^n, (Ex. 4, Art. 157.) 



Sttc^ 
8~a" 
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2. The axis of a right circular cylinder of radius J, 
passes through the centre of a sphere of radius a, when 
a > J ; find the volume of the solid common to both 
surfaces.* 

Take the centre of the sphere as origin, and the axis of 
th&. cylinder as the axis of z ; then the equations of the 
surfaces are a:^ + y^ + 2;' = a^ and a:^ + y^ = 5^. or, in 
terms of polar co-ordinates, the equation of the cylinder 
is r = J. 

Hence for the volume in the first octant, the z-limits are 

V«^ — ^ — y* or Va^ _ ^ and ; the r-limits are 5 
and ; the ^-limits are ^ and 0. 

At 

.\ F= 8 /''/' zrdrdO 



^%J J r{a^^r^)idedr 



b 

dO 





= ¥[«'-(«'-- *0*]. 



3 

(See Gregory's Examples, p. 428.) 

209. The polar element of plane area is rdrdO (Art. 
208). Let this element revolve round the initial line 
through the angle 2n, it will generate a solid ring whose 
volume is 2nr sin dr dr dd, since 27rr sin is the circumfer- 
ence of the circle described by the point (r, 6). Let </> 
denote the angle which the plane of the element in any 
position makes with the initial position of the plane ; 
then d^ is the angle which the plane in any position makes 



♦ This example, as well as the preceding one, might be integrated directly in 
terms of x and y by the method of Art. aQfl, but lias oponXvoii ^wiSa. \sfc \&!c^\si. ^ssoir 
p7»x than the one adopted. 
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with its consecutive position. The part of the solid ring 
which is intercepted between the revolving plane in these 
two consecutive positions, is to the whole ring in the same 
proportion as d(t> is to 2nr. Hence the volume of this 
intercepted part is 

f^And dit> dS dr, 

which is therefore an expression in polar co-ordinates for 
an infinitesimal element of any solid. Hence, for the 
volume of the whole solid we have 

r = fjfr^ sin 6 d<l> dS dr, 

in which the limits of the integration must be so taken 
as to include all the elements of the proposed solid. In 
this formula r denotes the distance of any point from the 
origin, 6 denotes the angle which this distance makes with 
some fixed right line through the origin (the initial line), 
and denotes the angle which the plane passing through 
tills distance and the initial line makes with some fixed 
plane passing through the initial line. (See Lacroix Cal- 
cul Integral, Vol. II, p. 209.) 

The order in which the integrations are to be effected is 
theoretically arbitrary, but in most cases the form of the 
equations of surfaces makes it most convenient to integrate 
first with respect to r ; but the order in which the 0- and 
^integrations are effected is arbitral^. 

EXAMPLES. 

1. The volume of the octant of a sphere. Let a ^ the 
radius of the sphere ; then the limits of r are and a ; 
hence, 

V = //^ sin 6 d(t> dd. 

In thus integrating with respect to r, we collect all the 
elements like r^ sin 6 d<j) d0 dr ^\v\vi\\ wm^Q%^ ^ V^x^ixsLx^ss^ 
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solid, having its vertex at the centre of the sphere, and for 
its hase the curvilinear element of spherical surface which 
is denoted hy <x^ sin 6 d<t> dS. 

Integrating next with respect to B between the limits 

and ^ , we have 



In thus integrating with respect to By we collect all the 

pyramids similar to ^ sin B d<t> dB, which form a wedge- 

shaped slice of the solid contained between two consecutive 
planes through the initial line. 

Lastly, integrating with respect to from to 5, 
we have 

F = -^. (See Todhunter's Int. Cal., p. 183.) 

In this example the order of the integrations is imma- 
terial. 

2. The volume of the solid common to a sphere of 
radius a, and the right circular cone whose vertical angle 
is 2a and whose vertex is at the centre of the sphere. 

Here the r-limits are and a, the ^-limits are and a, 
the ^-limits are and ^^r. 

/>2ir pa pa 

.-. F= / / / t^BinBd^dBdr 

/2ir pa fjfi 
J ^ SiJiBd^de 

»2ir*/»8 



^ (1 — COS a) d^p 
= ina^ (1 — COB a). 
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EXAM PLES, 

1. Find the volume of a paraboloid of revolution whose 
altitude = a and the radius of whose base = b. 

Ans. ^dl^. 

2. Find the volume of the prolate spheroid. Also of 
the oblate spheroid. Ans. The prolate spheroid = \naV. 

The oblate spheroid = ^nc?}). 

3. Find the volume of the soUd generated by the revolu- 
tion of y =z (f about the axis of x, between the limits x 
and - xo , where a > 1. ^^ n ^ ^^^^ ^^_, 

4. Find the volume of the solid generated by the revolu- 
tion of y = « log X about the axis of x, between the 
limits X and 0. Ans. na^x (log^ a; — 2 log a; + 2). 

6. Find the volume of the solid generated by the 
revolution of the tractrix round the axis of x. Ans. ^ne^, 

6. Find the volume of the solid generated by the 
revolution of the catenary round the axis of x, 

Ans, ^a{ys + ax). (Compare with Art. 197.) 

7. Find the volume generated by the revolution of a 
parabola about its base 2b, the height being h.* (See 
Art. 206.) A71S. {i^bh^ 

8. The equation of the Witch of Agnesi being 

y 

find the volume of the solid generated by its revolution 
round the asymptote. Ans. 4tn^a\ 
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9. Find' the volume of a rectangular parallelopipedon, 
'fclu'ee of whose edges meeting at a point are a, h, c, (See 
-Art 207.) Ans. ahc 

10. Find the volume contained within the surface of an 
elliptic paraboloid * whose equation is 

a b 
^nd a plane parallel to that of yz, and at a distance c from it. 

Ans, Trc2(a&)i. 

11. The axes of two equal right circular cylinders inter- 
sect at right angles, their equations being x^ -{- z^ =za^ and 
Q? -\- 1^ z=a^'^ find the volume of the solid common to both, 

Ans. -i^a^. 

12. A paraboloid of revolution is pierced by a right cir- 
cular cylinder, the axis of which passes through the focus 
and cuts the axis of the paraboloid at right angles, the 
radius of the cylinder being one-fourth the latus-rectum of 
the generating parabola; find the volume of the solid com- 
mon to the two surfaces. . ^/2 7t\ 

^ns.j^[^ + ^' 

Here the equations of the surfaces are 

y« + 2'^ = 2px and aj' + y^ = px. 

13. Find the volume of the solid cut from the cylinder 
a^ + ?/2 _ 2ax by the planes z = x tan a and z=:.x tan p, 

Ans, 2 (tan j9 — tan «) -^ • 

14. Find the volume of the solid common to both sur- 
faces in Ex. 8 of Art. 202. (See Art. 208.) 

Ans. |(37r — 4)«3. 

IT). Find the vohmie of the part of the heniisi)here in tlie 
last exani[)le, which is not comprised in the cylinder. 

Ans. f«^. 

* Called firi/)fic paraboloid because the sectioiia made by plaues parallel to ihe 
planes of .ry and jrz are parabolas, while those narallel to lUe i^l&iiQ est ^z ^iXQ> 
ciiipecd. (Salmon '» Aual Gcom. of Three Dimeuftvon^^ V* ^'i 
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16. Find the volume of the solid intercepted between the 
concave surface of the sphere and the convex surface of the 
cylinder in Art. 208, Ex. 2. ^ns, ^n («« — ¥)^. 

17. Find the volume of the solid comprised between the 
Rurface z = ae~~^*~ and the plane of xy. Atis. ttcu^. 

Here the r-Umits are and ao ; and the 0-limits arep and S^r. 

18. Find the volume of the solid generated by the revo- 
lution of the cardioide r = a (1 -f cos 0) about the initial 
line. 

pn n%t />a(l+co80) 

Here V^ / r^miB dd d^ dr = eta. 

t/Q •^o *^o 
(See Art. 209.) . Sncfi 

o 

19. Find the volume of the solid generated by the revo- 
lution of the Spiral of Archimedes, r = aS, about the initial 
line between the limits ^ = tt and = 0. 

Ans. f 7T2a3 (7r2 — 6). 

20. A right circular cone whose vertical angle = 2a, has 
its vertex on the surface of a sphere of radius a, and its 
axis coincident with the diameter of the sphere ; find the 
volume common to the cone and the sphere. 

A71S. — Q— (1 — cos* a). 
o 

21. Find the volume of a chip cut at an angle of 45° to 
the centre of a round log with radius r. (Mathematical 
Visitor, 1880, p. 100.) Ans. ir^. 

22. Find the volume bounded by the surface 

and the positive sides of the three co-ordinate planes. 

Ans. ^^. 
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23. Find the volume of the solid bounded by the three 
surfaces 7? -{- y^zzzcz^ 7^ -{■ y^ := axy and 2 = 0. 

^^'- 32.- 

24. A paraboloid of revolution and a right circular cone 
have the same base, axis, and vertex, and a sphere is 
described upon this axis as diameter. Show that the volume 
intercepted between the paraboloid and cone bears the same 
ratio to the volume of the sphere that the latus-rectum of 
the parabola bears to the diameter of the sphere. 

25. Find the volume included between a right circular 
cone whose vertical angle is 60"^ and a sphere of radius r 
touching it along a circle, by the formula 

V = J J J cbidy dz. 

An%. -77- • 

*it^. In the right circular cone given in Ex. 13 of Art 
202, prove that its volume is represented by 

5(OA.OA')tsin2acosa. 
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